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MATHEMATICS

P. P. ZABREIKO, I. B. LEDOVSKAYA

ON HIGHER APPROXIMATIONS OF THE
AVERAGING METHOD OF N. N. BOGOLYUBOV
—N. M. KRYLOV
(Presented by Academician N. N. Bogolyubov, 31 I 1966)

The role of the asymptotic methods of N. N. Bogolyubov—N. M. Krylov (see
(1−3)) in the study of solutions of differential equations with a small parameter
is well known. However, the justification of these methods is often carried out
under superfluous restrictions. To get rid of these restrictions, as it seems to the
authors, is of considerable interest. For the first asymptotic approximation the
most general theorem was obtained in the work of M. A. Krasnosel’skii and S.
G. Krein (4). In the present work a generalization of this theorem to the case
of higher asymptotic approximations is proposed.

1. Let 𝐸 be a finite-dimensional space, and let 𝐷 be a bounded domain in
𝐸. Consider in 𝐸 the ordinary differential equations

𝑑𝑥/𝑑𝑡 = 𝑋0(𝑡, 𝑥) + 𝜀𝑋1(𝑡, 𝑥) + … + 𝜀𝑘𝑋𝑘(𝑡, 𝑥) + 𝜀𝑘𝜔(𝑡, 𝑥, 𝜀); (1)

𝑑 ̄𝑥/𝑑𝑡 = 𝑋0(𝑡, 𝑥) + 𝜀𝑋1(𝑡, 𝑥) + … + 𝜀𝑘𝑋𝑘(𝑡, 𝑥). (2)

Here 0 ≤ 𝑡 ≤ 𝑇 , 𝑥 ∈ 𝐷, 𝜀 is a scalar parameter; the right-hand sides of equations
(1)—(2) are continuous in 𝑥 and measurable in 𝑡 and 𝜀. We shall be interested
in the question of the order of closeness, as 𝜀 → 0, of the solutions 𝑥(𝑡) and ̄𝑥(𝑡)
of equations (1) and (2), satisfying the initial condition 𝑥(0) = ̄𝑥(0) = 𝑥0 (the
sets of these solutions will be denoted by 𝔐(𝜀, 𝑇 ) and 𝔐𝑘(𝜀, 𝑇 ), respectively).

We shall say that 𝑍(𝑡, 𝑥) ∈ 𝐻𝜃 (𝜃 ∈ [0, 1]), if

‖𝑍(𝑡, 𝑥) − 𝑍(𝑡, 𝑦)‖ ≤ 𝑞(𝑡)‖𝑥 − 𝑦‖𝜃,

‖𝑍(𝑡, 𝑥 + 𝑧) − 𝑍(𝑡, 𝑥) − 𝑍(𝑡, 𝑦 + 𝑧) + 𝑍(𝑡, 𝑦)‖ ≤ 𝑞(𝑡)𝜑(‖𝑥 − 𝑦‖)‖𝑧‖𝜃

and if there exists an operator 𝑊(𝑡, 𝑥, ℎ) (0 ≤ 𝑡 ≤ 𝑇 , 𝑥 ∈ 𝐷, ℎ ∈ 𝐸) such that
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‖𝑊(𝑡, 𝑥, ℎ)‖ ≤ 𝑞(𝑡)‖ℎ‖𝜃,

‖𝑊(𝑡, 𝑥, ℎ) − 𝑊(𝑡, 𝑦, ℎ)‖ ≤ 𝑞(𝑡)𝜑(‖𝑥 − 𝑦‖)‖ℎ‖𝜃,

lim
𝜀→0

∫
𝑡

0

𝑍(𝜏, 𝑥 + 𝜀ℎ) − 𝑍(𝜏, 𝑥)
𝜀𝜃 𝑑𝜏 = ∫

𝑡

0
𝑊(𝜏, 𝑥, ℎ) 𝑑𝜏.

Here 𝑞(𝑡) is a function summable on [0, 𝑇 ], and 𝜑(𝑢) → 0 as 𝑢 → 0. The
operator 𝑊(𝑡, 𝑥, ℎ) is, obviously, homogeneous of order 𝜃 in ℎ. It is easy to see
that 𝑊(𝑡, 𝑥, ℎ) ≡ 0 if 𝑍(𝑡, 𝑥) ∈ 𝐻𝜃 and 𝜃 < 1.

