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MATHEMATICS

A. M. STEPİN

ON PROPERTIES OF THE SPECTRA OF
ERGODIC DYNAMICAL SYSTEMS WITH
LOCALLY COMPACT TIME
(Presented by Academician A. N. Kolmogorov, 23 XI 1965)

In the work of Ya. G. Sinai (1), under a certain assumption called by him condi-
tion A, a number of results were obtained which should be regarded as analogues
of spectral properties of ergodic dynamical systems with discrete spectrum. Con-
dition A is natural for dynamical systems of probability-theoretic origin. At the
same time examples are known in which it is not fulfilled (2). Therefore the
question is of interest whether the results of Ya. G. Sinai carry over to systems
that do not satisfy condition A. It has proved possible to answer this question
in the case when the time in the dynamical system is a certain discrete commu-
tative group. The present work therefore consists of two parts: in the first part
we carry over the results of (1) to the case of dynamical systems with locally
compact time; in the second we construct an example of a system not satisfying
condition A, and investigate the spectral properties of this system.

1. Let 𝐺 be a commutative separable locally compact group; (𝑋, 𝜇) a space
with normalized measure such that 𝐿2(𝑋, 𝜇) is separable; 𝑔 → 𝑇𝑔 a Haar-
measurable representation of the group 𝐺 by automorphisms of the space
(𝑋, 𝜇); 𝑔 → 𝑈𝑔 the unitary representation of 𝐺 in 𝐿2(𝑋, 𝜇) conjugate with
the representation 𝑔 → 𝑇𝑔.

The spectral theorem for this case gives

𝑈𝑔 = ∫
̂𝐺
⟨𝑔, 𝜒⟩𝐸(𝑑𝜒), 𝜒 ∈ ̂𝐺;

where ̂𝐺 is the character group of the group 𝐺; 𝐸(Δ) is a Borel spectral measure
on ̂𝐺, whose values are projection operators in 𝐿2(𝑋, 𝜇).
Definition. A function 𝑓 ∈ 𝐿2(𝑋, 𝜇) belongs to the class 𝐹 𝑘,𝑙 if, for all integers
𝑘1, 𝑙1, 0 ≤ 𝑘1 ≤ 𝑘, 0 ≤ 𝑙1 ≤ 𝑙, there exist complex generalized measures of
bounded variation 𝑀𝑘1,𝑙1

on ̂𝐺𝑘1+𝑙1 = ̂𝐺 × ⋯ × ̂𝐺 (𝑘1 + 𝑙1 times) such that
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𝑀𝑘1,𝑙1
(Δ1 × ⋯ × Δ𝑘1

× Δ′
1 × ⋯ × Δ′

𝑙1
) =

= ∫
𝑋

𝐸(Δ1)𝑓 ⋯ 𝐸(Δ𝑘1
)𝑓 𝐸(Δ′

1)𝑓 ⋯ 𝐸(Δ′
𝑙1

)𝑓 𝑑𝜇;

here Δ𝑖, Δ′
𝑗 are Borel subsets of ̂𝐺.

As in (3), we shall study properties of the measure 𝑀2,2. From the unitarity of
𝑈𝑔 it follows that 𝑀2,2(𝜒1, 𝜒2; 𝜒′

1, 𝜒′
2) is concentrated on the subset 𝜒1𝜒2 = 𝜒′

1𝜒′
2.

Moreover, 𝑀2,2(𝜒1, 𝜒2; 𝜒′
1, 𝜒′

2) is symmetric in the variables 𝜒1, 𝜒2 and 𝜒′
1, 𝜒′

2.

Let 𝜓Λ(𝜒, 𝜒′) be the characteristic function of a measurable subset Λ ⊂ 𝐺2.
Define a countably additive vector measure with values—

with values in 𝐿2(𝑋, 𝜇)

𝑋1,1(Λ) = ∫
̂𝐺2

𝜓Λ(𝜒, 𝜒′) 𝐸(𝑑𝜒)𝑓 𝐸(𝑑𝜒′)𝑓.

