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1. Let 2 be a bounded open domain of the n-dimensional space E,, of points
x = {xy,...,x,}, belonging to the class A (see (1)). In the domain
consider the quasilinear parabolic equation
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for —oo <t < o0, 2 € Q (Q=Q+T; I is the boundary of the domain ),
|u| > R (R is an arbitrary nonnegative number).

We shall assume that the functions a;(t,z,u) and f(¢, z,u,vq,...,v,) are w-
periodic in t, satisfy a local Holder condition in the variables ¢t and x, and, in
the variables u, vy, ..., v,,, a local Lipschitz condition.

Finally, we shall assume that
|f(t, 2, u,vq, .. ,0,)| < CL(R) + Cy(R) Z EAESSIEN
i=1

where 0 < ¢,(R) <2, —co <t < o0, x €Q, |ul| <R.
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We shall be interested in the question of the existence for equation (1) of w-
periodic in ¢ solutions u(t, z) (—oo < t < oo, x € ), satisfying the boundary
condition

u(t,z) =0 (x €l). (2)

To study this problem we shall use a general method (see (?)), which consists in
the fact that equation (1), together with the boundary condition (2), is written
in the form of an operator equation

du/dt + £(t,u)u = f(t,u) (3)

in a suitably chosen functional space E (in the theorem proved below, equation
(3) is considered in the space C, of functions continuous on € and vanishing
on I'), then to each initial condition u(0) = wu, there is assigned the value
Tug of the solution of equation (3) at ¢ = w. It turns out that the operator
U = £%(0,0)T£*(0,0) is completely continuous in the space C, for some
a € (1/2,1). Clearly, each fixed point u, of the operator U determines the
initial value £7(0, 0)u, of an w-periodic solution of equation (3).

2. Let there exist functions v, (t, r) and ¥, (¢, x), smooth in the closed domain
Q, such that for 0 <t < w, z € Q) the inequalities

8¢1 Zn: t,.]f, ¢1 2¢1 2 f <t T wla aw 81’/)1> ’ (4)

ot Py Ox,;0xy, z, Oz,
¢1(0a m) > ’(/11<0J,.Z'), (5)
Ny & 9?1, Oy Oy
8t Z;I t,I,’lz}Q zaxk §f<t7wi2aaaj17'"7axn) ) (6)
¢2(Oa .TZ‘) S ¢2(W7 Ji), (7)
and for0<t<w,z el
Pi(t,x) 20, y(t,x) <O. (®)

We shall assume that for ¢ = 0, z €  the functions 9, (¢,x) and ¥, (¢, z) are
related by

¢1(0a$) = %(071‘)- (9)
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Theorem. Let there exist functions ¥ (t,z) and ¥y(t, z) satisfying conditions
(4)—(9). Then equation (1) has at least one w-periodic solution u*(t,x) which
satisfies the boundary condition (2) and the inequalities

¢2(t,$)gu*(t,$)§’(/}1(t7l') (Oétng Z'EQ)

If the solutions of equation (3) are nonlocally extendable, then for the proof one
must consider the set S; of elements u, € C satisfying the inequalities

1#2(0755) S £7a(070)u0 S ¢1(0’x)'

This set is convex and closed. From the theorem on differential inequalities (see,
for example, (3)) it follows that

P9(0,2) <TL(0,0)uy < 9y(0, ).

The last inequalities are equivalent to the inequalities

P9(0,2) < L74(0,0)Uug < by (0,2).

Consequently, Uu, € S; for u, € S;. It can be shown (using the method
developed in (4)) that the set S, = US; is compact in the space C. Therefore
the assertion of the theorem follows from the Schauder principle.

The proof is somewhat complicated if the solutions of equation (3) can, in finite
time, “go to infinity.”

3. Corollary 1. Let

f(taxaRlaO’“'?O) SO, f(taxaiR%Oa'"aO) 207

where 0 <t <w; z € Q; R, Ry are some nonnegative numbers. Then equation
(1) has at least one w-periodic solution u*(t,x) satisfying the inequalities

—R, < u*(t,z) < Ry.
Corollary 2. Suppose that the operator £(t,u) does not depend on t. Let

flr,u,vq, .0 ,0,) > o@%’i flt,z,u,vq, .0 ,0,),
f@,u,vq,.00,0,) < Orgntignw flt z u,vq, .00, 0,).
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Assume that the equations

— ou ou
«C(U)U—f(.’l},’d,a 17 781:”)7

ou ou
L‘(u)u-f(x,u,a 17 78xn>

u(z) >0, u(x) <0 (x el).

Then equation (1) has at least one w-periodic solution u*(¢,x), satisfying the
boundary condition (2) and the inequalities

w(x) < u*(t, z) < u(x).

Corollaries 1 and 2 contain, as special cases, existence theorems for periodic
solutions of equation (1) obtained by I. I. Shmulev (°) and G. Prodi (®) by
other methods.
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