Theorem 1. Let 𝑋𝑖(𝑡, 𝑥) ∈ 𝐻(𝑘−𝑖)/𝑘 (𝑖 = 0, … , 𝑘). Suppose the operator
𝜔(𝑡, 𝑥, 𝜀) (0 ≤ 𝑡 ≤ 𝑇 , 𝑥 ∈ 𝐷, 0 ≤ 𝜀 ≤ 𝜀0) satisfies the conditions

‖𝜔(𝑡, 𝑥, 𝜀)‖ ≤ 𝑞(𝑡),

‖𝜔(𝑡, 𝑥1, 𝜀) − 𝜔(𝑡, 𝑥2, 𝜀)‖ ≤ 𝑞(𝑡)𝜑(‖𝑥1 − 𝑥2‖).

where 𝑞(𝑡) is a summable function on [0, 𝑇 ], 𝜑(𝑢) → 0 as 𝑢 → 0, and

lim
𝜀→0

∥∫
𝑡

0
𝜔(𝜏, 𝑥, 𝜀) 𝑑𝜏∥ = 0.

Finally, suppose that the Cauchy problem 𝑑𝑥/𝑑𝑡 = 𝑋0(𝑡, 𝑥), 𝑥(0) = 𝑥0, has in
the domain 𝐷 a unique solution defined on [0, 𝑇 ]. Then

lim
𝜀→0

sup
𝑥(𝑡)∈𝔐(𝜀,𝑇 ), 𝑥̄(𝑡)∈𝔐𝑘(𝜀,𝑇 )

max
0≤𝑡≤𝑇

‖𝑥(𝑡) − ̄𝑥(𝑡)‖
𝜀𝑘 = 0.

2. Consider the ordinary differential equation

𝑑𝑥/𝑑𝑡 = 𝜀𝑋0(𝑥) + ⋯ + 𝜀𝑘𝑋𝑘−1(𝑥) + 𝜀𝑘+1𝑋𝑘(𝑡, 𝑥, 𝜀); (3)

here 0 ≤ 𝑡 < ∞, 𝑥 ∈ 𝐷, 𝜀 is a scalar parameter; the right-hand side of equation
(3) is continuous in 𝑥 and measurable in 𝑡 and 𝜀. Suppose that

lim
𝜀→0

∥𝜀
𝑡 ∫

𝑡/𝜀

0
𝑋𝑘(𝑠, 𝑥, 𝜀) 𝑑𝑠 − 𝑋̄𝑘(𝑥)∥ = 0
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(in this case we shall say that the operator 𝑋𝑘(𝑡, 𝑥, 𝜀) converges, in the aver-
aged sense, to the operator 𝑋̄𝑘), and, together with equation (3), consider the
equation

𝑑𝑥/𝑑𝑡 = 𝜀𝑋0(𝑥) + ⋯ + 𝜀𝑘𝑋𝑘−1(𝑥) + 𝜀𝑘+1𝑋̄𝑘(𝑥). (4)

We shall be interested in the question of the order of closeness on the interval
[0, 𝑇 /𝜀] between solutions of equations (3) and (4) satisfying the same initial
condition 𝑥(0) = 𝑥0 (the sets of these solutions, as above, will be denoted by
𝔐(𝜀, 𝑇 /𝜀) and 𝔐𝑘(𝜀, 𝑇 /𝜀)).
Theorem 2. Let 𝑋𝑖(𝑥) ∈ 𝐻(𝑘−𝑖)/𝑘 (𝑖 = 0, … , 𝑘−1). Let the operator 𝑋𝑘(𝑡, 𝑥, 𝜀)
satisfy the conditions

‖𝑋𝑘(𝑡, 𝑥, 𝜀)‖ ≤ 𝑞(𝑡, 𝜀), (5)

‖𝑋𝑘(𝑡, 𝑥, 𝜀) − 𝑋𝑘(𝑡, 𝑥, 𝜀)‖ ≤ 𝑞(𝑡, 𝜀)𝜑(‖𝑥1 − 𝑥2‖), (6)

where 𝑞(𝑡, 𝜀) is some function satisfying the condition 𝑞(𝑡/𝜀, 𝜀) ≤ 𝑞0(𝑡), and
𝑞0(𝑡) is a function summable on every finite interval; 𝜑(𝑢) → 0 as 𝑢 → 0.
Suppose that the operator 𝑋𝑘(𝑡, 𝑥, 𝜀) converges, in the averaged sense, to the
operator 𝑋̄𝑘(𝑥) ∈ 𝐻0. Finally, suppose that the Cauchy problem 𝑑𝑥/𝑑𝑡 = 𝑋0(𝑥),
𝑥(0) = 𝑥0, has in the domain 𝐷 a unique solution defined on the half-axis
0 ≤ 𝑡 < ∞.

Then for any 𝑇 > 0 the equality

lim
𝜀→0

sup
𝑥(𝑡)∈𝔐(𝜀,𝑇 /𝜀), 𝑥̄(𝑡)∈𝔐𝑘(𝜀,𝑇 /𝜀)

max
0≤𝑡≤𝑇 /𝜀

‖𝑥(𝑡) − ̄𝑥(𝑡)‖
𝜀𝑘 = 0

holds.

