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MATHEMATICS

V. M. BOROK, Ya. I. ZHITOMIRSKII

ON THE STABILITY OF CLASSES OF WELL-
POSEDNESS OF THE CAUCHY PROBLEM
FOR AN EQUATION WELL-POSED IN THE
SENSE OF I. G. PETROVSKII
(Presented by Academician I. G. Petrovskii, 23 VI 1965)

The purpose of this note is to study questions of the well-posed solvability of
the Cauchy problem in various classes of functions for equations of the form

𝜕𝑢(𝑥, 𝑡)
𝜕𝑡 =

𝑝
∑
𝑗=0

𝑎𝑗(𝑥) 𝜕𝑗

𝜕𝑥𝑗 𝑢(𝑥, 𝑡), −∞ < 𝑥 < ∞, 0 ≤ 𝑡 ≤ 𝑇 < ∞, (1)

with the initial condition

𝑢(𝑥, 0) = 𝑢0(𝑥). (2)

In the case when the coefficients of equation (1) are constant (𝑎𝑗(𝑥) = 𝑎𝑗 =
const), and this equation itself is well-posed in the sense of I. G. Petrovskii,
various classes of well-posedness of the solution of the Cauchy problem are known
(1−3). We assume that the coefficients of equation (1) satisfy the conditions
lim|𝑥|→∞ 𝑎𝑗(𝑥) = 𝑎𝑗 (𝑗 = 0, 1, … , 𝑝 − 1), 𝑎𝑝(𝑥) ≡ 𝑎𝑝 = const, and that the
“limiting”equation

𝜕𝑢(𝑥, 𝑡)
𝜕𝑡 =

𝑝
∑
𝑗=0

𝑎𝑗
𝜕𝑗

𝜕𝑥𝑗 𝑢(𝑥, 𝑡) (3)

is well-posed in the sense of I. G. Petrovskii. In this case it turns out that the
classes of well-posed solvability of the Cauchy problem (1)—(2) are the same
as for the “limiting”equation (3) with constant coefficients. We establish the
well-posed solvability of problem (1)—(2) in the following classes of functions:
a) functions growing at infinity no faster than a fixed power of |𝑥|; b) functions
growing exponentially on one of the half-axes and, on the other, as in case a)
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(for odd 𝑝); c) 𝐿2(−∞, ∞). Classes a) and b) cannot be essentially enlarged, as
is seen from the corresponding result for equation (3) (2). In case c) we give an
estimate of the norm (in 𝐿2) of the solution in terms of the norm of the initial
function and its derivatives. In addition, we construct a fundamental solution
of problem (1)—(2) and give its estimates.

The indicated results are established under certain assumptions on the character
of the convergence of 𝑎𝑗(𝑥) to 𝑎𝑗 (𝑗 = 0, 1, … , 𝑝 − 1), assumptions which do not
require the well-posedness in the sense of I. G. Petrovskii of equation (1) with
“frozen”coefficients.

For what follows it is convenient for us to write equation (1) in the form

𝜕𝑢(𝑥, 𝑡)
𝜕𝑡 = 𝑃0( 𝜕

𝜕𝑥) 𝑢(𝑥, 𝑡) + 𝑃1(𝑥, 𝜕
𝜕𝑥) 𝑢(𝑥, 𝑡),

where

𝑃0( 𝜕
𝜕𝑥) =

𝑝
∑
𝑗=0

𝑎𝑗
𝜕𝑗

𝜕𝑥𝑗 , 𝑃1(𝑥, 𝜕
𝜕𝑥) =

𝑝−1
∑
𝑗=0

𝑐𝑗(𝑥) 𝜕𝑗

𝜕𝑥𝑗 , 𝑐𝑗(𝑥) = 𝑎𝑗(𝑥) − 𝑎𝑗,

𝑗 = 0, 1, … , 𝑝 − 1.

p. 1. Let 𝐺(𝑥, 𝑡) be the Green’s function of the Cauchy problem for equation (3).
In (4) estimates have been obtained for the function 𝐺(𝑥, 𝑡) and its derivatives
in the strip 0 < 𝑡 ≤ 𝑇 , −∞ < 𝑥 < ∞:

∣ 𝜕𝑟

𝜕𝑥𝑟 𝐺(𝑥, 𝑡)∣ ≤ 𝑔 (1 + |𝑥|)𝛼𝑟

𝑡𝛽𝑟
, 𝑟 = 0, 1, … , 𝑝 − 2, (4)

where the exponents 𝛼𝑟 and 𝛽𝑟 depend on the form of equation (3), 𝛼0 = 0, 𝛼 =
max𝑟 𝛼𝑟 < 1, 𝛽𝑟 = 𝑟

𝑝 − 1 + 1
𝑝 ≤ 1 − 1

𝑝(𝑝 − 1) = 𝛽.

