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MATHEMATICS

G. S. MAKANIN

ON THE IDENTITY PROBLEM IN FINITELY
DEFINED SEMIGROUPS
(Presented by Academician P. S. Novikov on 27 I 1966)

I. In connection with the theorem of A. A. Markov—E. L. Post (2,6) on the
existence of a finitely defined semigroup with an unsolvable identity problem,
the question arose of constructing such semigroups that are as simple as possible.
The strongest results in this direction were obtained by G. S. Tseitin (5) and
D. Scott (7), who constructed semigroups with an unsolvable identity problem
that are given by only seven defining relations.

In the present note the semigroup Π4
6 is considered, given in the alphabet

{𝑎, 𝑐, 𝑒, 𝑓} by the six defining relations 𝑎𝑐 = 𝑐𝑎, 𝑎𝑓𝑓 = 𝑓𝑓𝑎, 𝑓𝑎𝑐 = 𝑐𝑓𝑎, 𝑒𝑐𝑎 =
𝑐𝑒, 𝑒𝑓𝑓𝑓𝑎 = 𝑓𝑓𝑒, 𝑎𝑎𝑐𝑐 = 𝑎𝑎𝑐𝑐𝑒.

Theorem 1. In the semigroup Π4
6 the identity problem for a certain fixed word

is unsolvable.

Replacing in the semigroup of G. S. Tseitin (5) the relation 𝑐𝑐𝑎 = 𝑐𝑐𝑎𝑒 by
two relations 𝑎𝑎𝑎𝑐 = 𝑎𝑎𝑐𝑐𝑒 and 𝑏𝑎𝑐𝑐 = 𝑏𝑎𝑐𝑐𝑒, we obtain the semigroup Π5

8.
Then, relying on the theorem of P. S. Novikov (3) on the existence of a finitely
defined group with an unsolvable identity problem, we shall prove that in the
semigroup Π5

8 the identity problem for a certain fixed word is unsolvable. Then
we consider a homomorphism 𝜑 of the semigroup Π5

8 into the semigroup Π4
6,

given on generators by 𝜑(𝑎) = 𝑎, 𝜑(𝑏) = 𝑓𝑎, 𝜑(𝑐) = 𝑐, 𝜑(𝑑) = 𝑓𝑓, 𝜑(𝑒) = 𝑒.
Finally, we prove the following: if 𝑋 and 𝑌 are words in the semigroup Π5

8, then
𝑋 = 𝑌 in the semigroup Π5

8 if and only if 𝜑(𝑋) = 𝜑(𝑌 ) in the semigroup Π4
6.

From Theorem 3 of the work (4) of P. S. Novikov and S. I. Adian it follows:

Theorem 2. There exists an algorithm which, for every semigroup 𝑆 and
arbitrary words 𝑋 and 𝑌 in this semigroup, constructs words 𝑋 and 𝑌 in the
alphabet {𝑎, 𝑐, 𝑒, 𝑓} such that 𝑋 = 𝑌 in the semigroup 𝑆 if and only if 𝑋 = 𝑌
in the semigroup Π4

6.

II. A semigroup defined by a finite alphabet
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𝑎1, 𝑎2, … , 𝑎𝑛 (1)

and by a finite system of defining relations

{𝐴𝑖 = 1 (𝑖 = 1, 2, … , 𝑘), (2)

such that

[𝐴0
𝑖 ] ≥ 𝑙 (𝑖 = 1, 2, … , 𝑘), (3)

will be called a (𝑘, 𝑙)-semigroup.

A word 𝑋 in a semigroup Π is left-invertible (right-invertible) if there exists
a word 𝑌 in the semigroup Π such that 𝑌 𝑋 = 1 (𝑋𝑌 = 1) in the semigroup Π.
A word 𝑋 is two-sided invertible in the semigroup Π if 𝑋 is invertible both
on the right and on the left. If in a (𝑘, 𝑙)-semigroup Γ every word is two-sided
invertible, then Γ will be called a (𝑘, 𝑙)-group.

S. I. Adian, in Chapter III of the work (1), investigated the connection between
the solvability of the identity problem in (𝑘, 𝑙)-groups and the solvability of
the identity and divisibility problems in homogeneous (𝑘, 𝑙)-semigroups, i.e. in
(𝑘, 𝑙)-semigroups,

in which the left-hand sides of the defining relations have the same length. In
the present note Theorems 3, 4, 5 are proved, analogous to the theorems of S.
I. Adian, but already for arbitrary (𝑘, 𝑙)-semigroups. In addition, the connec-
tion between the solvability of systems of equations in (𝑘, 𝑙)-groups and (𝑘, 𝑙)-
semigroups is investigated.

