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where I,, and E, are matrices of order n, E, is the identity matrix; Q(z) is
a Hermitian matrix-valued function of order 2n; y is a column vector with 2n
components. The equation

B,y +mC,y+ Q(z)y = Ay, 0<x< oo, (1)

will be called a system of Dirac equations of order 2n (here m is the mass).
In this paper the inverse problem of scattering theory (for the statement of the
problem, see item 3) is solved for system (1). In the case n = 1 this problem was
solved in (1), in the case of one Schrédinger equation—in (?), and for a system
of Schrédinger equations—in (3).

1. Canonical form of the Dirac system

If in system (1)

o= (5 5. 2

where P and €2 are matrices of order n, P = P*, and the matrix €2 is symmetric
with respect to the second diagonal, then system (1) is called canonical. In
what follows we shall consider only the canonical Dirac system, since in other
cases the inverse problem of scattering theory is solved nonuniquely. Any other
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system of Dirac equations, by means of orthogonal transformations commuting
with the matrix B,, can be reduced to a canonical system. Thus, in what
follows we shall consider system (1) under the assumption that Q(z) has the
form indicated in (2), and for each x from [0, c0)

|P(@)| <C/A+x), Q@) < C/Q+x)*, (3)

where C' and ¢ are positive constants.

2. Transformation operator with a condition at infinity

Theorem 1. If the matrix-valued function Q(z) satisfies condition (3), then
for every A for which Im A > 0, system (1) has a matrix solution f(z, A), which

as £ — oo tends to
oY AR/ W p—
fo(x’)‘) = " )\—m el/\ 1=m2/A ’ (4)

il

and there exists a matrix function K (z,t) of order 2n such that

F@ ) = folas N) + / K () fo(t, \) dt, (5)
0
where the norm

|K(z, )] < C/(1+ )1+ 1) (6)

Further, if Q(x) has a derivative, then K(z,t) satisfies the equation

{Boas+mC, +Q) } K (o) = — 2 K(w, 0B, + mE (5,00, (1)

and the conditions

K(z,t) >0 ast— oo. (9)

Conversely, if K(z,t) satisfies equation (7) and conditions (6), (8), (9), then
the matrix function f(z, \) defined by formula (5) satisfies equation (1) with a
matrix function Q(z) satisfying condition (3).
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3. Parseval’ s Equality and the Inverse Problem of Scatter-
ing Theory

We adjoin to equation (1) the boundary conditions

1(0) = - =5,(0) =0, (10)

where yj,...,y, are the first n components of the vector-function y(x). Let
»(x, A) be the matrix solution of equation (1) with the initial condition

(0, ) = (%J . (11)

It is obvious that all eigenfunctions of problem (1)—(10) are expressed linearly
in terms of the columns of the matrix ¢(z, A). Let us find the asymptotics of
the matrix ¢(z,\) as & — oco. To this end, note that for real A and |A\| > m
the matrix function f(x, \) is a solution of equation (1), linearly independent of
f(x,\). Therefore

1 /A—m

(P(xa /\) ~ o

iV 3 F@N 00 = @) FON] L, (12)

¢

where f,(0,\) is the matrix composed of the first n rows of the matrix f(0, \).
From (12) and (5) it is obvious that the asymptotic behavior of the matrix
p(x, A), as & — 00, is determined by the scattering matrix

0.0 [FFON] =S, (13)

Under condition (3), problem (1)—(10) has a finite number of discrete eigenval-
ues Ay, ..., A, in (—m, m)*, which coincide with the roots of the determinant of
the matrix f1(0, ), and the multiplicity of the eigenvalue A; coincides with the
rank of the matrix f;(0,);). One can prove that there exist positive definite
normalizing matrices M, ..., M, of order n such that

L e LA e i
™ [A|>m m

k
+ 3 (@ \)ME (8, A) = 6(t — y) By, (14)

=1

Here the rank of the matrix M; coincides with the multiplicity of A;.