3. Consider the differential equation

𝑑𝑥/𝑑𝑡 = 𝜀𝑋0(𝑡, 𝑥) + 𝜀2𝑋1(𝑡, 𝑥) + ⋯ + 𝜀𝑘𝑋
𝑘−1(𝑡, 𝑥) + 𝜀𝑘+1𝑋𝑘(𝑡, 𝑥, 𝜀). (7)

By means of the change of variable (1−3)

𝑥 = 𝑦 + 𝜀𝑈1(𝑡, 𝑦) + ⋯ + 𝜀𝑘𝑈𝑘(𝑡, 𝑦)

we pass from equation (7) to an autonomous equation, up to terms of order 𝑘+1
in 𝜀,

𝑑𝑦/𝑑𝑡 = 𝜀𝑌0(𝑦) + 𝜀2𝑌1(𝑦) + ⋯ + 𝜀𝑘𝑌
𝑘−1(𝑦) + 𝜀𝑘+1𝑌𝑘(𝑡, 𝑦, 𝜀). (8)
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Here the operators 𝑌𝑖(𝑦), 𝑈𝑖+1(𝑡, 𝑦) (𝑖 = 0, … , 𝑘−1) are determined successively

are determined from the equalities

𝑌𝑖(𝑦) = lim
𝑇 →∞

1
𝑇 ∫

𝑇

0
𝐹𝑖(𝜏, 𝑦) 𝑑𝜏; (9)

𝑈𝑖+1(𝑡, 𝑦) = ∫
𝑡

0
{𝐹𝑖(𝜏, 𝑦) − 𝑌𝑖(𝑦)} 𝑑𝜏, (10)

where

𝐹𝛼(𝑡, 𝑦) = ∑
𝑖+𝑗+𝑙=𝛼

𝑄𝑙𝑃 𝑖𝑗
− ∑

0≤𝑚≤𝛼−1
𝑄𝛼−𝑚

𝜕𝑈𝑚+1
𝜕𝑡 (𝛼 = 0, … , 𝑘 − 1);

the operators 𝑄𝑖 are determined from the expansion

[𝐼 + 𝜀𝜕𝑈1
𝜕𝑦 + ⋯ + 𝜀𝑘 𝜕𝑈𝑘

𝜕𝑦 ]
−1

=
∞

∑
𝑖=0

𝑄𝑖𝜀𝑖

(it is assumed that, for small 𝜀, the norm of the operator 𝜀 𝜕𝑈1/𝜕𝑦 + ⋯ +
𝜀𝑘 𝜕𝑈𝑘/𝜕𝑦 is small); the operators 𝑃𝑖𝑗 are determined from the expansions

𝑋𝑖(𝑡, 𝑦 + 𝜀𝑈1 + ⋯ + 𝜀𝑘𝑈
𝑘 ) =

𝑘−𝑖
∑
𝑗=0

𝑃𝑖𝑗𝜀𝑗 + 𝑃𝑖(𝜀)𝜀𝑘−𝑖+1;

the operator 𝑌𝑘(𝑡, 𝑦, 𝜀) is determined by the formula

𝑌𝑘(𝑡, 𝑦, 𝜀) = 𝐹𝑘(𝑡, 𝑦) + 𝐿(𝑡, 𝑦, 𝜀),

where

𝐹𝑘(𝑡, 𝑦) = ∑
𝑖+𝑗+𝑙=𝑘, 𝑖≠𝑘

𝑄𝑙𝑃 𝑖𝑗
+ 𝑋𝑘(𝑡, 𝑦) − ∑

0≤𝑚≤𝑘−1
𝑄𝑘−𝑚

𝜕𝑈𝑚+1
𝜕𝑡 ;

𝐿(𝑡, 𝑦, 𝜀) = 𝑋𝑘(𝑡, 𝑦 + 𝜀𝑈1 + ⋯ + 𝜀𝑘𝑈
𝑘 ) − 𝑋𝑘(𝑡, 𝑦)

+ [ ∑
1≤𝑙<∞

𝑄𝑙𝜀𝑙] 𝑋𝑘(𝑡, 𝑦 + 𝜀𝑈1 + ⋯ + 𝜀𝑘𝑈
𝑘 ) + ∑

0≤𝑖≤𝑘−1
0≤𝑙<∞

𝑄𝑙𝑃𝑖(𝜀)𝜀𝑙

+ ∑
0≤𝑖+𝑗≤𝑘−1

𝑖+𝑗+𝑙>𝑘

𝑄𝑙𝑃 𝑖𝑗
𝜀𝑖+𝑗+𝑙−𝑘 − ∑

0≤𝑚≤𝑘−1
𝑚+𝑙>𝑘

𝑄𝑙
𝜕𝑈𝑚+1

𝜕𝑡 𝜀𝑚+𝑙−𝑘.
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To investigate equation (8), Theorem 2 is applied. In doing so one is able to
verify only stronger properties of the operators 𝑌𝑖(𝑦) (𝑖 = 0, … , 𝑘 − 1) than the
conditions 𝐻𝜃. Namely, it can be shown that 𝑌𝑖(𝑦) are continuously differen-
tiable 𝑘 − 𝑖 times if the operators 𝑋𝑖(𝑡, 𝑥) are continuously differentiable 𝑘 − 𝑖
times and if, as 𝑡 → ∞, the operators