Theorem 1. Let the coefficients 𝑐𝑗(𝑥) of the operator 𝑃1(𝑥, 𝜕/𝜕𝑥) satisfy the
conditions

∫
∞

−∞
∣ 𝑑𝑟

𝑑𝑥𝑟 𝑐𝑗(𝑥)∣ (1 + |𝑥|)2𝛼 𝑑𝑥 < ∞,

𝑗 = 0, 1, … , 𝑝 − 1; 𝑟 = 0, 1, … , 𝑙 (𝑙 ≥ 𝑝),

and let the coefficient 𝑐𝑝−1(𝑥) be bounded (for −∞ < 𝑥 < ∞) together with
derivatives of sufficiently high order. Then there exists a fundamental solution
Φ(𝑥, 𝜉, 𝑡) of the Cauchy problem for equation (1); it has the form
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Φ(𝑥, 𝜉, 𝑡) = 𝐺(𝑥 − 𝜉, 𝑡) + 𝑊(𝑥, 𝜉, 𝑡), (5)

where 𝐺(𝑥, 𝑡) is the Green’s function of the Cauchy problem for equation (3),
and for 𝑊(𝑥, 𝜉, 𝑡) the estimate holds

|𝑊(𝑥, 𝜉, 𝑡)| ≤ 𝐶(1 + |𝜉|)𝛼𝑡1−𝛽−4/𝑝,

−∞ < 𝑥, 𝜉 < ∞, 0 < 𝑡 ≤ 𝑇 , 𝐶 = 𝐶(𝑇 ).

The function 𝑊(𝑥, 𝜉, 𝑡) has the form

𝑊(𝑥, 𝜉, 𝑡) = ∫
𝑡

0
𝑑𝜏 ∫

∞

−∞
𝐺(𝑥 − 𝑦, 𝑡 − 𝜏)𝜑(𝑦, 𝜉, 𝜏) 𝑑𝑦;

the function 𝜑(𝑥, 𝜉, 𝑡) is the solution of the integral equation

𝜑(𝑥, 𝜉, 𝑡) = 𝑃1 (𝑥, 𝜕
𝜕𝑥) 𝐺(𝑥 − 𝜉, 𝑡)+

+ ∫
𝑡

0
𝑑𝜏 ∫

∞

−∞
𝑃1 (𝑥, 𝜕

𝜕𝑥) 𝐺(𝑥 − 𝑦, 𝑡 − 𝜏)𝜑(𝑦, 𝜉, 𝜏) 𝑑𝑦.

This equation is solved by the method of successive approximations. All esti-
mates are based on inequalities (4).

Let now 𝑝 be odd, 𝑃0(𝑖𝜎) = 𝑖𝑎𝑝𝜎𝑝 + ….

Lemma 1. If 𝑎𝑝𝑥 > 0, 0 < 𝑡 ≤ 𝑇 , then for the function 𝐺(𝑥, 𝑡) the estimates

∣ 𝜕𝑟

𝜕𝑥𝑟 𝐺(𝑥, 𝑡)∣ ≤ 𝐶1
𝑡(𝑟+1)/𝑝 exp{−𝑐2|𝑥|𝑝′𝑡−1/(𝑝−1)}, 𝑐2 > 0, (6)

𝑟 = 0, 1, … , 𝑝 − 2; 𝑝′ = 𝑝/(𝑝 − 1).

The estimates (6) are obtained rather simply from the formula

𝜕𝑟

𝜕𝑥𝑟 𝐺(𝑥, 𝑡) = 1
2𝜋 ∫

∞

−∞
(𝑖𝜎)𝑟 exp{𝑡𝑃0(𝑖𝜎) + 𝑖𝜎𝑥} 𝑑𝜎

by passing in it to integration along a certain straight line parallel to the real
axis. As the asymptotics of the function 𝐺(𝑥, 𝑡) for 𝑡 → +0, |𝑥| → ∞ show (3),
these estimates cannot be substantially improved.
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With the help of Lemma 1 one establishes