Theorem 1. If Λ ⊂ {(𝜒, 𝜒′) ∶ 𝜒 = 𝜒′} and the representation 𝑔 → 𝑇𝑔 is ergodic,
then almost everywhere on 𝑋, with respect to the measure 𝜇,

𝑋1,1(Λ) = 𝑀1,1(Λ).

Corollary. Let the representation 𝑔 → 𝑇𝑔 be ergodic and let {Λ𝑘} be a mono-
tonically decreasing sequence of subsets of ̂𝐺2 such that

Λ = ⋂
𝑘

Λ𝑘 ⊂ {(𝜒, 𝜒) ∶ 𝜒 = 𝜒′};

then
lim

𝑘→∞
𝑋1,1(Λ𝑘) = 𝑀1,1(Λ)

almost everywhere.

In what follows, in part 1 the ergodicity of the representation 𝑔 → 𝑇𝑔 is always
assumed.

Theorem 2. Let Ξ1, Ξ2 be measurable subsets of the diagonal in ̂𝐺2, and

Ξ = Ξ1 × Ξ2 = {(𝜒1, 𝜒2; 𝜒′
1, 𝜒′

2) ∶ (𝜒1, 𝜒′
1) ∈ Ξ1, (𝜒2, 𝜒′

2) ∈ Ξ2};

then
𝑀2,2(Ξ) = 𝑀1,1(Ξ1)𝑀1,1(Ξ2). (1)

The proof of this theorem differs only slightly from the corresponding proof in
(3). It is enough to establish the decomposition (1) for sets Ξ𝑖, 𝑖 = 1, 2, of the
form

{(𝜒, 𝜒′) ∶ 𝜒 = 𝜒′, 𝜒 ∈ Δ𝑖},
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where Δ𝑖 are Borel sets. Choose in 𝐺 a countable everywhere dense subset Π
such that, if 𝑔 ∈ Π, then 𝑔𝑘 ∈ Π. Let

𝛿0 = {𝑒𝑖𝜑 ∶ 0 ≤ 𝜑 < 𝜋}, 𝛿1 = {𝑒𝑖𝜑 ∶ 𝜋 ≤ 𝜑 < 2𝜋}.

Put
Δ𝑖1…𝑖𝑎

= {𝜒 ∶ 𝜒(𝑔𝑎) ∈ 𝛿𝑖𝑎
, 𝑎 = 1, … , 𝑘}, 𝑖𝑘 = 0, 1;

the Δ𝑖1…𝑖𝑎
do not intersect and

⋃
𝑖1…𝑖𝑘

Δ𝑖1…𝑖𝑘
= ̂𝐺.

Consider

𝐾𝑖
𝑛 = ⋃

𝑖1…𝑖𝑛

(Δ𝑖 ∩ Δ𝑖1…𝑖𝑛
) × (Δ𝑖 ∩ Δ𝑖1…𝑖𝑛

) ∈ ̂𝐺2, 𝑖 = 1, 2.

It is easy to verify that the sequence 𝐾𝑖
𝑛 decreases and

⋂
𝑛

𝐾𝑖
𝑛 = Ξ𝑖.

By the corollary to Theorem 1,

𝑀2,2(𝐾1
𝑛 × 𝐾2

𝑚) → 𝑀1,1(Ξ1) ⋅ 𝑀1,1(𝐾2
𝑚) as 𝑛 → ∞.

Since 𝑀2,2 is countably additive, we have

lim
𝑛→∞

𝑀2,2(𝐾1
𝑛 × 𝐾2

𝑚) = 𝑀2,2(Ξ1 × 𝐾2
𝑚).

Passing to the limit in 𝑚, we obtain (1).

Observe that
𝑀1,1({(𝜒, 𝜒′) ∶ 𝜒 = 𝜒′, 𝜒 ∈ Δ}) = 𝜎𝑓(Δ),

where
𝜎𝑓(Δ) = (𝐸(Δ)𝑓, 𝑓).