Theorem 3. If the natural numbers 𝑘 and 𝑙 are such that there exists an
algorithm solving the identity problem in any (𝑘, 𝑙)-group, then one can specify
an algorithm solving the identity problem in every (𝑘, 𝑙)-semigroup.

We shall say that an ordered pair of words 𝐴 and 𝐵 intersect if 𝐴 = 𝑀𝑁 ,
𝐵 = 𝑁𝐿, where 𝑁 and 𝑀𝐿 are nonempty words.

We shall say that the nonempty words 𝑋1, 𝑋2, … , 𝑋𝑚 are obtained from the
words 𝑌1, 𝑌2, … , 𝑌𝑝 by partitioning if: a) each 𝑌𝑖 is graphically equal to the
product 𝑋Δ(𝑖,1), 𝑋Δ(𝑖,2), … , 𝑋Δ(𝑖,𝑠𝑖), where 1 ≤ Δ(𝑖, 1), Δ(𝑖, 2), … , Δ(𝑖, 𝑠𝑖) ≤ 𝑚;
b) for every 𝑋𝑗 (𝑗 = 1, 2, … , 𝑚) there exists a 𝑌𝑖 such that 𝑋𝑗 is graphically
equal to one of 𝑋Δ(𝑖,1), 𝑋Δ(𝑖,2), … , 𝑋Δ(𝑖,𝑠𝑖); c) 𝑋𝑖 ≠ 𝑋𝑗 for 𝑖 ≠ 𝑗.

Consider a (𝑘, 𝑙)-semigroup Π given by the alphabet (1), the relations (2), and
the condition (3).

A finite set of words 𝐵1, 𝐵2, … , 𝐵𝑟 in the alphabet (1) is called a system of 𝐵-
words of the semigroup Π if: 1) 𝐵1, 𝐵2, … , 𝐵𝑟 are obtained from 𝐴1, 𝐴2, … , 𝐴𝑘
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by partitioning (here 𝐴1, 𝐴2, … , 𝐴𝑘 are the left-hand sides of the defining rela-
tions (2)); 2) 𝐵1, 𝐵2, … , 𝐵𝑟 do not intersect with one another.

Lemma 1. There exists an algorithm which, for every (𝑘, 𝑙)-semigroup, con-
structs some system of 𝐵-words of this semigroup.

The operation of extraction by a semigroup Π and a system of 𝐵-words
of a semigroup Γ: to each 𝐵-word of the semigroup Π, 𝐵𝑖 (𝑖 = 1, 2, … , 𝑟), put
in correspondence a letter 𝛽𝑖 (𝑖 = 1, 2, … , 𝑟); the semigroup Γ is given by the
alphabet 𝛽1, 𝛽2, … , 𝛽𝑟 and the defining relations

{𝛽Δ(𝑖,1)𝛽Δ(𝑖,2) ⋯ 𝛽Δ(𝑖,𝑠𝑖) = 1 (𝑖 = 1, 2, … , 𝑘).

A finite set of words 𝐶1, 𝐶2, … , 𝐶𝑠 in the alphabet (1) is called a system of
𝐶-words of the semigroup Π if 𝐶1, 𝐶2, … , 𝐶𝑠 is a system of 𝐵-words of Π and
3) the semigroup Γ, extracted by the semigroup Π and the system of 𝐵-words
𝐶1, 𝐶2, … , 𝐶𝑠, is a (𝑘, 𝑙)-group.

Lemma 2. There exists an algorithm which, for every (𝑘, 𝑙)-semigroup, con-
structs some system of 𝐶-words of this semigroup.

By the hypothesis of Theorem 3, in the group Γ, extracted by the (𝑘, 𝑙)-
semigroup Π and the system of 𝐶-words, the identity problem is solvable.

Let 𝑋 be a word in the alphabet (1) and 𝑋 = ℎ1𝐶𝑖1
𝐶𝑖2

⋯ 𝐶𝑖𝑣
ℎ2, where ℎ1, ℎ2

are nonempty. Then 𝜌(𝑋) = ℎ1𝐶𝑗1
𝐶𝑗2

⋯ 𝐶𝑗𝑤
ℎ2, where [𝑋𝜕 ⊇ [𝜌(𝑋))𝜕 and

𝛽𝑖1
𝛽𝑖2

⋯ 𝛽𝑖𝑣
= 𝛽𝑗1

𝛽𝑗2
⋯ 𝛽𝑗𝑤

in the group Γ.

Lemma 3. There exist only finitely many 𝑌 such that 𝜌(𝑋) = 𝑌 .

Let 𝐶𝑖 be some 𝐶-word of the semigroup Π. Each 𝜌(𝜌(𝜌 ⋯ 𝜌(𝐶𝑖) ⋯)) will be
called a 𝑐𝑖-word of the semigroup Π.

