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ON ONE CRITERION FOR THE EXISTENCE
OF PERIODIC SOLUTIONS OF PARABOLIC
EQUATIONS
(Presented by Academician I. G. Petrovsky on 10 I 1966)

1. Let Ω be a bounded open domain of the 𝑛-dimensional space 𝐸𝑛 of points
𝑥 = {𝑥1, … , 𝑥𝑛}, belonging to the class 𝐴(2,𝜆) (see (1)). In the domain Ω
consider the quasilinear parabolic equation

𝜕𝑢
𝜕𝑡 −

𝑛
∑

𝑖,𝑘=1
𝑎𝑖𝑘(𝑡, 𝑥, 𝑢) 𝜕2𝑢

𝜕𝑥𝑖𝜕𝑥𝑘
= 𝑓 (𝑡, 𝑥, 𝑢, 𝜕𝑢

𝜕𝑥1
, … , 𝜕𝑢

𝜕𝑥𝑛
) , (1)

where 𝑎𝑖𝑘(𝑡, 𝑥, 𝑢) = 𝑎𝑘𝑖(𝑡, 𝑥, 𝑢),

𝑛
∑

𝑖,𝑘=1
𝑎𝑖𝑘(𝑡, 𝑥, 𝑢)𝜉𝑖𝜉𝑘 ≥ 𝛾(𝑅)

𝑛
∑
𝑖=1

𝜉2
𝑖 (𝛾(𝑅) > 0)

for −∞ < 𝑡 < ∞, 𝑥 ∈ Ω (Ω = Ω + Γ; Γ is the boundary of the domain Ω),
|𝑢| ≥ 𝑅 (𝑅 is an arbitrary nonnegative number).

We shall assume that the functions 𝑎𝑖𝑘(𝑡, 𝑥, 𝑢) and 𝑓(𝑡, 𝑥, 𝑢, 𝑣1, … , 𝑣𝑛) are 𝜔-
periodic in 𝑡, satisfy a local Hölder condition in the variables 𝑡 and 𝑥, and, in
the variables 𝑢, 𝑣1, … , 𝑣𝑛, a local Lipschitz condition.

Finally, we shall assume that

|𝑓(𝑡, 𝑥, 𝑢, 𝑣1, … , 𝑣𝑛)| ≤ 𝐶1(𝑅) + 𝐶2(𝑅)
𝑛

∑
𝑖=1

|𝑣𝑖|2−𝜀𝑖(𝑅),

where 0 < 𝜀𝑖(𝑅) ≤ 2, −∞ < 𝑡 < ∞, 𝑥 ∈ Ω, |𝑢| ≤ 𝑅.
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We shall be interested in the question of the existence for equation (1) of 𝜔-
periodic in 𝑡 solutions 𝑢(𝑡, 𝑥) (−∞ < 𝑡 < ∞, 𝑥 ∈ Ω), satisfying the boundary
condition

𝑢(𝑡, 𝑥) = 0 (𝑥 ∈ Γ). (2)

To study this problem we shall use a general method (see (2)), which consists in
the fact that equation (1), together with the boundary condition (2), is written
in the form of an operator equation

𝑑𝑢/𝑑𝑡 + ℒ(𝑡, 𝑢)𝑢 = 𝑓(𝑡, 𝑢) (3)

in a suitably chosen functional space 𝐸 (in the theorem proved below, equation
(3) is considered in the space 𝐶0 of functions continuous on Ω and vanishing
on Γ), then to each initial condition 𝑢(0) = 𝑢0 there is assigned the value
𝑇 𝑢0 of the solution of equation (3) at 𝑡 = 𝜔. It turns out that the operator
𝑈 = ℒ𝛼(0, 0)𝑇 ℒ−𝛼(0, 0) is completely continuous in the space 𝐶0 for some
𝛼 ∈ (1/2, 1). Clearly, each fixed point 𝑢0 of the operator 𝑈 determines the
initial value ℒ−𝛼(0, 0)𝑢0 of an 𝜔-periodic solution of equation (3).

2. Let there exist functions 𝜓1(𝑡, 𝑥) and 𝜓2(𝑡, 𝑥), smooth in the closed domain
Ω, such that for 0 ≤ 𝑡 ≤ 𝜔, 𝑥 ∈ Ω the inequalities

𝜕𝜓1
𝜕𝑡 −

𝑛
∑

𝑖,𝑘=1
𝑎𝑖𝑘(𝑡, 𝑥, 𝜓1) 𝜕2𝜓1

𝜕𝑥𝑖𝜕𝑥𝑘
≥ 𝑓 (𝑡, 𝑥, 𝜓1, 𝜕𝜓1

𝜕𝑥1
, … , 𝜕𝜓1

𝜕𝑥𝑛
) , (4)

𝜓1(0, 𝑥) ≥ 𝜓1(𝜔, 𝑥), (5)