Thus, on the subset 𝜒1 = 𝜒′
1, 𝜒2 = 𝜒′

2 in ̂𝐺4, the measure 𝑀2,2(𝜒1, 𝜒2; 𝜒′
1, 𝜒′

2)
reduces to

𝜎𝑓(𝜒1) ⋅ 𝜎𝑓(𝜒2).
The same is valid for the subset 𝜒1 = 𝜒′

2, 𝜒2 = 𝜒′
1, by virtue of the symmetry

of the measure 𝑀2,2. From Theorem 2 it follows:

Theorem 3. If 𝑓 ∈ 𝐹 2,2 and

𝜎𝑓(Δ) = (𝐸(Δ)𝑓, 𝑓),
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then there exists a subspace 𝐻 ⊂ 𝐿2(𝑋, 𝜇), invariant with respect to the group
𝑈𝑔, such that the maximal spectral type 𝑈 of the group 𝑈𝑔 in 𝐻 is subordinated
to the type

𝜎𝑓 ∗ 𝜎𝑓 .

The proof differs almost not at all from the proof given in (1) for the case of
real time.

Theorem 4. If the vectors from 𝐹 2,2 are everywhere dense in 𝐿2(𝑋, 𝜇) (con-
dition A), then the maximal spectral type 𝜎 of the representation 𝑔 → 𝑈𝑔
subordinates its convolution

𝜎 ∗ 𝜎.

2. We shall construct a representation 𝑔 → 𝑇𝑔 for which the hypothesis and
the conclusion of Theorem 4 do not hold. As 𝐺 take the discrete group of
dyadic-rational numbers (mod 1); (𝑋, 𝜇) is the direct product of the circle 𝑌
with Lebesgue measure and the two-point set 𝑍 with measures (1/2, 1/2). Let

𝜀𝑛 = 1/2𝑛 ∈ 𝐺.

Put
𝑇𝜀0

= 𝐸
—the identity transformation;

𝑇𝜀𝑘
∶ (𝑦, 𝑖) → (𝑦 + 𝜀𝑘−1, 𝛼(𝑦, 𝜀𝑘)𝑖),

where 𝑦 ∈ 𝑌 , 𝑖 = 1, −1; 𝑘 = 1, 2, …. We require that the collection of functions
𝛼(𝑦, 𝜀𝑘), taking the values 1 and −1, satisfy the conditions

𝛼(𝑦, 𝜀𝑘+1)𝛼(𝑦 + 𝜀𝑘, 𝜀𝑘+1) = 𝛼(𝑦, 𝜀𝑘), (2)

𝛼(𝑦, 𝜀𝑘) = −1 for 0 < 𝑦 < 1/2𝑘−1. (3)

Lemma 1. A system of functions satisfying (2), (3) exists.

The transformations 𝑇𝜀𝑘
are automorphisms of the space (𝑋, 𝜇) and

𝑇 2
𝜀𝑘+1

= 𝑇𝜀𝑘
.

If
𝑔 = ∑

𝑘
𝑖𝑘𝜀𝑘, 𝑖𝑘 = 0, 1,

then put
𝑇𝑔 = ∏

𝑘
𝑇 𝑖𝑘𝜀𝑘 .

The mapping 𝑔 → 𝑇𝑔 is a measurable representation of 𝐺 in (𝑋, 𝜇). It is ergodic.
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Let 𝐻1 be the subspace of 𝐿2(𝑋, 𝜇) consisting of functions 𝑓(𝑥) = 𝑓(𝑦, 𝑖) such
that 𝑓(𝑦, 1) = 𝑓(𝑦, −1); and let 𝐻−1 be the subspace of 𝐿2(𝑋, 𝜇) consisting of
functions for which 𝑓(𝑦, 1) = −𝑓(𝑦, −1). Then

𝐿2(𝑋, 𝜇) = 𝐻1 ⊕ 𝐻−1.

The spectrum of the group 𝑈𝑔 in the invariant subspace 𝐻1 is discrete. The
eigenvalues are precisely those characters 𝜒 ∈ 𝐺 for which

𝜒(𝜀𝑘) → 1 and 𝜒(𝜀1) = 1.

