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CYBERNETICS AND CONTROL THEORY
Yu. M.-L. KOSTYUKOVSKII

ON THE QUESTION OF CONTROLLABILITY
OF DYNAMIC SYSTEMS*

(Presented by Academician B. N. Petrov on 20 VII 1965)

The controllability criterion for a linear nonstationary dynamic system is usually
formulated in terms of the fundamental matrix of solutions (}=®). In the present
paper a correspondence is established between known and newly obtained con-
ditions of “output controllability” (see ("-®)). These conditions are formulated
in terms of the given matrices corresponding to the equations of motion of the
dynamic system under consideration. The motion of the dynamic system is
given by the matrix equations:

dz .
o :A(t)x—i—;b u,, (1)
Y= C(t)l‘, (2>

where x is the position vector of the dynamic system in the vector space P™; y
is a vector (the output of the dynamic system) belonging to the vector space
Q™, m < n; u,(t) is an arbitrary piecewise-continuous function of time (control
action); A(t), b*(t), C(t) are variable matrices of types n x n, n x 1, m x n;
the elements of the matrices A(t), b°(¢), C(t) have continuous derivatives up to
order (n — 1), inclusive.

Introduce the notation:

a) D(t) is a matrix of type n x n, formed by augmenting the matrix C(t) to
any nonsingular matrix;

sovietrxiv.org/items/ru-196601.59906 Machine Translation


https://sovietrxiv.org/items/ru-196601.59906

where D~ is the matrix inverse to the matrix D;

F(t) =D@)B(t);  F*(t) = D(t)b*(t);

b) a sequence of operators defined as follows: ¢° = E,, where E, is the
identity matrix of type n x n; ¢! = p — E(t); ¢* = ¢'(¢'),...,¢" =
q'(¢" 1), ...; p=d/dt is the differentiation operator;

c) ®(t,ty) is the fundamental matrix of solutions of the homogeneous system
corresponding to equation (1);

d) the output of the dynamic system

) = OBt tg)a + [ H,trudr, 3)

* Reported at the Moscow-wide seminar on the theory of multivariable control
systems on 17 II 1965 at the Institute of Automation and Telemechanics.

where

H,(t,7) =C(t)®(t,7)B(7); (4)

h;(t, ) is the j-th column of the matrix H,(t,7); j=1,...,7;

d) by At = [N,0] * is denoted a vector belonging to the direct product
Q™ x T™ ™ where )\ is an arbitrary nonzero column vector belonging to
Q™; 0 is the zero row vector belonging to the vector space T7.

Theorem. The condition

Hi(tg+ T, ON£0,  ty<t<ty+T, (5)

is equivalent to the inequalities

A0, tg<t<ty+T, (6)

for at least one of k,s; k=0,1,...,n—1; s=1,...,r.

In exactly the same way, the condition

Po(to+ TN #0,  to<t<t,+T, (7)

is equivalent to the inequalities:

A0, tg <t <ty + T, ®)
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for all s =1,...,r and for at least one of k =0,1,...,n — 1.

Proof. Suppose that condition (5) is satisfied. Then the dynamic system is
completely controllable at the output (8). Consider the system

dx/dt = A(t)z + B(t)u, 9)

z=D(t)z, (10)

where z = (zq,...,2,); 2z€ R" D Q™.

Let e!,...,e" be an orthonormal basis in R", where

el =(1,0,...,0); 2 =(0,1,...,0); ...; e =(0,0,...,1). (11)
Then the increment

to+T v

Azt +T) = — / S (W (r), F* (7)) Au, dr, (12)

) s=1

where the functions ¢*(t), i = 1, ..., n, satisfy the adjoint system

dyt/dt = —E'(t)yt, i=1,..,n, (13)

Uty +T) = —€’ (14)

(see (9)).