𝜕𝜓2
𝜕𝑡 −

𝑛
∑

𝑖,𝑘=1
𝑎𝑖𝑘(𝑡, 𝑥, 𝜓2) 𝜕2𝜓2

𝜕𝑥𝑖𝜕𝑥𝑘
≤ 𝑓 (𝑡, 𝑥, 𝜓2, 𝜕𝜓2

𝜕𝑥1
, … , 𝜕𝜓2

𝜕𝑥𝑛
) , (6)

𝜓2(0, 𝑥) ≤ 𝜓2(𝜔, 𝑥), (7)

and for 0 ≤ 𝑡 ≤ 𝜔, 𝑥 ∈ Γ

𝜓1(𝑡, 𝑥) ≥ 0, 𝜓2(𝑡, 𝑥) ≤ 0. (8)

We shall assume that for 𝑡 = 0, 𝑥 ∈ Ω the functions 𝜓1(𝑡, 𝑥) and 𝜓2(𝑡, 𝑥) are
related by

𝜓1(0, 𝑥) ≥ 𝜓2(0, 𝑥). (9)
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Theorem. Let there exist functions 𝜓1(𝑡, 𝑥) and 𝜓2(𝑡, 𝑥) satisfying conditions
(4)—(9). Then equation (1) has at least one 𝜔-periodic solution 𝑢∗(𝑡, 𝑥) which
satisfies the boundary condition (2) and the inequalities

𝜓2(𝑡, 𝑥) ≤ 𝑢∗(𝑡, 𝑥) ≤ 𝜓1(𝑡, 𝑥) (0 ≤ 𝑡 ≤ 𝜔, 𝑥 ∈ Ω).

If the solutions of equation (3) are nonlocally extendable, then for the proof one
must consider the set 𝑆1 of elements 𝑢0 ∈ 𝐶0 satisfying the inequalities

𝜓2(0, 𝑥) ≤ ℒ−𝛼(0, 0)𝑢0 ≤ 𝜓1(0, 𝑥).

This set is convex and closed. From the theorem on differential inequalities (see,
for example, (3)) it follows that

𝜓2(0, 𝑥) ≤ 𝑇 ℒ−𝛼(0, 0)𝑢0 ≤ 𝜓1(0, 𝑥).

The last inequalities are equivalent to the inequalities

𝜓2(0, 𝑥) ≤ ℒ−𝛼(0, 0)𝑈𝑢0 ≤ 𝜓1(0, 𝑥).

Consequently, 𝑈𝑢0 ∈ 𝑆1 for 𝑢0 ∈ 𝑆1. It can be shown (using the method
developed in (4)) that the set 𝑆2 = 𝑈𝑆1 is compact in the space 𝐶0. Therefore
the assertion of the theorem follows from the Schauder principle.

The proof is somewhat complicated if the solutions of equation (3) can, in finite
time, “go to infinity.”

3. Corollary 1. Let

𝑓(𝑡, 𝑥, 𝑅1, 0, … , 0) ≤ 0, 𝑓(𝑡, 𝑥, −𝑅2, 0, … , 0) ≥ 0,

where 0 ≤ 𝑡 ≤ 𝜔; 𝑥 ∈ Ω; 𝑅1, 𝑅2 are some nonnegative numbers. Then equation
(1) has at least one 𝜔-periodic solution 𝑢∗(𝑡, 𝑥) satisfying the inequalities

−𝑅2 ≤ 𝑢∗(𝑡, 𝑥) ≤ 𝑅1.

Corollary 2. Suppose that the operator ℒ(𝑡, 𝑢) does not depend on 𝑡. Let

𝑓(𝑥, 𝑢, 𝑣1, … , 𝑣𝑛) ≥ max
0≤𝑡≤𝜔

𝑓(𝑡, 𝑥, 𝑢, 𝑣1, … , 𝑣𝑛),

𝑓(𝑥, 𝑢, 𝑣1, … , 𝑣𝑛) ≤ min
0≤𝑡≤𝜔

𝑓(𝑡, 𝑥, 𝑢, 𝑣1, … , 𝑣𝑛).
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Assume that the equations

ℒ(𝑢)𝑢 = 𝑓 (𝑥, 𝑢, 𝜕𝑢
𝜕𝑥1

, … , 𝜕𝑢
𝜕𝑥𝑛

) ,

ℒ(𝑢)𝑢 = 𝑓 (𝑥, 𝑢, 𝜕𝑢
𝜕𝑥1

, … , 𝜕𝑢
𝜕𝑥𝑛

)

have such solutions 𝑢(𝑥), 𝑢(𝑥) that

𝑢(𝑥) ⩾ 𝑢(𝑥) (𝑥 ∈ Ω);

𝑢(𝑥) ⩾ 0, 𝑢(𝑥) ⩽ 0 (𝑥 ∈ Γ).

Then equation (1) has at least one 𝜔-periodic solution 𝑢∗(𝑡, 𝑥), satisfying the
boundary condition (2) and the inequalities

𝑢(𝑥) ⩽ 𝑢∗(𝑡, 𝑥) ⩽ 𝑢(𝑥).

Corollaries 1 and 2 contain, as special cases, existence theorems for periodic
solutions of equation (1) obtained by I. I. Shmulev (5) and G. Prodi (6) by
other methods.
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