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Abstract
Full Text
UDC 519.52

Ya. L. Kreinin

On Effectively Φ-Inseparable Sets
(Presented by Academician P. S. Novikov on 30 IX 1965)

By analogy with the concepts, due to P. S. Novikov, of an effectively non-
enumerable set and of effective distinguishability (1−3), in the present article
the concept of effective Φ-inseparability of two sets of a metric space is intro-
duced. The properties of effectively Φ-inseparable sets, expressed by Theorems
1–4, are clarified. In the exposition we use the definitions adopted in (3). In
particular, the symbols Π(𝐸), ΠΦ(𝐸), 𝐹(𝐸), Π𝑡(𝐸) are given the same meaning
as in (3), pp. 129–130. In addition, for a metric space 𝑆 we shall denote by ̂𝑆
the metric product 𝑆 × 𝑆. If, however, 𝑆 is an abstract set, then ̂𝑆 will mean
the set of pairs (𝑥, 𝑦), where 𝑥 ∈ 𝑆, 𝑦 ∈ 𝑆.
1∘. Definition. Let 𝐸 be a metric space, 𝑃 and 𝑄 disjoint sets situated in
it, and let Φ be a 𝛿𝑠-operation. The sets 𝑃 and 𝑄 will be called effectively
Φ-inseparable if there exist a compact set 𝑍, 0 ⊂ 𝑍 ⊆ 𝐸, a Φ-base ΠΦ(𝐸),
and a mapping 𝜈 of the set Π̂Φ(𝐸) into the set 𝑍, for which: a) whatever the
pair ({𝐹 ′

𝑛}, {𝐹 ″
𝑛 }) ∈ Π̂Φ(𝐸), one has

𝜈({𝐹 ′
𝑛}, {𝐹 ″

𝑛 }) ∈ 𝑃 ⋅ 𝐶Φ{𝐹 ′
𝑛} + 𝑄 ⋅ 𝐶Φ{𝐹 ″

𝑛 } + Φ{𝐹 ′
𝑛} ⋅ Φ{𝐹 ″

𝑛 },
b) Π𝑡(𝑍) ⊆ ΠΦ(𝐸); c) the mapping 𝜈 is continuous on Π𝑡(𝑍).
In this case 𝜈 will be called a function of effective Φ-inseparability of 𝑃
and 𝑄, and the compact set 𝑍 a metric base of the function 𝜈. We agree to
denote the point

𝜈({𝐹 ′
1, 𝐹 ′

2, … , 𝐹 ′
𝑛, …}, {𝐹 ″

1 , 𝐹 ″
2 , … , 𝐹 ″

𝑛 , …})
also by

𝜈 ({𝐹 ′
1, 𝐹 ′

2, … , 𝐹 ′
𝑛, …}

{𝐹 ″
1 , 𝐹 ″

2 , … , 𝐹 ″
𝑛 , …}) .

We shall call disjoint sets 𝑃 and 𝑄 of the space 𝐸 (simply) Φ-inseparable if
for any pair ({𝐹 ′

𝑛}, {𝐹 ″
𝑛 }) ∈ Π̂Φ(𝐸)

𝑃 ⋅ 𝐶Φ{𝐹 ′
𝑛} + 𝑄 ⋅ 𝐶Φ{𝐹 ″

𝑛 } + Φ{𝐹 ′
𝑛} ⋅ Φ{𝐹 ″

𝑛 } ≠ 0.
The existence, for every 𝛿𝑠-operation Φ, of effectively Φ-inseparable sets in a
space 𝐸 containing a discontinuum follows from the fact that in such a space

sovietrxiv.org/items/ru-196601.60790 Machine Translation

https://sovietrxiv.org/items/ru-196601.60790


there exists a set 𝑇 effectively distinguishable from all Φ-sets of the space 𝐸
((3), p. 146). The disjoint sets 𝑃 = 𝑇 and 𝑄 = 𝐶𝑇 = 𝐸 − 𝑇 are effectively
Φ-inseparable. The Φ-base ΠΦ(𝐸) and the metric base 𝑍 of the function 𝜈Φ of
effective distinction for 𝑇 are then preserved also for the function 𝜈 of effective
Φ-inseparability of 𝑃 and 𝑄; the function 𝜈 itself is defined by the equality
𝜈({𝐹 ′

𝑛}, {𝐹 ″
𝑛 }) = 𝜈Φ{𝐹 ′

𝑛}, which, for any pair ({𝐹 ′
𝑛}, {𝐹 ″

𝑛 }) ∈ Π̂Φ(𝐸), gives:

