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MATHEMATICS

L. M. KISSINA, A. S. SHVARTS

ON THE QUESTION OF DESCRIPTION OF
THE DUALITY FUNCTOR
(Presented by Academician P. S. Aleksandrov on 15 VI 1965)

The concept of duality of functors, first introduced by D. B. Fuks (1) for func-
tors in the category of topological spaces with a distinguished point, was subse-
quently extended (2) to functors in a broad class of categories (in the so-called
𝐷-categories). In the present article, dual functors are described in a certain
sense in a number of categories.

1. Let 𝒯 be a category consisting of topological spaces with a distinguished
point. We shall consider functors acting from the category 𝒯 to the cate-
gory 𝒢 of all topological spaces with a distinguished point (by morphisms
in the categories 𝒯 and 𝒢 we mean continuous mappings taking the distin-
guished point to the distinguished point). We introduce notation: the set
Hom(𝑋, 𝑌 ) of all morphisms of a space 𝑋 ∈ 𝒢 into a space 𝑌 ∈ 𝒢 with the
compact-open topology will be denoted by 𝐻(𝑋, 𝑌 ), the same set with the
topology of pointwise convergence by 𝐻𝑠(𝑋, 𝑌 ); the set of all (not necessar-
ily continuous) mappings of 𝑋 into 𝑌 taking the distinguished point to the
distinguished point by Map(𝑋, 𝑌 ). A functor 𝐹 will be called continuous
if the mapping defined by it 𝐹 ∶ Hom(𝑋, 𝑌 ) → Hom(𝐹(𝑋), 𝐹(𝑌 )) is a con-
tinuous mapping 𝐻(𝑋, 𝑌 ) into 𝐻𝑠(𝐹(𝑋), 𝐹(𝑌 )). We shall assume that all
functors under consideration satisfy the condition 𝐹(0𝑋,𝑌 ) = 0𝐹(𝑋),𝐹(𝑌 )
(by 0𝑋,𝑌 we denote the mapping of 𝑋 into 𝑌 taking all of 𝑋 to the distin-
guished point of the space 𝑌 ). Define the functor Σ𝐴(𝑋) = 𝐴 ⊗ 𝑋 as the
direct product 𝐴 × 𝑋, factorized by the“coordinate cross”𝐴 × 0 ∪ 0 × 𝑋;
here we assume that a fundamental system of the zero point of 𝐴 ⊗ 𝑋
obtained from any pair of nonzero points (𝑎, 𝑥) ∈ 𝐴 × 𝑋 consists of sets
of the form 𝑈 ⊗ 𝑉 , where 𝑈 is a neighborhood of the point 𝑎 ∈ 𝐴, 𝑉 a
neighborhood of the point 𝑥 ∈ 𝑋, while a fundamental system of the zero
point of 𝐴 ⊗ 𝑋, obtained from any pair (𝑎, 0) ∈ 𝐴 × 𝑋 or (0, 𝑥) ∈ 𝐴 × 𝑋,
consists of sets of the form 𝑈 ⊗ 𝑋 ∪ 𝐴 ⊗ 𝑉 , where 𝑈 is a neighborhood of
the point 𝑂 in 𝐴, 𝑉 a neighborhood of the point 𝑂 in 𝑋 (this definition
of the topology in Σ𝐴(𝑋) differs from that adopted by D. B. Fuks (3), but
in the case when 𝐴 and 𝑋 are bicompact, the two definitions coincide).
To each functor 𝐹 acting from 𝒯 to 𝒢, put in correspondence the dual
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functor 𝐷𝐹 , acting from 𝒢 to the category of sets with a distinguished
point; namely, for any 𝐴 ∈ 𝒢 define the set 𝐷𝐹(𝐴) as the set {𝐹 → Σ𝐴}
of mappings of the functor 𝐹 into the functor Σ𝐴.

By 𝐸 and 𝑃 we shall denote, respectively, the line and the plane (the distin-
guished point is the origin). We shall assume that the category 𝒯 considered
by us consists of completely regular spaces and contains the spaces 𝐸 and 𝑃 .