We shall determine the structure of the spectrum of the group 𝑈𝑔 in the invariant
subspace 𝐻−1. If 𝑦 = 0, 𝑖1 … 𝑖𝑛, … is the binary expansion of 𝑦 ∈ 𝑌 , then, by
definition, put

0𝑖1 … 𝑖𝑛 = {(𝑦, 1) ∶ 𝑦 = 0, 𝑖1 … 𝑖𝑛 …},
1𝑖1 … 𝑖𝑛 = {(𝑦, −1) ∶ 𝑦 = 0, ̄𝑖1 … ̄𝑖𝑛 …},

where ̄𝑖 = 0 if 𝑖 = 1, and ̄𝑖 = 1 if 𝑖 = 0.

Let {𝜆𝑛} be a sequence of complex numbers such that

|𝜆𝑛| = 1, 𝜆0 = 1, 𝜆2
𝑛+1 = 𝜆𝑛.

Introduce functions 𝜑𝜆𝑛
satisfying the conditions

𝑈𝜀𝑛
𝜑𝜆𝑛

= 𝜆𝑛𝜑𝜆𝑛
, 𝜑𝜆𝑛

= 1 for 𝑥 ∈ 0 … 0 (𝑛 times).

Suppose that 𝑓 ∈ 𝐿2(𝑋, 𝜇) is a normalized eigenfunction of the group 𝑈𝑔:

𝑈𝜀𝑛
𝑓 = 𝜆𝑛𝑓, 𝜆2

𝑛+1 = 𝜆𝑛, 𝜆0 = 1, |𝑓| = 1.

Then there exist complex numbers 𝑐𝑛, |𝑐𝑛| = 1, such that

𝑐𝑛𝜑𝜆𝑛
→ 𝑓

as 𝑛 → ∞. From the definition of the functions 𝜑𝜆𝑛
it follows that

‖𝑐𝑛+1𝜑𝜆𝑛+1
− 𝑐𝑛𝜑𝜆𝑛

‖2 = 1
2|𝑐𝑛+1𝜆𝑛+1 − 𝑐𝑛𝜆1|2 + 1

2|𝑐𝑛+1 − 𝑐𝑛|2.

Hence 𝜆𝑛+1 → 𝜆1, but the sequence {𝜆𝑛} cannot have limit −1. Thus the
eigenfunction 𝑓 must be even. Therefore the spectrum of the group 𝑈𝑔 in 𝐻−1
is continuous.

Let us prove its simplicity. The vector

ℎ1(𝑥) = 1, if 𝑥 ∈ 0; ℎ1(𝑥) = −1, if 𝑥 ∈ 1
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is cyclic in 𝐻−1. In general, put

ℎ𝑛(𝑥) = 1, if 𝑥 ∈ 0 … 0 (𝑛 times);

ℎ𝑛(𝑥) = −1, if 𝑥 ∈ 1 … 1 (𝑛 times);
ℎ𝑛(𝑥) = 0 at the remaining points.

Suppose that, by linearly combining the shifts 𝑈𝑔ℎ1, one can obtain the function
ℎ𝑛; then in the same way one can also obtain ℎ𝑛+1. Consider the shifts

𝑈 𝑘
𝜀𝑛+1

ℎ𝑛, 𝑘 = 0, 1, … , 2𝑛 − 1.

Note that for 𝑛 > 1

supp ℎ𝑛 ∩ supp 𝑈𝜀𝑛+1
ℎ𝑛 = 0 … 01 ∪ 1 … 10 (𝑛 + 1 times)

and on
0 … 01⏟

𝑛+1
∪ 1 … 10⏟

𝑛+1

the functions ℎ𝑛 and 𝑈𝜀𝑛+1
ℎ𝑛 differ in sign;

supp ℎ𝑛 ∩ supp 𝑈 2𝑛−1
𝜀𝑛+1

ℎ𝑛 = 0 … 0⏟
𝑛+1

∪ 1 … 1⏟
𝑛+1

,

and on the intersection of the supports the functions ℎ𝑛 and

𝑈 2𝑛−1
𝜀𝑛+1

ℎ𝑛

coincide. If, however,
1 < 𝑘 < 2𝑛 − 1,

then
supp ℎ𝑛 ∩ supp 𝑈 𝑘

𝜀𝑛+1
ℎ𝑛 = ∅.

