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+
Denote by W (p > 1) the class of real entire functions ¢_(z) of degree o,
nonnegative on the real axis, with norm

1/p

boots, = | :[%de) <o, 1)

+
Let F;(¢,) (j=1,...,v) be linear functionals defined on the set W,

We shall consider functions ¢, (z) subject to the conditions

where A; are given real numbers, with not all A; equal to zero; the conditions (2)

are assumed admissible, i.e. compatible and not contradicting the membership
+

of the functions ¢, (x) in the class w (p>1).

In the present article upper and lower estimates are indicated for the quantity

letls, = it g, (3)
@ WY

Jr
The function ¢ (x) € W) will be called the extremal function of our problem

+
in the class Wﬁ,p ). The founder of this type of problem in the metric C(—o0, c0)
is S. N. Bernstein (1).

It is obvious that o # const, since otherwise one of the conditions (1) or (2)
would not be satisfied.
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+
It is known (12) that if ¢ (z) € WY and p, > p > 1, then an inequality of S.
M. Nikolskii type holds:

SO 1/p—1/py
<|(=— 4
lelz,, < (52) 6l . )
where s = |[—p/2]| is the least integer not less than p/2. Therefore, denoting

+ +
by ®_(x) a function belonging to W((Tl)7 and taking into account that W((,l) -

Rl *(o0)
WP c WP we have
* * * 71) * 1
lesln, < l®xln < (1250e) ™7 (ol (5)

+
where a function f,(z) € W) is considered bounded on (—00, 00).
Consequently, the following is valid.
Theorem. If fi(z) and ®}(z) are the extremal functions of our problem, re-

+ + +
spectively, in the classes W5 and W, then in the class W (1 < p < 00)
there exists a function ¢ (z), subject to the conditions (2),

with the least norm k| 1, for which the inequalities

27 1 * * * * —1 * 1
(52) 15le < lesls, <1950, < (25000 7 1231, (@

+
As is known (%), if ®_(x) € W then for v < 2

O () = [W, ()], (7)

where W, () is a certain real entire function of degree o/2 from the class 2

(see (?), p. 38). Then, by the well-known Wiener-Paley theorem, we have

o/2
W, () = / At dt, (®)

/2

where y(t) € Ly[—0/2,0/2], and

[} o/2
[ [0, ()] d = 2 / (B2 dt. (9)

o/2
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Writing the formal expansion of the function «y(¢) in the Legendre polynomials
{P,(t)}&° normalized on [—0/2,0/2],

At~ 3 By (8), (10)
k=0
where
0/2 R
by = / VOBt At (k=0,1,2,..), (11)
—a/2
we obtain
oo o/2 0o
2], = / [0, ()] dz = 2 / hOPd =287 (12)
o /2 k=0
Moreover,
2 o/2 2 /2 00
|<1>:||o[ sup |\Ia,/2<x>|} s( / Iv(t)dt> <o [ hoPa=od i
—oo<r<oo —o/2 —o/2 k=0

(13)
Finally, denote by ,Ea the class of entire functions g, (z) belonging to the class

B, (B, is the class of entire functions of degree o, bounded on the entire real

axis (1), and satisfying the conditions (2)). Let g%(z) be an entire function from
the class B, with the least norm,

lgzlc = inf |gslc-
9,€B,

It is not difficult to observe that | f%|- > |f2(0)| and, moreover,

1950) < lgzle < 1f5le- (14)

Thus, inequality (6) (taking into account (12), (13), and (14), for v < 2) takes
the form

2m\ P 2m\ P &
() tgsle <lerle, <o (Z) Do (15)
k=0

Let us now consider some particular cases of inequalities (6) or (15).
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1. Let v = 1 and let relation (2) be

¢, (0) = 1. (16)

S. N. Bernstein ! proved that in this case g:(r) = sinoz/ox is an extremal

function in the class B, and lg*lc = 1. On the other hand, as shown in 2, in

this case

1 sinox /2 ?
b= =, b,=0 (k=12.); & (x)= 272 17
e K poowme = (TR an
Therefore inequality (15) takes the form
(2n/so)P < s, < (2m/0)V/P. (18)
2. Let now v = 2, and let the relations (2) have the form
0,(0) =1, ¢;(0)=0. (19)

+
Then for &% (z) € wi (under conditions (19)) the coefficients b;, are determined
by the same formulas (17).

~

On the other hand, it is known 3 that in the class B,, under conditions (19),
the extremal function is cosox, with norm equal to 1. Therefore, as in the
preceding case, we have

(2r/s0)'/P < gl < (2m/o)'/P. (18)

It is interesting to note that for p = 2 (then s = 1) inequalities (18) and (18")
become the equality

leslz, = (2m/a)"?;

moreover, for all p € [1,2] the equality

leslz, = (2m/o)t/P
holds.
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