Define the set 𝐷𝑅𝐹(𝐴) as the set of mappings of the functor 𝐹 into the functor
Σ𝐴, if these functors are considered only on the category ℛ ⊂ 𝒯, consisting of
the two spaces 𝐸, 𝑃 and the morphisms 𝑃 → 𝐸.

Theorem 1. Let 𝐹 be a continuous functor acting from the category 𝒯 to the
category 𝒢. Then the natural mapping of the set

𝐷𝐹 ′(𝐴) into the set 𝐷𝑅𝐹 ′(𝐴) is a one-to-one mapping onto 𝐷𝑅𝐹 ′(𝐴).
Proof. Denote by 𝑋 the set of morphisms of the space 𝑋 into the line 𝐸, and
by 𝐴′ the space 𝐴 ⊗ 𝐸. Define the mapping

𝑖𝑋 ∶ 𝐴 ⊗ 𝑋 → Map(𝑋, 𝐴′),

by assigning to each point 𝑎 ⊗ 𝑥 ∈ 𝐴 ⊗ 𝑋 the mapping 𝜑 ∶ 𝑋 → 𝐴′ that takes
a function 𝜓 ∈ 𝑋 to the point 𝑎 ⊗ 𝜓(𝑥) ∈ 𝐴 ⊗ 𝐸 = 𝐴′. From the complete
regularity of the space 𝑋 it follows that the mapping 𝑖𝑋 is injective. For each
morphism 𝜇 ∶ 𝐹(𝐸) → 𝐴 we construct a mapping

̃𝜇𝑋 ∶ 𝐹 (𝑋) → Map(𝑋, 𝐴′),

by setting ̃𝜇𝑋(𝑧) = 𝜓, where 𝜓(𝜑) = 𝜇𝐹(𝜑)𝑧 (here 𝑧 ∈ 𝐹(𝑋), 𝜑 ∈ 𝑋). It is not
hard to verify that for any 𝜆 ∈ 𝐷𝐹 ′(𝐴) we have

𝑖𝑋𝜆𝑋 = (𝜆𝐸)𝑋;

using the injectivity of the mapping 𝑖𝑋, we see that the mapping of functors
𝜆 ∈ 𝐷𝐹 ′(𝐴) is uniquely determined by the morphism 𝜆𝐸 ∶ 𝐹 (𝐸) → 𝐴. A
functor Σ̃𝐴 is naturally defined, for which

Σ̃𝐴(𝑋) = Map(𝑋, 𝐴′)

(this functor acts from the category 𝒯 to the category of sets); the mappings
constructed above

𝑖𝑋 ∶ 𝐴 ⊗ 𝑋 → Map(𝑋, 𝐴′)
and

̃𝜇𝑋 ∶ 𝐹 (𝑋) → Map(𝑋, 𝐴′)
generate mappings of functors (if the functors Σ̃𝐴 and 𝐹 are also regarded as
acting in the category of sets).
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Lemma 1. If the condition

̃𝜇𝑋𝐹 (𝑋) ⊂ 𝑖𝑋(𝐴 ⊗ 𝑋)

is satisfied for 𝑋 = 𝑃 , then it is satisfied for every space 𝑋 ∈ 𝒯.

Let 𝑧 ∈ 𝐹(𝑋), 𝑣 = ̃𝜇𝑋𝑧 ∈ Map(𝑋, 𝐴′). We shall show that, under the hypothe-
ses of the lemma, there is a point 𝑎 ⊗ 𝑥 ∈ 𝐴 ⊗ 𝑋 for which 𝑖𝑋(𝑎 ⊗ 𝑥) = 𝑣. Take
a morphism 𝜎 ∶ 𝑋 → 𝑃 (such a morphism is, evidently, determined by a pair of
morphisms 𝜓1, 𝜓2 ∈ 𝑋) and consider the commutative diagram

̃𝜇𝑃𝐹 (𝜎) = Σ̃𝐴(𝜎) ̃𝜇𝑋.

By the condition of the lemma there is a point

𝑎𝜎 ⊗ 𝜏𝜎 ∈ 𝐴 ⊗ 𝑃

such that
Σ̃𝐴(𝜎)(𝑣) = ̃𝜇𝑃𝐹 (𝜎)𝑧 = 𝑖𝑃 (𝑎𝜎 ⊗ 𝜏𝜎).