Since 𝑇𝜀𝑛+1
is an automorphism, we have

supp 𝑈𝑘
𝜀𝑛+1

ℎ𝑛 ∩ supp 𝑈𝑘+1
𝜀𝑛+1

ℎ𝑛 = 𝑇 −𝑘
𝜀𝑛+1

0 … 01⏟
𝑛+1

∪𝑇 −𝑘
𝜀𝑛+1

1 … 10⏟
𝑛+1

,

and on this intersection 𝑈𝑘
𝜀𝑛+1

ℎ𝑛 and 𝑈𝑘+1
𝜀𝑛+1

ℎ𝑛 differ in sign, while all other shifts
𝑈 𝑙

𝜀𝑛+1
ℎ𝑛 are zero on this set. Hence it follows that, if

2𝑛−1
∑
𝑘=0

𝑐𝑘𝑈𝑘
𝜀𝑛+1

ℎ𝑛 = 0,

then
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𝑐0 = 𝑐1 = 𝑐2 = ⋯ = 𝑐2𝑛−2 = 𝑐2𝑛−1 = −𝑐0,

and therefore 𝑐𝑘 = 0. Thus the function ℎ𝑛+1 is a linear combination of shifts
𝑈𝑘

𝜀𝑛+1
ℎ𝑛. It remains to note that linear combinations of the functions 𝑈𝑘

𝜀𝑛
ℎ𝑛 are

everywhere dense in 𝐻−1.

Put 𝜎−1(Δ) = (𝐸(Δ)ℎ1, ℎ1), {𝜆𝑛} = {𝜒 ∶ 𝜒(𝜀𝑛) = 𝜆𝑛}. Simple calculations give

𝜎−1({𝜆𝑛}) = |(𝜑𝜆𝑛
, ℎ1)|2.

From the properties of the functions 𝑎(𝑦, 𝜀𝑘) it follows that

(𝜑𝜆𝑛
, ℎ1) = 1

2(1 − 𝜆𝑛)(𝜑2
𝜆𝑛

, ℎ1).

Finally we obtain

𝜎−1({𝜆𝑛}) = 1
4𝑛

𝑛
∏
𝑘=1

|1 − 𝜆𝑘|2.

The sets {𝜆𝑛}, taken together, form a net 𝑆 (for the definition of a net see, for
example, (4)). The derivative 𝑑𝜎−1/𝑑𝜒 of the measure 𝜎−1 with respect to the
net 𝑆 is represented in the form

lim
𝑛→∞

1
2𝑛

𝑛
∏
𝑘=1

|1 − 𝜆𝑛|2.

It follows from this representation that 𝑑𝜎−1/𝑑𝜒 = 0 almost everywhere, and
hence 𝜎−1 is singular.

Thus, the spectral characteristic of the representation 𝑔 → 𝑇𝑔 is as follows: the
spectrum is simple; the spectral measure 𝜎 is represented in the form 𝜎1 + 𝜎−1;
𝜎1 is a discrete measure concentrated on the subgroup of characters 𝜒 satisfying
the conditions 𝜒(𝜀𝑛) → 1, 𝑛 → ∞, 𝜒(𝜀1) = 1; 𝜎−1 is a continuous singular
measure vanishing on the subgroup 𝐺1 of characters for which 𝜒(𝜀1) = 1.

Moreover, 𝜎−1 ∗ 𝜎−1 is a continuous measure concentrated on the subgroup 𝐺1,
and, consequently, 𝜎 does not dominate 𝜎 ∗ 𝜎.

It follows from this (Theorem 4) that the vectors of the class 𝐹 2,2 do not form
an everywhere dense set in 𝐿2(𝑋, 𝜇). Moreover, if 𝑓 ∈ 𝐹 2,2, then (Theorem 3)
𝑓 necessarily belongs to 𝐻1.

In conclusion, I express my sincere gratitude to F. A. Berezin, A. A. Kirillov,
and Ya. G. Sinai for their attention to this work.
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