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A well-known conjecture of R. Nevanlinna states (12) that an entire function
of finite order p has only a finite number (not more than [2p] + 1) of deficient
values. For the case p < 1/2 this conjecture has been confirmed. Edrei and
Fuchs showed, in particular (®), that an entire function of order p < 1/2 cannot
have finite deficient values. It turns out that in the case p > 1/2 R. Nevanlinna’
s conjecture is false. Moreover, the following is true.

Theorem. For an arbitrary sequence of complex numbers {a;}$° and for any
p > 1/2, there exists an entire function of order p and of normal type for which
the numbers a;, k = 1,2, ..., are deficient.

1°. The proof of this theorem is based on the following two lemmas from ap-
proximation theory.

Lemma 1. Let L denote a rectifiable curve joining the points @ and b. Then
for arbitrary numbers £ > 0 and d > 0 there exists a polynomial P(z) such that

aiz_P(zib>‘<E (1)

for all points z lying outside the d-neighborhood of the curve L, and

5 length L
S @

1
‘P (mﬂ < exp {(1+\lnsd\)exp 7

outside the circle |z — b < d.

Lemma 2. Let 1/2 < p < 1,0 < a < E(p— 1/2), and let the function
p

F(z) be analytic in the angle |argz| < 8/2 (8 > «) and satisfy |F(z)| <
exp[const(|z] + 1)?]. Then for any € > 0 there exists an entire function G(z) of
order p and of normal type satisfying the inequality |F(z)—G(z)| < € exp(—|z|?),
|arg z| < /2.
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We note that Lemma 1 is a special case of an important lemma of M. V. Keldysh
(%), while Lemma 2 is an immediate consequence of a theorem of M. V. Keldysh
(5) on approximation in an angle by entire functions of restricted growth.

2°. In proving the theorem it is sufficient to restrict ourselves to the case when
1/2 < p < 1. Indeed, if p > 1, choose a natural number N such that p < N < 2p.
Having constructed an entire function G(z) of order p/N with deficient values
{a,}$°, we may then consider the entire function G(zV) of order p with the
same defects.

3°. Now take an arbitrary number o, 0 < a < I(p — 1/2), and a sequence
p

{0,312 such that 0_, = —0,, 0, T +00 as k T +00. Denote by A, () the angle
|arg z — 0, | < eqy,, where o, = min(0, ., — 6,,0,, —0,_,), by 0,,(§) (0 > 0) the
annulus (1 —6)2" < [z] < (14 6)2"™, and put By, (g,8) = Ap(e) N0, (9). Let
now

now {n;}3° is some sequence of even natural numbers, n, T +oo as k 1 +oo.
Setting n_; = n; + 1, consider the closed sets

400 +oo

E(E,(S) = U U Ek,nk+2m(5’6)v

|k|=1 m=0

EOZE(1/4a0)a Ele(1/271/8>7 EQZE(3/471/4)7
so that E, C E; C E,. Setting further
e, = exp(—22a;1), k=41,42, ...,

we shall assume that the n, increase so rapidly that

+0o0 400 1+5k7n

0T 2 croyy whore by, =epl—c2), @)
- 1 - 6}6 ’
|k‘:1 n=ny 3T
max(ag !, 2™, |a,|) < exp(g,2"P 1), k=12, .., (4)
| i< 9
OF

1

4°. We now denote by 7}, (1 = 1,2; k= £1,£2,...; n=n+2m; m =1,2,...)
the boundary of the set E; N £y ,,(3/4,1/4). The curve

ot 2= (142702060, (—1)md, < (—1)0 <,
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joins the curve 'y,ic)n with the point —(1 + 2i-%)27*1. By D};)n we denote the
d-neighborhood of the curve v, , Ul ., where d = a;2"*. Tt is easy to verify
that E;, ; C ODj,, and that the length ~} , Ul} , < 2"**. Take an arbitrary
point ¢ € W};)n and apply Lemma 1 to the domain D};)n, putting

a=2C(, b=—(1+ 242+t e =4 2 exp(—5e,2"°).
We may suppose that the function

Qi(¢,2) = P(1/(2 = 1))

is analytic in z in the half-plane Re z > —1, is defined and piecewise constant
in ¢ (uniformly with respect to z) on the set OF;, and satisfies, by virtue of (1),
(2), and (4), the inequalities

|Qi(C2) = 1/(C—2)| < 47" 2 exp(—be,2™) for ( €7, 2 € CD;, ., (6)

|Q,(¢, 2)| < exp(si/QZ”pH) for ¢ € VIZ,W Rez > —1. (7)
5°. We now define two functions ¢(z) and (z), analytic on the set E,, by
putting

o(2) = ap,  P(z) = exp(—e,z”), when z € A,(3/4), k=41,42,.... (8)

Lemma 3. There exists a function w(z), analytic in the half-plane Re z > —1,
such that

1< |w(z)/¥(2)] <2 forze€ Ej, (9)

lw(2)] < exp[(]z] +1)?] for Rez > —1. (10)
Proof. Consider the function

wpn(®) =14 = [ () — Q¢ 2) d, (11)

27

N

,m

analytic in the half-plane Rez > —1. Observing now that, by the Cauchy
formula,
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w _ / 'l/) C 1/’(2)’ for z € Ek,n(1/2a 1/8>7
ko 2772 1, for z € CEy,,(3/4,1/4),

and taking into account that the length of 47, < 2"*3, from (6) and (11) we
obtain

(Wi (2) = Vg0 (2)] < 1/sexp(=5e,27)  for z € CDy ,,,

whence
3y <lwpn(2)/P(2)] <°/y for z € By, (1/2,1/8), (12)

|wi n(2) — 1| < exp(—g,2") for z € CDﬁm NCE, ,(3/4,1/4).  (13)

Inequality (13) holds, in particular, for z € £y \ Ey ,,(1/2,1/8).

