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The role of the asymptotic methods of N. N. Bogolyubov—N. M. Krylov (see
(173)) in the study of solutions of differential equations with a small parameter
is well known. However, the justification of these methods is often carried out
under superfluous restrictions. To get rid of these restrictions, as it seems to the
authors, is of considerable interest. For the first asymptotic approximation the
most general theorem was obtained in the work of M. A. Krasnosel’ skii and S.
G. Krein (*). In the present work a generalization of this theorem to the case
of higher asymptotic approximations is proposed.

1. Let F be a finite-dimensional space, and let D be a bounded domain in
E. Consider in F the ordinary differential equations

dr/dt = Xo(t,x) + X (t,2) + ... + F X (t,7) + eFw(t, z, €); (1)

dz/dt = Xo(t,x) +eX (t,z) + ... + 8 X (t, 2). (2)

Here 0 <t < T, x € D, € is a scalar parameter; the right-hand sides of equations
(1)—(2) are continuous in = and measurable in ¢t and €. We shall be interested
in the question of the order of closeness, as € — 0, of the solutions z(t) and z (%)
of equations (1) and (2), satisfying the initial condition x(0) = z(0) = z, (the
sets of these solutions will be denoted by M (e, T) and M, (e, T), respectively).

We shall say that Z(t,z) € H, (6 € [0,1]), if

1Z(t,2) — Z(t,y)] < at)lz —yl°,

1Z(t, @+ 2) = Z(t,2) = Z(t,y + 2) + Z(t, )| < at) (e =y’

and if there exists an operator W(t,z,h) (0 <t < T, x € D, h € E) such that
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[W(t, 2, h)| < q(t)|R]°,

Wtz h) = W(t,y, b < at)p(lz — yIR]°,

lim
e—0

Y Z(r,x +eh) — Z(t,2)
0 ef !

t
T:/ W(r,z,h)dr.
0

Here ¢(t) is a function summable on [0,7], and ¢(u) — 0 as v — 0. The
operator W (t,z, h) is, obviously, homogeneous of order 4 in h. It is easy to see
that W(t,z,h) =01if Z(t,x) € Hy and 0 < 1.

Theorem 1. Let X;(t,z) € H,_;,, (i = 0,...,k). Suppose the operator
w(t,z,e) (0<t<T, z €D, 0<e<eg,) satisfies the conditions
Jw(t, z, ) < q(t),

lw(t, 1, €) — w(t, z9,€)| < q(t)p(|71 — z2))-

where ¢(t) is a summable function on [0,7T], p(u) — 0 as u — 0, and

t
/ w(r,x,e)dr
0

Finally, suppose that the Cauchy problem dz/dt = X(t,x), (0) = x,, has in
the domain D a unique solution defined on [0, T]. Then

lim =0.
e—0

t) —x(t
lim sup max M =0.
€20 p(t)eM(e,T), 2(t)eM,,(,T) OSIST €
2. Consider the ordinary differential equation
dr/dt = eXy(x) + -+ "X, (z) + X, (, 2, €); (3)

here 0 <t < 0o, x € D, ¢ is a scalar parameter; the right-hand side of equation
(3) is continuous in = and measurable in ¢ and €. Suppose that

lim =0
e—0

t/e B
%/ X (s,x,e)ds — X (2)
0
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(in this case we shall say that the operator X, (t,z,¢) converges, in the aver-
aged sense, to the operator X, ), and, together with equation (3), consider the
equation

da/dt = eXy(x) + -+ P X, (x) + "1 X, (). (4)

We shall be interested in the question of the order of closeness on the interval
[0,T/e] between solutions of equations (3) and (4) satisfying the same initial
condition (0) = x, (the sets of these solutions, as above, will be denoted by
M(e, T/e) and M (e, T/¢)).

Theorem 2. Let X;(7) € Hy,_;), (i =0,...,k—1). Let the operator X, (¢, ,¢)
satisfy the conditions

”Xk(tax?E)H < q(t7€)7 (5)

[ X5 (8, 2, ) = Xy (8, 2, )| < q(t, €)p([ly — ), (6)

where ¢(t,e) is some function satisfying the condition ¢(t/e,e) < ¢,(t), and
qo(t) is a function summable on every finite interval; p(u) — 0 as u — 0.
Suppose that the operator X, (¢,x,¢) converges, in the averaged sense, to the
operator X, (x) € H,. Finally, suppose that the Cauchy problem dz/dt = X, (z),
z(0) = x4, has in the domain D a unique solution defined on the half-axis
0<t <oo.

Then for any T > 0 the equality

|=(t) — 2]

lim sup max —————— =0
=0 y(t)eM(e,T/e), z(t)eM,(e,T/e) 0<t<T/e €

holds.