* We assume that A = +m is not a virtual level.
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The collection of quantities S(A); Ay, ..., A\y; My, ..., M}, is called the scatter-
ing data of problem (1)—(10). The inverse problem of scattering theory for
a Dirac system of order 2n is formulated as follows. Is it possible, knowing
the scattering data of a problem of type (1)—(10), to reconstruct equation
(1), ie., to find Q(z)? If so, what properties must the collection of quanti-
ties S(A); Aq, oo Ags M, ..., M), possess in order that it be the scattering data
of a problem of type (1)—(10)? In what follows an answer to these questions is
given.

4. The main equation and the solution of the inverse problem of
scattering theory. Multiply both sides of equality (12) by

1
5 L 10N ol V) — ol NS
and integrate with respect to A over the intervals (—oo, —m) and (m, co0). Then,

for t > x, from Parseval’ s equality (14), transformation (5), and the equality
S*(A) = S7L(N), we obtain

F(:cht)+K(z,t)+/ooK(x,£)F(§+t)d§0, (15)
where
k
Flo+t) = Fg(z+)+ ) _ fole, ) MFfi(t.)), (16)

Fo(o+1) = 417T/|A ol N[E, —S(A)]fg(t,A)mcu

1 _— y . [A—m
+E |>x\>mf0(x7)\)[En_S (MIfo @A) mdA-

Equation (15) will be called the main equation of the inverse problem
of scattering theory. This equation makes it possible to solve the inverse
problem formally. Indeed, the self-adjoint matrix function F'(z+t) is found solely
from the scattering data S(\); Ay, ..., Ap; My, ..., M, and, moreover, equation
(15) has a unique matrix solution K (z,t) for each fixed z € [0,00). Using the
solution K (z,t), by formula (5) we can find the matrix function f(x, A), which
is a solution of an equation of type (1) with

(17)

However, the reasoning carried out above is conditional in nature, since we
assume in advance that the collection of quantities S(A); Ay, ..., A\y; My, ..., M,
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represents the scattering data of a problem of type (1)—(10). Therefore
it is of interest to find conditions such that the collection of quantities
S(A); A, ey Ay My, ..., M, represents the scattering data of a problem of type
(1)—(10). These conditions are given in the following theorem.

Theorem 2. Let a collection of quantities S(A); Ay, ..., Ay; My, ..., M}, be given,
where S(A) is a matrix function of order n, defined on (—oo,—m] and [m, c0);
AL, ...y A are real numbers from the interval (—m,m); My, ..., M, are positive
definite matrices of order n. In order that this collection of quantities represent
the scattering data of a problem of type (1)—(10) with a matrix function Q(z) of
order 2n satisfying condition (3), it is necessary and sufficient that the following
conditions hold:

1°. §*(\) = S~L(\) = S(N).

2°. Each element F ;j of the matrix function Fg(z), defined by formula (20),
belongs to L,(—00,00), and for positive x

|FS (@)] < C/(1 + )%,
where
)2, ifgj<norij>n+1,
P=N1 dti<n, jo>n+1

3°. For each fixed x > 0, the homogeneous equation

ww+/ww@F@+w%=0 (18)

has only the zero vector solution (t) with components in Ly(x,00). Here 9(t)
is a row vector-function with 2n components; F(x + t) is determined through
the quantities S(A); Ay, ..., Ap; My, ..., M}, by formulas (16) and (17).

4°. The number of linearly independent vector solutions with components in
L4(0,00) of the homogeneous equation

ww+/ BE)Fs(E+1)dE =0 (19)
0

coincides with the sum of the ranks of the matrices Mj, ..., M,. Here Fg(z +1t)
is determined through S(A) by formula (17).

5°. The homogeneous equation
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0
() + / BEFs(t+€)dE=0  (—o00<t<0) (20)

has only the zero vector solution with components in L, (—00,0).

5. In conclusion we note that we have also succeeded in solving the inverse
scattering problem in the case when the matrix function Q(z) has singu-

larities of the type
0 Jy1
J*0) x

at zero and at infinity. Here J is a matrix of order n, all of whose elements are
equal to zero, except for the elements lying on the second diagonal, which are
equal to integers.

The author expresses his sincere gratitude to Prof. B. M. Levitan for suggesting
the topic of the work and for discussing the results.
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