Unraveling the definitions of the mappings Σ̃𝐴(𝜎) and 𝑖𝑃 , we arrive at the
following assertion, which we shall call **assertion (*)** below. Let 𝜓1, 𝜓2 ∈ 𝑋;
let 𝜆(𝑡1, 𝑡2) be a continuous numerical function of two numerical variables, and
let 𝑙𝜆 be the function from 𝑋 defined by the relation

𝑙𝜆(𝑥) = 𝜆(𝜓1(𝑥), 𝜓2(𝑥)).

Then there exist points 𝜏 = (𝜏1, 𝜏2) ∈ 𝑃 and 𝑎 ∈ 𝐴 (depending on 𝑣, 𝜓1, 𝜓2)
such that, for every function 𝜆,

𝑣(𝑙𝜆) = 𝑎 ⊗ 𝜆(𝜏1, 𝜏2).

Using assertion (), we first come to the conclusion that if

𝑣(𝜓1) = 𝑎1 ⊗ 𝑣1 ≠ 0, 𝑣(𝜓2) = 𝑎2 ⊗ 𝑣2 ≠ 0,

then 𝑎1 = 𝑎2 (it is enough to consider the functions 𝜆1(𝑡1, 𝑡2) = 𝑡1 and
𝜆2(𝑡1, 𝑡2) = 𝑡2). In other words, the mapping

𝑣 ∶ 𝑋 → 𝐴′

has the form
𝑣(𝜑) = 𝑎0 ⊗ 𝜈(𝜑),

where 𝑎0 is a fixed point of 𝐴, and 𝜈(𝜑) is a numerical functional on 𝑋. It
turns out that 𝜈(𝜑) is a multiplicative linear functional on the space of func-
tions 𝑋. Indeed, applying assertion () to three functions—an arbitrary function
𝜆(𝑡1, 𝑡2) and the functions 𝜆1(𝑡1, 𝑡2) = 𝑡1, 𝜆2(𝑡1, 𝑡2) = 𝑡2—we obtain that, for
any functions 𝜓1, 𝜓2 ∈ 𝑋 and any function 𝜆(𝑡1, 𝑡2), the relation

𝜈(𝜆(𝜓1, 𝜓2)) = 𝜆(𝜈(𝜓1), 𝜈(𝜓2))
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holds. Specializing this relation to the functions

𝜆(𝑡1, 𝑡2) = 𝑡1𝑡2

and
𝜆(𝑡1, 𝑡2) = 𝛼𝑡1 + 𝛽𝑡2,

we obtain the multiplicativity and linearity of the functional 𝜈. Next, we endow
the space of functions 𝑋 with the compact-open topology and note that, from
the continuity condition imposed by us on the functor 𝐹 , the continuity of the
functional 𝜈(𝜑) follows. It is known ([4], p. 28) that if the space 𝑋 is completely
regular and the space 𝑋 of continuous functions on 𝑋 is endowed with the
compact-open topology, then every continuous multiplicative linear functional
𝜈 on 𝑋 is determined by some point 𝑥0 ∈ 𝑋 by the formula

𝜈(𝜑) = 𝜑(𝑥0).

Thus we have
𝑣(𝜑) = 𝑎0 ⊗ 𝜑(𝑥0),

i.e.
𝑣 = 𝑖𝑋(𝑎0 ⊗ 𝑥0).

The assertion of the lemma is proved.

Let us now consider the mapping of the set 𝐷𝐹(𝐴) into the set 𝐷𝑅𝐹 ′(𝐴) ap-
pearing in the assertion of the theorem. The one-to-one property