3. Consider the differential equation

dl‘/dt = €X0(t,f£> + €2X1(ta .Z‘) + o+ 5’12(1(75@) + €k+1Xk<ta'ra E)' (7)

By means of the change of variable (1=3)

v=y+eU(t,y) + - +e"Uy(t,y)

we pass from equation (7) to an autonomous equation, up to terms of order k+ 1
in €,

dy/dt = €Yy (y) + €Y (y) + - + e, (y) + 5V (L, g, €). (8)
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Here the operators Y;(y), U; 1 (t,y) (i =0, ..., k—1) are determined successively

are determined from the equalities

o (by) = / (Fy(r.y) - Yi(y)} dr, (10)
0

where

Z QlPij - Z Qa —-m

i+j+l=a 0<m<a—1

(a=0,....,k—1);
the operators ); are determined from the expansion
oU ou, 1t & ,
I 1 k k] o
[ tegy T, = ?:0 Qe

(it is assumed that, for small e, the norm of the operator €U, /0y + - +
ek 9U, /Oy is small); the operators P;; are determined from the expansions

X, (t,y+eU, +-+ 5ZU) = ZP, & 4 E(e)skiiﬂ;
the operator Y (¢,y,¢) is determined by the formula

Yk(tayag) = Fk(tvy) + L(taya 5)7

where

Fi(t,y) = Z Qip,, + Xi(t,y) Z Qb—m 5

it j+i=F, itk 0<m<hk—1
L(t,y,e) = Xp(t,y + €Uy + - +efV) — X, (¢, y)

D @

Xp(ty+eU ++ef)+ > QP(e)

1<I<co 0<i<k—1
0<I<oo
itjti—k +1 emH—k.
+ E Qup, e - E Qz
0<i+j<k—1 0<m<k—1
i+j >k m+i>k
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To investigate equation (8), Theorem 2 is applied. In doing so one is able to
verify only stronger properties of the operators Y;(y) (i = 0,...,k — 1) than the
conditions Hy. Namely, it can be shown that Y;(y) are continuously differen-
tiable k — ¢ times if the operators X, (¢, z) are continuously differentiable k — i
times and if, as ¢ — oo, the operators

1 t
e / Fy(r,y)dr
t 0

converge to the operator Y;(y) together with derivatives up to order k — 4, uni-
formly on every closed subset D (in this case, for small ¢, the norm of the
operators € U, /Oy + -+ + ¥ OU, /0y is small, and therefore the change of vari-
ables described above is justified). If, moreover, the operator Y, (t,y, ) satisfies
inequalities (5), (6) and tends, in the mean, to some operator Y, (y) € H,, then
we shall say that for equation (7) the conditions (P},) are fulfilled.

In particular, the conditions (P},) are fulfilled if all the operators X; (i = 0, ..., k),
together with derivatives up to order k—i, are bounded; if the operators U;, suc-
cessively determined by formulas (10), are bounded; and if, finally, there exists
an averaging of the operator Fj. Verification of these boundedness conditions
is especially simple when the operators X; are periodic or almost periodic in ¢.

Suppose that the conditions (P,,) are satisfied. Let y(¢) be a solution of equation
(8), and let y(t) be a solution of the equation

dy/dt = eYy(y) + ... + ef¥ 1 (y) + 1Y (y),

satisfying the same initial condition y(0) = y(0) = z,. Put

w(t) = y(t) + Uy [ty ()] + .. + " U[t y(1)); (11)

z(t) = y(t) + Uyt y(t)] + ... + *UL[t, y(t)]. (12)

The function Z(¢) is called an asymptotic approximation (in the sense of
Bogolyubov—Krylov) of order k + 1 to the function z(t), the exact solution of
equation (7), satisfying the initial condition x(0) = z,. We shall denote by
M(e, T /e) the set of solutions of equation (7) defined on [0,7/¢] and satisfying
the initial condition z(0) = x,, and by 9, (e, T /e) the set of the corresponding
asymptotic approximations of order k + 1.

We shall call the domain D regular if there exists a constant [ such that any
two points x,y € D can be joined by a simple curve of length not exceeding
llz —yl.

Theorem 3. Let, for equation (5), the conditions (P,) be satisfied, and let the
domain D be regular.
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Then for every T > 0 the equality

l=(t) — z(®)]

lim sup max ——————— =0
=0 g(t)eM(e,T/e), Z(t)eM, (,T/e) 0<t<T/e €

holds.

4. The theorems stated in the preceding sections carry over to equations in
infinite-dimensional spaces under the additional assumption that the right-hand
sides of these equations are the sum of an operator satisfying the Lipschitz
condition and a compact operator.

The authors express their gratitude to M. A. Krasnosel’ skii, under whose guid-
ance they work.
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