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The purpose of this note is to study questions of the well-posed solvability of
the Cauchy problem in various classes of functions for equations of the form

P j
Qu(,t) :Zag‘(m)a—.u(m,t% —oo <z <oo, 0<t<T<oo, (1)

with the initial condition

u(z,0) = ug(z). (2)

In the case when the coefficients of equation (1) are constant (a;(z) = a; =
const), and this equation itself is well-posed in the sense of I. G. Petrovskii,
various classes of well-posedness of the solution of the Cauchy problem are known
(1=3) " We assume that the coefficients of equation (1) satisfy the conditions
lim, o a;(z) = a; (7 = 0,1,...,p — 1), a,(z) = a, = const, and that the
“limiting” equation

ou(z,t) K
5 jzzoaj%u(x,t) (3)
is well-posed in the sense of I. G. Petrovskii. In this case it turns out that the
classes of well-posed solvability of the Cauchy problem (1)—(2) are the same
as for the “limiting” equation (3) with constant coefficients. We establish the
well-posed solvability of problem (1)—(2) in the following classes of functions:
a) functions growing at infinity no faster than a fixed power of |z|; b) functions

growing exponentially on one of the half-axes and, on the other, as in case a)
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(for odd p); ¢) Ly(—00,00). Classes a) and b) cannot be essentially enlarged, as
is seen from the corresponding result for equation (3) 2. In case c) we give an
estimate of the norm (in L) of the solution in terms of the norm of the initial
function and its derivatives. In addition, we construct a fundamental solution
of problem (1)—(2) and give its estimates.

The indicated results are established under certain assumptions on the character
of the convergence of aj(x) to a; (j=0,1,...,p—1), assumptions which do not
require the well-posedness in the sense of 1. G. Petrovskii of equation (1) with
“frozen” coefficients.

For what follows it is convenient for us to write equation (1) in the form

w — p0<%) u(z,t) + Py (9:, %) u(z,1),

where

0 & 9y e o
Po(%) = Z%@7 Py (17%) =2 Ocj(x)%a ¢j(x) = aj(z) — aj,

Jj=0 J=

p. 1. Let G(z,t) be the Green’s function of the Cauchy problem for equation (3).
In (4) estimates have been obtained for the function G(x,t) and its derivatives
inthestrip0<t<T, —co<x<o00:

9" (1A |
Gl )| <g—t 0 0,1,...,p—2, 4
|G| <0 p (4)
where the exponents «,. and §, depend on the form of equation (3), oy =0, o =
1 1
max, o, < 1, B, = ! +-<1—-—7 =5
p—1 p plp—1)

Theorem 1. Let the coefficients c;(z) of the operator P (z,0/0z) satisfy the
conditions

o0 dr
/OO ‘wcj(ﬂﬁ)

i=0,1,...,p—1; r=0,1,....,0 (I>p),

(14 |z])?*dx < o,

and let the coefficient ¢, (x) be bounded (for —oo < z < oo) together with
derivatives of sufficiently high order. Then there exists a fundamental solution
®(x,&,t) of the Cauchy problem for equation (1); it has the form
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‘I)($7f,t) = G(‘T - fﬂf) + W(l‘,f,t), (5)

where G(z,t) is the Green’ s function of the Cauchy problem for equation (3),
and for W(x,¢,t) the estimate holds

(W (z,&,8)| < C(1+ |¢|)ott—B-4/p,

—co< <o, 0<t<T, C=0T).

The function W (x, &, t) has the form

t [e'e)
vwaaoz/lh/ Gl — .t — Ty, &,7) dy:
0 —00

the function ¢(x, &, t) is the solution of the integral equation

0
pla,&.t) = Py (2,5 ) Glo = €. 0)+

+-[d7/oo B (x’%> Gz —y,t —71)p(y,§,7)dy.

—00

This equation is solved by the method of successive approximations. All esti-
mates are based on inequalities (4).

Let now p be odd, Py (io) = ia,o? + ....
Lemma 1. If a,z >0, 0 <t <T, then for the function G(z,t) the estimates

T

C '
G(w,t)‘ < t(rﬂl)/p exp{—c,|z|P't-Y/P-DY ¢, >0, (6)

r=0,1,...,p—2; p/:p/(pil)
The estimates (6) are obtained rather simply from the formula

I

L[~ . .
57 G(z,t) = o /Oo (io)" exp{tP,(ic) + iox} do

by passing in it to integration along a certain straight line parallel to the real
axis. As the asymptotics of the function G(z,t) for ¢ — +0, |z| — oo show (3),
these estimates cannot be substantially improved.
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With the help of Lemma 1 one establishes

Theorem 2. Let p be odd and let the coefficients of the operator P, (x,0/0x)
satisfy the conditions of Theorem 1. Then for the function W(x,&,t) in (5)

the estimate is valid

W (2, &,1)] < C3(T)(1 + [€)*t PP exp{—cylar — "¢/ PV},

0<t<T, —o<é<r <o

p- 2. In what follows the following two basic lemmas are used.