of this mapping follows from the possibility, mentioned above, of reconstructing
the mapping of functors 𝜆 ∶ 𝐹 → Σ𝐴 from the mapping 𝜆𝐸 ∶ 𝐹 (𝐸) → Σ𝐴(𝐸).
It remains for us, therefore, to prove that the mapping 𝐷𝐹(𝐴) into 𝐷ℛ𝐹(𝐴) is
onto. For this, first note that if an element 𝐷ℛ𝐹(𝐴) is determined by a pair
of morphisms 𝜇 ∶ 𝐹(𝐸) → 𝐴 ⊗ 𝐸 and 𝜌 ∶ 𝐹(𝑃) → 𝐴 ⊗ 𝑃 , then one may assert
that 𝜇𝑃 = 𝑖𝑃 𝜌, i.e. Lemma 1 is applicable to the morphism 𝜇. By Lemma 1,
𝜇𝑋𝐹 (𝑋) ⊂ 𝑖𝑋(𝐴 ⊗ 𝑋) for every 𝑋 ∈ 𝒯, and hence one may define the mapping
𝜆𝑋 = 𝑖−1

𝑋 𝜇𝑋𝐹 (𝑋) → 𝐴 ⊗ 𝑋, which, however, a priori need not be a morphism.
It turns out, however, that from the compatibility of the mappings 𝜆𝑋 and the
continuity of the mapping 𝜆𝐸 one can derive the continuity of all the mappings
𝜆𝑋.

Remark. Theorem 1 may be formulated differently, as a theorem on the in-
dependence of the dual functor from the choice of the category with respect to
which the dual functor is defined.

If one assumes that the category 𝒯 contains 𝑇0-spaces with a finite number of
points, then one can prove an analogue of Theorem 1 in which the spaces 𝐸
and 𝑃 are replaced by still simpler spaces (𝑇0-spaces with 2, 3, and 4 points).
Consider the category 𝒯, consisting of 𝑇0-spaces with a distinguished point 0
and satisfying the following conditions: a) the distinguished point of each space
𝑋 ∈ 𝒯 is closed; b) if 𝐿 is such a subset of a space 𝑋 ∈ 𝒯 that the system 𝑉𝐿
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of open sets containing at least one point of 𝐿 is centered, then the intersection
of all sets of the system 𝑉𝐿 is nonempty. Suppose also that the category 𝒯
contains, in particular, the following spaces: the connected two-point space 𝐼
(the space with 2 points 0 and 1, the first of which is closed and the second
open); the space with 4 points 𝑄 = {0; 1; 2; 3} with open sets {1, 3}, {2, 3},
{1, 2, 3}, {3}; the space with 3 points 𝑇 = {0, 1, 2} with open sets {1, 2}, {0, 1},
{1}.
Let 𝐹 be a functor acting from the category 𝒯 to the category of all topological
spaces 𝒞. Denote by ℒ the subcategory of the category 𝒯 consisting of the three
spaces 𝐼, 𝑄, 𝑇 and all morphisms 𝑄 → 𝐼 , 𝑇 → 𝐼 . Introduce the set 𝐷ℒ𝐹(𝐴) of
mappings of the functor 𝐹 , considered only on the category ℒ, into the functor
Σ𝐴.

Theorem 2. If the functor 𝐹 is continuous, then the natural mapping of the
set 𝐷𝐹(𝐴) into the set 𝐷ℒ𝐹(𝐴) is a one-to-one mapping onto 𝐷ℒ𝐹(𝐴).
The proof of Theorem 2 is to a considerable extent analogous to the proof of
Theorem 1. Here the role of the line 𝐸1 in the definition of the spaces 𝑋̄ and 𝐴′

is played by the connected two-point space 𝐼 ; the space 𝑋̄ is naturally realized
as the collection of open sets in 𝑋 ∖0. The role of the assertion used above from
(4) is played by

Lemma 2. Let 𝜑 ∈ Hom(𝑋̄, 𝐴′). In order that the morphism 𝜑 belong to
𝑖𝑋(𝐴 ⊗ 𝑋), it is sufficient that for every pair of sets 𝑀1, 𝑀2 ∈ 𝑋̄ one of the
following three conditions be fulfilled:

either 1) 𝜑(𝑀1 ∪ 𝑀2) = 𝜑(𝑀1) = 𝜑(𝑀2) = 𝜑(𝑀1 ∩ 𝑀2);
or 2) 𝜑(𝑀1 ∪ 𝑀2) = 𝜑(𝑀1); 𝜑(𝑀2) = 𝜑(𝑀1 ∩ 𝑀2) = 0;
or 3) 𝜑(𝑀1 ∪ 𝑀2) = 𝜑(𝑀2); 𝜑(𝑀1) = 𝜑(𝑀1 ∩ 𝑀2) = 0.