The growth of the function wy,,(z) is bounded, by virtue of (7), (11), and (4),
by the inequality

Wi (2)] < exp (/% 2715)  Rez>—1. (14)
Now define the desired function w(z) by the formula

+o0 +o0

_3
/2 H H Wknk+2m

|k|=1m=0

The convergence of this product follows from (13) and (3). To obtain estimate
(9), it suffices to use (12), (13), and (3). Finally, to estimate the growth of w(z),
take an arbitrary number z, Rez > —1. Let z € oy(0). Then z € CDZ, N
CE, ,,(3/4,1/4) for all n, except, possibly, for the cases n = N —1, N, N + 1.
Taking (13), (14), and (3) into account, we obtain:

+oo  N+1
A <2 [T I lwen(@)lexp@?) < expl(|2] +1)7].
|k|=1n=N-1

Lemma 4. There exists a function F(z), analytic in the angle |argz| < m/2,
such that

lo(z) = F(2)| < /slv(2)|  for z € E,
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|F(z)] < explconst - (|z| + 1)”] for |argz| < m/2.

Proof. We note that from (6) the estimate follows

101(6,2) = 1/(E = 2)| <[(©)I/Ig]?, €€ 0E, (15)

valid for z € E,, and also in the disk |z| < /,|¢]. The growth of the function
Q4 (&, 2) is bounded, by virtue of estimate (7), by the inequality

|Q1(& 2)| <exp([¢]’)  for § € OF,, Rez > —L. (16)
Now denote
Fn = U ’Yk,nkwLZm for n Z ny
(k,m)
ng+2m<n

(so that OF, = UZ: I',,) and consider the sequence of functions analytic for
— '
Rez > —1,

L[ Oy
Y L a7)

n

where w(z) is the function constructed in Lemma 3. From inequalities (4) and
(10) (taking account of (8)) it follows that

lp(€)/w(E)] <1/[W(E)?, €€ Ey. (18)

Take a natural number N, and let |z| < 2V, m >n > N + 1. Then

-t pl&) de
0= 271 /Fm\Fn w(&)E—2’

whence, taking (15), (17), (18), and (5) into account, we obtain:

1
|H,,(z)— H,(2)| < —/ |€72dE] — 0 as n — oo. (19)
27 Jop,r,

It follows that the sequence H,,(z) converges uniformly in every disk to some
function H(z) analytic for Re z > —1. Similarly, taking into account the formula
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pz) _ 1 / O dE L p em
T

1
< — 2degl <, 20
<o [, 1< )

n—oo

Let us now estimate the growth of the function H(z). Let z € on_1(0). If
¢ € T'yig, then |¢] < 18|z|. Taking now (19), (17), (18), (16), and (15) into
account, we obtain

2

G <1+ Hya()] <1+ max | - 101(¢2)] <
<1+ max [¢|?exp(2|¢|?) < exp[const - (|z] + 1)7]. (21)

¢|<18]2]

By virtue of (20), (9), and (21), the function F(z) = H(z)w(z) satisfies all the
conditions of Lemma 4.

6°. From Lemmas 4 and 2 there follows the existence of an entire function G(z)
of order p and of normal type, satisfying the inequality

IG(z) —p(2)| <I(2)|,  z€E. (22)

The function G(z) is the required function with an infinite set of deficient values
{a;}3°. Indeed, by virtue of the definition of the set E; and of the function ¢(z),

for any k =1,2,..., when r > 2", there exists an arc A, ,. of the circumference
|z| =7, A, C Ey, such that p(z) = ay, for z € Ay ., and the length )\, . = %r.
Then from (22) we obtain that
€
G —ag < () <exp (= Lr7), ze A, r> 2

Hence, in the generally accepted notation, we have

m(r,a;, G) = L /27‘ In* ! A0 > ke S 200 for p > oM

R 27 Jy |G(rei?) — a,| 8w k T

and since T(r,G) < In" M(r,G) < or? for r > 1, we finally obtain
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d(a, G) = 7nli)rgo [m(r,ay, G)/T(r,G)] > €2 /o > 0.

The theorem is completely proved.

Remark. Analysis of the example constructed above gives some grounds to
suppose that, for an arbitrary entire function G(z) of finite order, the condition

1

Iné1(a,G) < Hee

0<é(a,G)<1

is satisfied.

This condition cannot be further strengthened, since in our example

1/Iné *(ay,G) > const - oy, > 0, where of the numbers a, it is required
. o0

only that the series ), a; converge.
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