𝜈({𝐹 ′
𝑛}, {𝐹 ″

𝑛 }) = 𝜈Φ{𝐹 ′
𝑛} ∈ 𝑃 ⋅𝐶Φ{𝐹 ′

𝑛}+Φ{𝐹 ′
𝑛}⋅𝐶𝑃 = 𝑃 ⋅𝐶Φ{𝐹 ′

𝑛}+Φ{𝐹 ′
𝑛}⋅𝑄

⊆ 𝑃 ⋅𝐶Φ{𝐹 ′
𝑛}+(𝐶Φ{𝐹 ″

𝑛 }+Φ{𝐹 ′
𝑛}⋅Φ{𝐹 ″

𝑛 })⋅𝑄 ⊆ 𝑃⋅𝐶Φ{𝐹 ′
𝑛}+𝑄⋅𝐶Φ{𝐹 ″

𝑛 }+Φ{𝐹 ′
𝑛}⋅Φ{𝐹 ″

𝑛 }.

If the set 𝑃 is (simply) distinct from all Φ-sets of the space 𝐸, then, obviously,
the sets 𝑃 and 𝑄 = 𝐶𝑃 = 𝐸 − 𝑃 are (simply) Φ-inseparable in 𝐸. For every
𝛿𝑠-operation Φ more powerful than the operation of upper limit, a space 𝐸 in
which there exist effectively Φ-in-

divisible sets necessarily contains a discontinuum (see below, items 5°, 6°). At
the same time there exist such spaces which contain no discontinuum, but con-
tain sets distinct from all Φ-sets (see (3), p. 133). From this follows the existence
of a space 𝐸 with the following property (𝜆): in 𝐸 there are Φ-inseparable sets
which are not effectively Φ-inseparable. If an arbitrary discontinuum is split,
with the aid of the axiom of choice and ordinal numbers, into two completely
imperfect sets, then at least one of them, considered as an independent space,
has property (𝜆).
2°. Let us turn to Definition p. 1°. The sets 𝑃 ⋅ 𝑍 and 𝑄 ⋅ 𝑍, as is easy to prove
(cf. (3), p. 136), are effectively Φ-inseparable in the space 𝑍. It is also easy to
see the converse: if 𝑃 and 𝑄 are disjoint sets of a space 𝐸 containing such a
compactum 𝑍 that 𝑃 ⋅ 𝑍 and 𝑄 ⋅ 𝑍 are effectively Φ-inseparable in 𝑍, then 𝑃
and 𝑄 are effectively Φ-inseparable in 𝐸.

It follows from this, first, that having one pair of effectively Φ-inseparable sets of
the space 𝐸, we can form infinitely many other pairs of effectively Φ-inseparable
sets in 𝐸. Secondly, we obtain the following proposition on the general type of
properties of effectively Φ-inseparable sets.

In order that a property 𝛼 be inherent in every pair of effectively Φ-inseparable
sets of the space 𝐸, it is necessary and sufficient that

∏
(𝑃 ,𝑄)

∃𝑍 ∏
𝐿⊆𝐸−𝑍

((𝑃 ⋅ 𝑍 + 𝐿; 𝑄 ⋅ 𝑍 + 𝐿) has property 𝛼).

Here (𝑃 , 𝑄) is a pair of effectively Φ-inseparable sets of the space 𝐸; 𝑍 is a
compactum contained in 𝐸; ∏ and ∃ are the quantifiers of universality and
existence, respectively (cf. (4), p. 438).
From this it is easy to see that measurability and the Baire property do not
belong to the general type of properties generated by effective Φ-inseparability.
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Properties of this type should be sought among those which pass from the pair
(𝑃 ⋅ 𝑍; 𝑄 ⋅ 𝑍) to the pair (𝑃 ⋅ 𝑍 + 𝐿; 𝑄 ⋅ 𝑍 + 𝐿), where 𝐿 is any set ⊆ 𝐸 − 𝑍.
Some such properties are considered below.

3°. If the 𝛿𝑠-operation Φ is stronger than the 𝛿𝑠-operation Ψ, and the sets 𝑃 and
𝑄 are effectively Φ-inseparable in the space 𝐸, then 𝑃 and 𝑄 are also effectively
Ψ-inseparable in 𝐸.

The proof of this assertion is analogous to the proof of the corresponding theorem
on effective difference in (5), p. 297. Reasoning analogous to that proof also leads
to the following proposition.