We shall use the method of reverse motion. In order not to introduce new
notation, we shall assume that z(t;,) = z(0) is the prescribed final position. As
the matrices E(t), F'(t), one should take the matrices F(2t,+T—t), F(2t,+T—t).
Let also u(t) = 0.

It is easy to see that
(W0, F(0) 0 onty<t<ty+T (15)
for all i = 1,...,m < n and for at least one of s = 1,...,r. If this were not

so, then Az;(to +T) =0, ¢ = 1,...,m < n, and this would contradict the
supposition that the dynamic system is completely controllable at the output.

The identities

(W), Fé(t)) =0 onty<t<ty+T (16)
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* G’ is the transposed matrix (or vector) G.

foralli,s; i=1,...,m <n; s=1,...,r, and the identities

(ef, quS(m 0 forty<t<ty+T (17)
for all i,k,s; i =1,....m <n; k=0,1,...,n—1; s = 1,...,r, are equivalent
conditions (see (10)).

Then, on the basis of (15),

(e, ¢*F"0 (18)
for all e = 1,2,...,m < n, and for at least one of k,s; k=0,1,...,n—1; s =
1,...,r.

Since e?, i = 1,...,n, is an orthonormal basis, (6) is also satisfied.
It is shown analogously that (8) implies (7).
We shall now prove the theorem in the reverse direction.

Following the terminology of (1°), we shall call the dynamic system (1)—(2)
weakly output-invariant with respect to u,(t) at the time ¢ = t; + T, if the
output of the dynamic system at this instant of time does not depend on w(¢).

The following assertion is true: in order that the dynamic system (1)—(2) be
weakly output-invariant with respect to wuy(f) at the time t = t; + T, it is
necessary and sufficient that the condition

Rt +T,TIN=0, to<t<ty+T (19)

be satisfied.

Indeed, if the dynamic system is weakly output-invariant with respect to u,(t)
at the time ¢t = ¢, + T, then the scalar product of the vectors

V,

us

to+T
= (N, y(to+T)=C(to+T)2(ty+T, to)x0) = / hi(to+T', 7)Aug d7 (20)
t

0

is equal to zero for any u,(t).

If (19) were not satisfied, then, by virtue of the continuity of h (t, + T',t) in ¢,

there would be a sufficiently small interval |7, 7] such that

sovietrxiv.org/items/ru-196601.59906 Machine Translation


https://sovietrxiv.org/items/ru-196601.59906

ho(ty +T,t(A) £0 forall t € [r,,7.].

Choose the control function

N, t L Ts
v { € [ry. 7, o)

where N is some number.

Substituting (21) into (20), as a result we obtain V; # 0, which contradicts the
assumption of invariance of the dynamic system. The assertion is proved.

Next, we note that

either hl(t, +T,t)A =0, to<t<ty+T, (22)

or Wity +T,)A#0,  to<t<t,+T. (23)

Suppose that (8) is satisfied; then

(W), Fo(t) #0,  ta<t<ty+T,

for all 7 =1,...,m (see the proof of (18)).

Consequently, the dynamic system (1)—(2) is not weakly output-invariant with
respect to uy(t) at the time ¢, + T, and therefore, by virtue of the alternative
character of conditions (22), (23), (23) holds. It is shown analogously that if (6)
is satisfied, relation (5) is true.

Remark 1. If one uses the duality principle (see (%)) and the result of the
theorem proved, it is not difficult to formulate an observability criterion in terms
of the given matrices A(t), C(t).

Remark 2. In view of (17), (18), the following assertion is valid: under the con-
ditions of applicability of the theorem proved, linear nonstationary dynamical
systems are divided into: a) completely controllable dynamical systems possess-
ing property (6); b) dynamical systems strongly invariant at the output with
respect to uq(t),...,u,.(t) on the time interval [¢y,t, + T, for which

(AT, ¢"F*(t)) =0, to <t <ty+T,

for all k,s; k=0,1,....n—1; s=1,...,r (19).
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