Lemma 4. If the hypotheses of Theorem 4 are satisfied, then there exists an
algorithm which, for every (𝑘, 𝑙)-semigroup and for every 𝐶-word 𝐶𝑖 of this
semigroup, constructs all 𝑐𝑖-words 𝑐(1)

𝑖 , 𝑐(2)
𝑖 , … , 𝑐(𝑟𝑖)

𝑖 of this semigroup.

A (𝑘, 𝑙)-semigroup 𝑉 with already constructed 𝐶-words is called selected if:

a) [𝐶𝜕
𝑖 = [𝑐𝑖]𝜕 for 𝑖 = 1, 2, … , 𝑠; 𝑗 = 1, 2, … , 𝑟𝑖;

b) no 𝑐(𝑡)
𝑢 belongs to the set of words 𝑐(1)

𝑝 , 𝑐(2)
𝑝 , … , 𝑐(𝑟𝑝)

𝑝 for 𝑝 ≠ 𝑢;

c) no 𝑐(𝑡1)
𝑢1 and 𝑐(𝑡2)

𝑢2 intersect with one another.

Lemma 5. If the conditions of Theorem 3 are satisfied, then there exists
an algorithm which, for every (𝑘, 𝑙)-semigroup Π, constructs a chosen (𝑘, 𝑙)-
subsemigroup 𝑉 isomorphic to Π.

Lemma 6. If the conditions of Theorem 4 are satisfied, then there exists an
algorithm solving the identity problem in every chosen (𝑘, 𝑙)-semigroup.
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Theorem 4. If the natural numbers 𝑘 and 𝑙 are such that there exists an algo-
rithm solving the identity problem in any (𝑘, 𝑙)-group, then one can specify an
algorithm solving the problem of left (right) divisibility in every (𝑘, 𝑙)-semigroup.

The maximal subgroup of a given semigroup is the subgroup generated by all
two-sided invertible elements of this semigroup.

Theorem 5. If the natural numbers 𝑘 and 𝑙 are such that there exists an
algorithm solving the identity problem in any (𝑘, 𝑙)-group, then one can spec-
ify an algorithm which, for every (𝑘, 𝑙)-semigroup Π, constructs a (𝑘, 𝑙)-group
isomorphic to the maximal subgroup of Π.

A system of equations in a (𝑘, 𝑙)-semigroup Π, given in the alphabet
𝑎1, 𝑎2, … , 𝑎𝑛, is a system of expressions

𝑊𝑖 = 𝑇𝑖 (𝑖 = 1, 2, … , 𝑚), (4)

where 𝑊𝑖 are words in the alphabet 𝑎1, 𝑎2, … , 𝑎𝑛, 𝑋1, 𝑋2, … , 𝑋𝑝, and 𝑇𝑖 are
words in the alphabet 𝑎1, 𝑎2, … , 𝑎𝑛. A solution of this system is taken to be
words 𝑉1, 𝑉2, … , 𝑉𝑝 in the alphabet 𝑎1, 𝑎2, … , 𝑎𝑛, whose substitution respectively
for 𝑋1, 𝑋2, … , 𝑋𝑛 in the expressions (4) transforms each 𝑊𝑖 into a word equal
to 𝑇𝑖 in the semigroup Π.

Theorem 6. If the natural numbers 𝑘 and 𝑙 are such that there exists an
algorithm checking the solvability of any system of equations in any (𝑘, 𝑙)-group,
then one can specify an algorithm checking the solvability of any system in any
(𝑘, 𝑙)-semigroup.

In conclusion I express my sincere gratitude to S. I. Adyan for his constant
assistance in the work.

Note added in proof. When the paper had already been submitted for publi-
cation, the author obtained the following result. In the semigroup Π3

5, given in
the alphabet {𝑒, 𝑓, 𝑔} by the defining relations 𝑔𝑔𝑓𝑓 = 𝑓𝑓𝑔𝑔, 𝑓𝑔𝑔𝑔𝑓𝑓 = 𝑔𝑓𝑓𝑓𝑔𝑔,
𝑒𝑔𝑔𝑓𝑓 = 𝑓𝑓𝑒, 𝑒𝑓𝑔𝑔𝑔𝑓𝑓 = 𝑔𝑓𝑓𝑒, 𝑓𝑓𝑔𝑔𝑓𝑓𝑓𝑓𝑔𝑔 = 𝑓𝑓𝑔𝑔𝑓𝑓𝑓𝑓𝑔𝑔𝑒, the identity
problem is undecidable. Moreover, the author became aware that Yu. Matiya-
sevich obtained a similar result.
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