Theorem 2. Let 𝑝 be odd and let the coefficients of the operator 𝑃1(𝑥, 𝜕/𝜕𝑥)
satisfy the conditions of Theorem 1. Then for the function 𝑊(𝑥, 𝜉, 𝑡) in (5)

the estimate is valid

|𝑊(𝑥, 𝜉, 𝑡)| ≤ 𝐶3(𝑇 )(1 + |𝜉|)𝛼𝑡−𝛽−1/𝑝 exp{−𝑐2|𝑥 − 𝜉|𝑝′𝑡−1/(𝑝−1)},

0 < 𝑡 ≤ 𝑇 , −∞ < 𝜉 ≤ 𝑥 < ∞.

p. 2. In what follows the following two basic lemmas are used.

Lemma 2. Suppose: 1) 𝑠 ≥ 0; 2) the coefficients of the operator 𝑃1(𝑥, 𝜕/𝜕𝑥)
satisfy the conditions

∫
∞

−∞
(1 + |𝑥|)𝛼+max(𝑎,𝑠) ∣ 𝑑𝑟

𝑑𝑥𝑟 𝑐𝑗
𝑖 (𝑥)∣ 𝑑𝑥 < ∞,

𝑗 = 0, 1, … , 𝑝 − 1, 𝑟 = 0, 1, … , 𝑙,

and the coefficient 𝑐𝑝−1(𝑥) is bounded together with a certain number (depend-
ing on 𝑙) of derivatives; 3) the initial function 𝑢0(𝑥) and its derivatives up to
order ℎ (depending on 𝑝, 𝑠, and 𝑙) satisfy the conditions

𝑢0(𝑥) ≡ 0 for |𝑥 − 𝜈| > 1; ∣ 𝑑𝑟

𝑑𝑥𝑟 𝑢0(𝑥)∣ ≤ 𝑈0, 𝑟 = 0, 1, … , ℎ.

Then the solution 𝑢(𝑥, 𝑡) of the Cauchy problem (1)—(2) has the form

𝑢(𝑥, 𝑡) = ∫ Φ(𝑥, 𝜉, 𝑡)𝑢0(𝜉) 𝑑𝜉 (7)

and for it the estimates

∣ 𝜕𝑟

𝜕𝑥𝑟 𝑢(𝑥, 𝑡)∣ ≤ 𝑈0𝐶4(𝑇 ) [𝑄𝜈,𝑠 + 1
(1 + |𝑥 − 𝜈|)𝑠+2 ] , (8)

𝑟 = 0, 1, … , 𝑙,

are valid, where

∞
∑

𝜈=−∞
(1 + |𝜈|)𝑠𝑄𝜈,𝑠 < ∞.
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Lemma 3. If the conditions of Lemma 2 are fulfilled and 𝑝 is odd, then estimate
(8) is sharpened as follows:

for 𝑥 ≥ 𝜈 + 1, 𝑎𝑝(𝜈 + 1) ≤ 0, 𝑟 = 0, 1, … , 𝑙

∣ 𝜕𝑟

𝜕𝑥𝑟 𝑢(𝑥, 𝑡)∣ ≤ 𝑈0𝐶5(𝑇 ) exp {−𝑐2
2 |𝑥 − 𝜈 − 1|𝑝′𝑡−1/(𝑝−1)} .

The proof of these lemmas is based on estimates (4) and (6) and on Theorems
1 and 2.

p. 3. Theorem 3. Suppose the conditions 1) and 2) of Lemma 2 are fulfilled,
and suppose the initial function 𝑢0(𝑥) and its derivatives up to some order ℎ (ℎ
depends on 𝑝, 𝑙, and 𝑠) satisfy the estimate

∣ 𝑑𝑟

𝑑𝑥𝑟 𝑢0(𝑥)∣ ≤ 𝑈0(1 + |𝑥|)𝑠, 𝑟 = 0, 1, … , ℎ. (9)

Then there exists a unique solution 𝑢(𝑥, 𝑡) of the Cauchy problem (1)—(2), sat-
isfying the estimate

∣ 𝜕𝑟

𝜕𝑥𝑟 𝑢(𝑥, 𝑡)∣ ≤ 𝐴𝑈0(1 + |𝑥|)𝑠, 𝑟 = 0, 1, … , 𝑙. (10)

For the proof of the theorem the initial function 𝑢0(𝑥), with the aid of a partition
of unity, is represented as the sum of a series of finite functions:

𝑢0(𝑥) =
∞

∑
𝜈=−∞

𝑢0𝜈(𝑥).