Lemma 2. Suppose: 1) s > 0; 2) the coefficients of the operator P;(x,0d/0x)
satisfy the conditions

T

—cj(a:)’ dz < oo,

1 a-+max(a,s) J
| ar =

j=01,....p—1, r=0,1,..,1,

and the coefficient ¢, _;(x) is bounded together with a certain number (depend-
ing on [) of derivatives; 3) the initial function uy(x) and its derivatives up to
order h (depending on p, s, and 1) satisfy the conditions

T

ug(x) =0 for |z —v| > 1; uo(x)‘ <U,, 7=0,1,...,h

“L
dx” -
Then the solution u(z,t) of the Cauchy problem (1)—(2) has the form
e t) = [ ®Ga.6 0hug(6) de @

and for it the estimates

" 1
—_— ) < T —_—
(e 0] < UG [ Qu | ®
r=0,1,...,1,
are valid, where
> A+ ), < oo
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Lemma 3. If the conditions of Lemma 2 are fulfilled and p is odd, then estimate
(8) is sharpened as follows:

forx >v+1, a,(v+1) <0, r=0,1,...,1

or Cy ’
- 2\ —p— 1P )
‘&vru(axt)‘ < U,Cx(T) exp{ 5 |l —v—1]P'¢t }

The proof of these lemmas is based on estimates (4) and (6) and on Theorems
1 and 2.

p- 3. Theorem 3. Suppose the conditions 1) and 2) of Lemma 2 are fulfilled,
and suppose the initial function uq(z) and its derivatives up to some order h (h
depends on p, [, and s) satisfy the estimate

d?"
@Uo(ﬂﬁ)

< Uy(1 + |z|)®, r=0,1,...,h 9)

Then there exists a unique solution u(x,t) of the Cauchy problem (1)—(2), sat-
isfying the estimate

o

axru(x,t)‘ < AU+ 2))*,  r=0,1,..,0 (10)

For the proof of the theorem the initial function u,(x), with the aid of a partition
of unity, is represented as the sum of a series of finite functions:

o]

ug(z) = Z ug, ().

V=—00

Let u,(z,t) be the solution of the Cauchy problem (1)—(2) with initial function
Ug,, (). Then

o0

u(z,t) = Y u,(x,t). (11)

v=—00

The convergence of the series (11) and the estimate (10) of its sum are proved
with the aid of Lemma 2. The uniqueness of the solution thus obtained in the
class of functions satisfying estimate (10) is proved by the method used in (%).

We note that for s = 0 Theorem 3 guarantees the correct solvability of problem
(1)=(2) in the class of bounded functions. In this case the conditions on the
coefficients ¢;(z) coincide with the conditions of Theorem 1.
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We also note that the power order of growth of the initial function uy(z) and
of the solution u(z,t) of problem (1)—(2), as is seen from (9)—(10), coincide.
Thus Theorem 3 refines one of the results of (?), where in the case cij(z) =0,
j=0,1,...,p — 1, under the fulfillment of conditions (9), estimates (10) were
established with s replaced by s + 2.

Theorem 4. Suppose that conditions 1) and 2) of Lemma 2 are satisfied; p
is an odd number and the initial function uy(z) and its derivatives up to some
order h = h(p, s,l) satisfy the conditions

r p’ <
d—uo(:r)‘ <u, exp(d|z|?"), a,z <0,
a (1+la)  ayz >0,

d >0, r=0,1,..., h.

Then there exists a unique solution u(x,t) of the Cauchy problem (1)—(2), for
which, for some T}, 0 < T} <T (T depends on d), the estimates

‘83: (14 |z|)®, a,x >0,

pr =

I p/ <
o et < BU {exp<d1x| ). a,e <0,

d, >0, r=01,...,1, 0<t<T,

hold.

The proof of Theorem 4 is analogous to the proof of Theorem 3; it uses Lemma
3.

Theorem 5. Let the coefficients Cj(x) of the operator Py(x,0/0x) satisfy the
conditions of Theorem 1 and, in addition,

o0 dl
/ ’dmlcj(x)

Then, if the initial function ug(x) and its derivatives up to some order h (de-
pending on p andl) are square-integrable on the whole axis, there exists a unique
solution u(x,t) of the Cauchy problem (1)—(2), which, together with its deriva-
tives up to order I, is also square-integrable on the whole axis for every t > 0,
and the estimate

2
(1+ |z|)?* dx < oo, j=0,1,....p—1.

a" d’
t <D —
Haxru(z? ) L, — 0§;23E72 dl‘] UO(:L') )
r=0,1,...,I, 0<t<T <o
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s valid.

The proof of Theorem 5 uses the result of Theorem 3 (for s = 0). As in Theorem
3, the solution wu(z,t) is written in the form of the sum of the series (11), and
then the norm of each term of this series is estimated.
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