If the operation Φ is stronger than each of the operations Ψ1 and Ψ2, and the
sets 𝑃 and 𝑄 are effectively Φ-inseparable in the space 𝐸, then these sets 𝑃
and 𝑄 possess the following property, which we shall call their effective Ψ1Ψ2-
inseparability. There exists a compactum 𝑍, 0 ⊂ 𝑍 ⊆ 𝐸, and also such bases
ΠΨ1

(𝐸) = ΠΨ2
(𝐸) and a mapping 𝜈 of the set

ΠΨ1Ψ2
(𝐸) = ΠΨ1

(𝐸) × ΠΨ2
(𝐸)

into 𝑍, that: a) for any pair ({𝐹 ′
𝑛}, {𝐹 ″

𝑛 }) ∈ ΠΨ1Ψ2
(𝐸),

𝜈({𝐹 ′
𝑛}, {𝐹 ″

𝑚}) ∈ 𝑃 ⋅ 𝐶𝑀 ′ + 𝑄 ⋅ 𝐶𝑀″ + 𝑀 ′ ⋅ 𝑀″,

where 𝑀 ′ = Ψ1{𝐹 ′
𝑛}, 𝑀″ = Ψ2{𝐹 ″

𝑛 }; b) Π𝑡(𝑍) ⊆ ΠΨ1
(𝐸) ⋅ ΠΨ2

(𝐸); c) the
mapping 𝜈 is continuous on Π𝑡(𝑍).
We shall call 𝜈 the function of effective Ψ1Ψ2-inseparability of the sets 𝑃 and
𝑄, and 𝑍 the metric basis of the function 𝜈.
4°. We shall say that the 𝛿𝑠-operation Φ has property (𝜔) if: 1) all its chains are
infinite; 2) for every 𝑛0 there is a chain {𝑛1, 𝑛2, …} of the operation Φ such that
𝑛0 < 𝑛1 < 𝑛2 < ⋯; 3) there exists a function 𝜒 which puts into one-to-one corre-
spondence with each sequence of sequences of sets {𝑆𝑚1}, {𝑆𝑚2}, … , {𝑆𝑚𝑘}, …
a sequence of the same sets {𝑆1, 𝑆2, … , 𝑆𝑛, …}, such that

Φ (∑
𝑚

𝑆𝑚1, ∑
𝑚

𝑆𝑚2, … , ∑
𝑚

𝑆𝑚𝑘, …) = Φ{𝑆1, 𝑆2, … , 𝑆𝑛, …}. (*)

If 𝑆𝑚𝑘 are closed sets of the space 𝐸 and 𝑣 is a function of effective distinction
(for the set 𝑇 ), then by the symbol 𝑣{∑𝑚 𝑆𝑚1, ∑𝑚 𝑆𝑚2, … , ∑𝑚 𝑆𝑚𝑘, …} we
shall denote the point 𝑣{𝑆1, 𝑆2, … , 𝑆𝑛, …} (see equality (∗)). If, however, 𝑣 is
a function of effective Φ-inseparability (for the sets 𝑃 and 𝑄 of the space 𝐸),
then, again taking equality (∗) into account, by

𝑣 { ∑𝑚 𝑆′
𝑚1, ∑𝑚 𝑆′

𝑚2, … , ∑𝑚 𝑆′
𝑚𝑘, …

∑𝑚 𝑆″
𝑚1, ∑𝑚 𝑆″

𝑚2, … , ∑𝑚 𝑆″
𝑚𝑘, … }
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we denote the point

𝑣 { 𝑆′
1, 𝑆′

2, … , 𝑆′
𝑛, …

𝑆″
1 , 𝑆″

2 , … , 𝑆″
𝑛, … } .

Thus, if Φ is an operation with property (𝜔), then under the sign of a function
of effective Φ-inseparability 𝑣 there may stand sequences of 𝑅𝜎-sets. Moreover,
by virtue of (∗), the assertion

𝑣({𝐹 ′
𝑛}, {𝐹 ″

𝑛 }) ∈ 𝑃 ⋅ 𝐶Φ{𝐹 ′
𝑛} + 𝑄 ⋅ 𝐶Φ{𝐹 ″

𝑛 } + Φ{𝐹 ′
𝑛} ⋅ Φ{𝐹 ″

𝑛 }

is also preserved for 𝐹𝜎-sets (in particular, for open sets 𝐹 ′
𝑛, 𝐹 ″

𝑛 ). All this also
applies to effective Φ1Φ2-inseparability, if Φ1 and Φ2 have property (𝜔).
Let us note that all 𝛿𝑠-operations which precisely produce the 𝐵-sets of each
given class, beginning with 𝐹𝜎𝛿, as well as A. S. Alexandrov’s 𝐴-operation and
all more powerful operations, possess property (𝜔).
5∘. By Φ we mean an operation with property (𝜔).
Theorem 1. If the sets 𝑃 and 𝑄 of the space 𝐸 are effectively Φ-inseparable,
then each of them contains some discontinuum. Moreover, for any pair of Φ-
sets 𝑀, 𝑁 , for which 𝑀 ⊆ 𝑃 , 𝑁 ⊇ 𝑄, 𝑀 ⋅ 𝑁 = 0, there exists a discontinuum
𝐷𝑃 such that 𝐷𝑃 ⊂ 𝑃 ⋅ (𝐸 − 𝑀). Likewise, for any pair of Φ-sets 𝑀, 𝑁 , for
which 𝑀 ⊇ 𝑃 , 𝑁 ⊆ 𝑄, 𝑀 ⋅ 𝑁 = 0, there exists a discontinuum 𝐷𝑄 such that
𝐷𝑄 ⊂ 𝑄 ⋅ (𝐸 − 𝑁).
The discontinua 𝐷𝑃 and 𝐷𝑄 can be constructed by using the constructions by
means of which Theorems 1 and 3 in (4) were proved, and, in addition, item 4∘

of the present article.