Let 𝑢𝜈(𝑥, 𝑡) be the solution of the Cauchy problem (1)—(2) with initial function
𝑢0𝜈(𝑥). Then

𝑢(𝑥, 𝑡) =
∞

∑
𝜈=−∞

𝑢𝜈(𝑥, 𝑡). (11)

The convergence of the series (11) and the estimate (10) of its sum are proved
with the aid of Lemma 2. The uniqueness of the solution thus obtained in the
class of functions satisfying estimate (10) is proved by the method used in (4).
We note that for 𝑠 = 0 Theorem 3 guarantees the correct solvability of problem
(1)—(2) in the class of bounded functions. In this case the conditions on the
coefficients 𝑐𝑗(𝑥) coincide with the conditions of Theorem 1.
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We also note that the power order of growth of the initial function 𝑢0(𝑥) and
of the solution 𝑢(𝑥, 𝑡) of problem (1)—(2), as is seen from (9)—(10), coincide.
Thus Theorem 3 refines one of the results of (2), where in the case 𝑐𝑗(𝑥) ≡ 0,
𝑗 = 0, 1, … , 𝑝 − 1, under the fulfillment of conditions (9), estimates (10) were
established with 𝑠 replaced by 𝑠 + 2.

Theorem 4. Suppose that conditions 1) and 2) of Lemma 2 are satisfied; 𝑝
is an odd number and the initial function 𝑢0(𝑥) and its derivatives up to some
order ℎ = ℎ(𝑝, 𝑠, 𝑙) satisfy the conditions

∣ 𝑑𝑟

𝑑𝑥𝑟 𝑢0(𝑥)∣ ≤ 𝑈0 {exp(𝑑|𝑥|𝑝′), 𝑎𝑝𝑥 ≤ 0,
(1 + |𝑥|)𝑠, 𝑎𝑝𝑥 ≥ 0,

𝑑 > 0, 𝑟 = 0, 1, … , ℎ.

Then there exists a unique solution 𝑢(𝑥, 𝑡) of the Cauchy problem (1)—(2), for
which, for some 𝑇1, 0 < 𝑇1 ≤ 𝑇 (𝑇1 depends on 𝑑), the estimates

∣ 𝜕𝑟

𝜕𝑥𝑟 𝑢(𝑥, 𝑡)∣ ≤ 𝐵𝑈0 {exp(𝑑1|𝑥|𝑝′), 𝑎𝑝𝑥 ≤ 0,
(1 + |𝑥|)𝑠, 𝑎𝑝𝑥 ≥ 0,

𝑑1 > 0, 𝑟 = 0, 1, … , 𝑙, 0 ≤ 𝑡 ≤ 𝑇1

hold.

The proof of Theorem 4 is analogous to the proof of Theorem 3; it uses Lemma
3.

Theorem 5. Let the coefficients 𝐶𝑗(𝑥) of the operator 𝑃1(𝑥, 𝜕/𝜕𝑥) satisfy the
conditions of Theorem 1 and, in addition,

∫
∞

−∞
∣ 𝑑𝑙

𝑑𝑥𝑙 𝑐𝑗(𝑥)∣
2

(1 + |𝑥|)2𝛼 𝑑𝑥 < ∞, 𝑗 = 0, 1, … , 𝑝 − 1.

Then, if the initial function 𝑢0(𝑥) and its derivatives up to some order ℎ (de-
pending on 𝑝 and 𝑙) are square-integrable on the whole axis, there exists a unique
solution 𝑢(𝑥, 𝑡) of the Cauchy problem (1)—(2), which, together with its deriva-
tives up to order 𝑙, is also square-integrable on the whole axis for every 𝑡 > 0,
and the estimate

∥ 𝜕𝑟

𝜕𝑥𝑟 𝑢(𝑥, 𝑡)∥
𝐿2

≤ 𝐷 max
0≤𝑗≤𝑝+𝑙−2

∥ 𝑑𝑗

𝑑𝑥𝑗 𝑢0(𝑥)∥
𝐿2

,

𝑟 = 0, 1, … , 𝑙, 0 ≤ 𝑡 ≤ 𝑇 < ∞
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is valid.

The proof of Theorem 5 uses the result of Theorem 3 (for 𝑠 = 0). As in Theorem
3, the solution 𝑢(𝑥, 𝑡) is written in the form of the sum of the series (11), and
then the norm of each term of this series is estimated.
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