The proof of the lemma proceeds according to the following plan. We shall call
a set 𝑀 ∈ 𝑋̄ nonzero if 𝜑(𝑀) ≠ 0; we shall call a point 𝑥 ∈ 𝑋 nonzero if
every set 𝑀 ∈ 𝑋̄ containing it is nonzero. First of all we prove by contradiction
that every nonzero set contains a nonzero point. Next, applying condition b),
imposed on the category 𝒯, to the set 𝐿 of all nonzero points, we ascertain that
there exists a nonzero point 𝑥0 contained in every nonzero set. To complete the
proof, we observe that 𝜑 = 𝑖𝑋(𝑥0 ⊗ 𝑎), where 𝑎 is the common value of 𝜑 on all
nonzero sets.

2. Consider a 𝐷-category 𝒦 satisfying the following conditions: 1) in the
category 𝒦 the tensor product coincides with the direct product (i.e.,
there exists an isomorphism of functors of two variables 𝑋⊗𝑌 and 𝑋×𝑌 );
2) for an arbitrary spectrum {𝑋𝜆} of objects of the category 𝒦, from the
existence of the inductive limit lim−→ 𝑋̂𝜆 of the sets 𝑋̂𝜆 there follows the
existence of the limit lim−→ 𝑋𝜆; 3) in the category 𝒦 there is an object 𝐽
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such that for every object 𝑋 ∈ 𝒦 the set of morphisms of the object 𝑋
into the object 𝐽 is nonempty.

Theorem 3. For any functor 𝐹 in a category satisfying the requirements listed
above, the dual functor 𝐷𝐹 is a composition Σ𝐴Ω𝐵 of the functors Σ𝐴 and Ω𝐵.

Proof. By definition,

𝐷𝐹(𝑋) = 𝐻(𝐹 , Σ𝑋) = lim←−{𝑁𝜆, Π𝜆′
𝜆 }𝜆∈Λ,

where Λ is the set of morphisms of the category 𝒦,

𝑁𝜆 = 𝐻(𝐹(𝑌 ), 𝑋 ⊗ 𝑍), if 𝜆 ∈ Hom(𝑌 , 𝑍).

Let us note that

𝑁𝜆 = 𝐻(𝐹(𝑌 ), 𝑋) × 𝐻(𝐹(𝑌 ); 𝑍)

(this follows from the coincidence of the tensor product with the direct product
and from the relation, valid in any 𝐷-category,

𝐻(𝐴, 𝐵 × 𝐶) = 𝐻(𝐴, 𝐵) × 𝐻(𝐴, 𝐶)).

Therefore 𝐷𝐹(𝑋) also decomposes into a product of two factors; it is not difficult
to verify that one of them is isomorphic to 𝐷𝐹(𝐼), where 𝐼 is the integral object,
and the other to 𝐻(𝐹, 𝑇𝑋), where 𝑇𝑋 is the functor assigning to each object of
the category the fixed object 𝑋, and to each morphism the identity morphism.
To complete the proof it remains only to verify that 𝐻(𝐹, 𝑇𝑋) = Ω𝐵(𝑋), where
𝐵 is the inductive limit of the spectrum {𝐹(𝑌 ), 𝑅𝑌 ′

𝑌 }𝑌 ∈𝐾, in which 𝑅𝑌 ′
𝑌 is the

set of morphisms of the type 𝐹(𝑑); the existence of the limit 𝐵 follows from
conditions 2 and 3.

The conditions of Theorem 3 are satisfied by the categories of sets, functionally
Hausdorff 𝑘-spaces (3), and partially ordered sets (as morphisms one takes, re-
spectively, arbitrary mappings, continuous mappings, and mappings preserving
order). In the categories just listed, with the aid of Theorem 3 it can be shown
that the stock of reflexive functors is exhausted by functors of the form Σ𝐴 and
Ω𝐴 (and, consequently, the relation 𝐷3 = 𝐷 is not satisfied).
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