1
𝑡 ∫

𝑡

0
𝐹𝑖(𝜏, 𝑦) 𝑑𝜏

converge to the operator 𝑌𝑖(𝑦) together with derivatives up to order 𝑘 − 𝑖, uni-
formly on every closed subset 𝐷 (in this case, for small 𝜀, the norm of the
operators 𝜀 𝜕𝑈1/𝜕𝑦 + ⋯ + 𝜀𝑘 𝜕𝑈𝑘/𝜕𝑦 is small, and therefore the change of vari-
ables described above is justified). If, moreover, the operator 𝑌𝑘(𝑡, 𝑦, 𝜀) satisfies
inequalities (5), (6) and tends, in the mean, to some operator 𝑌 𝑘(𝑦) ∈ 𝐻0, then
we shall say that for equation (7) the conditions (𝒫𝑘) are fulfilled.

In particular, the conditions (𝒫𝑘) are fulfilled if all the operators 𝑋𝑖 (𝑖 = 0, … , 𝑘),
together with derivatives up to order 𝑘−𝑖, are bounded; if the operators 𝑈𝑖, suc-
cessively determined by formulas (10), are bounded; and if, finally, there exists
an averaging of the operator 𝐹𝑘. Verification of these boundedness conditions
is especially simple when the operators 𝑋𝑖 are periodic or almost periodic in 𝑡.
Suppose that the conditions (𝒫𝑘) are satisfied. Let 𝑦(𝑡) be a solution of equation
(8), and let ̄𝑦(𝑡) be a solution of the equation

𝑑𝑦/𝑑𝑡 = 𝜀𝑌0(𝑦) + … + 𝜀𝑘𝑌
𝑘−1(𝑦) + 𝜀𝑘+1 ̄𝑌𝑘(𝑦),

satisfying the same initial condition 𝑦(0) = ̄𝑦(0) = 𝑥0. Put

𝑥(𝑡) = 𝑦(𝑡) + 𝜀𝑈1[𝑡, 𝑦(𝑡)] + … + 𝜀𝑘𝑈𝑘[𝑡, 𝑦(𝑡)]; (11)

̄𝑥(𝑡) = ̄𝑦(𝑡) + 𝜀𝑈1[𝑡, ̄𝑦(𝑡)] + … + 𝜀𝑘𝑈𝑘[𝑡, ̄𝑦(𝑡)]. (12)

The function ̄𝑥(𝑡) is called an asymptotic approximation (in the sense of
Bogolyubov—Krylov) of order 𝑘 + 1 to the function 𝑥(𝑡), the exact solution of
equation (7), satisfying the initial condition 𝑥(0) = 𝑥0. We shall denote by
𝔐(𝜀, 𝑇 /𝜀) the set of solutions of equation (7) defined on [0, 𝑇 /𝜀] and satisfying
the initial condition 𝑥(0) = 𝑥0, and by 𝔐𝑘(𝜀, 𝑇 /𝜀) the set of the corresponding
asymptotic approximations of order 𝑘 + 1.

We shall call the domain 𝐷 regular if there exists a constant 𝑙 such that any
two points 𝑥, 𝑦 ∈ 𝐷 can be joined by a simple curve of length not exceeding
𝑙|𝑥 − 𝑦|.
Theorem 3. Let, for equation (5), the conditions (𝒫𝑘) be satisfied, and let the
domain 𝐷 be regular.
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Then for every 𝑇 > 0 the equality

lim
𝜀→0

sup
𝑥(𝑡)∈𝔐(𝜀,𝑇 /𝜀), 𝑥̄(𝑡)∈𝔐𝑘(𝜀,𝑇 /𝜀)

max
0≤𝑡≤𝑇 /𝜀

‖𝑥(𝑡) − ̄𝑥(𝑡)‖
𝜀𝑘 = 0

holds.

4. The theorems stated in the preceding sections carry over to equations in
infinite-dimensional spaces under the additional assumption that the right-hand
sides of these equations are the sum of an operator satisfying the Lipschitz
condition and a compact operator.

The authors express their gratitude to M. A. Krasnosel’skii, under whose guid-
ance they work.

Voronezh
State University

Received
28 I 1966
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