6∘. By Φ, Ψ, Ψ𝑐 we mean 𝛿𝑠-operations with property (𝜔).
Theorem 2. Let Ψ and Ψ𝑐 be mutually complementary 𝛿𝑠-operations. If the
sets 𝑃 and 𝑄 are effectively ΨΨ𝑐-inseparable in the space 𝐸, then 𝑃 is effectively
distinct from all Ψ-sets, and 𝑄 is effectively distinct from all Ψ𝑐-sets of the space
𝐸.

Proof. Let 𝑣0 be a function of effective ΨΨ𝑐-inseparability of the sets 𝑃 and
𝑄; 𝑍 a metric base of this function; ΠΨ(𝐸) a Ψ-base of the space 𝐸. Define the
function 𝑣{𝐹𝑛} on the set ΠΨ(𝐸) as follows: 𝑣{𝐹𝑛} = 𝑣0({𝐹𝑛}, {𝐺𝑛}), where
𝐺𝑛 = 𝐸 − 𝐹𝑛 (see in 4∘ the convention concerning ∑ 𝑆′

𝑚𝑘 and ∑ 𝑆″
𝑚𝑘). Then

for any sequence {𝐹𝑛} ∈ ΠΨ(𝐸), by virtue of the relations 𝐶Ψ𝑐{𝐺𝑛} = Ψ{𝐹𝑛},
𝑃 ⋅ 𝑄 = 0, we shall have

𝑣{𝐹𝑛} = 𝑣0({𝐹𝑛}, {𝐺𝑛}) ∈ 𝑃 ⋅𝐶Ψ{𝐹𝑛}+𝑄⋅𝐶Ψ𝑐{𝐺𝑛}+Ψ{𝐹𝑛}⋅Ψ𝑐{𝐺𝑛} = 𝑃 ⋅𝐶Ψ{𝐹𝑛}+𝑄⋅Ψ{𝐹𝑛} ⊆ 𝑃 ⋅𝐶Ψ{𝐹𝑛}+𝐶𝑃⋅Ψ{𝐹𝑛}.
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This, together with the continuity of the function 𝑣{𝐹𝑛} on Π(𝑍), means that
the set 𝑃 is effectively distinct from all Ψ-sets of the space 𝐸. The effective
distinction of 𝑄 from all Ψ𝑐-sets is proved in the same way.

A consequence of what has been proved is

Theorem 3. If the sets 𝑃 and 𝑄 are effectively Φ-inseparable in the space 𝐸
(in particular, if 𝑃 is effectively distinct from all Φ-sets

in 𝐸, and 𝑄 = 𝐸 − 𝑃 ); moreover, if the operation Φ is more powerful than the
operation Ψ and the operation Ψ𝐶 complementary to it, then each of the sets
𝑃 and 𝑄 is effectively distinct from all Ψ-sets, and also from all Ψ𝐶-sets of the
space 𝐸.

Theorem 3 and the main result of the paper (6) lead us to the following propo-
sition.

Theorem 4. Under the conditions of Theorem 3, the sets 𝑃 and 𝑄 contain
𝐶Ψ-kernels; i.e., there exist compacta 𝑍𝑃

1 and 𝑍𝑄
1 such that 𝑍𝑃

1 ⋅ 𝑃 , 𝑍𝑄
1 ⋅ 𝑄 are

𝐶Ψ-sets of the spaces 𝑍𝑃
1 , 𝑍𝑄

1 , respectively, effectively distinct from all Ψ-sets
of these spaces.

Let us note as the most interesting the particular case of Theorems 3 and 4
in which Φ is an 𝐴-operation and Ψ is the operation 𝐵𝛼, which yields exactly
all 𝐵-sets of class 𝛼, where 𝛼 is any ordinal number < Ω. In this case, i.e.,
when 𝑃 and 𝑄 are effectively 𝐴-inseparable, both these sets 𝑃 and 𝑄 contain
absolute 𝐵𝛼-sets effectively inseparable, respectively, from 𝐸 − 𝑃 and 𝐸 − 𝑄 by
any 𝐵𝛽-sets, where 𝛽 < 𝛼.
Received
27 IX 1965
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