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MATHEMATICS

M. B. BARBAN, G. GORDOVER

ON THE MOMENTS OF THE NUMBER OF
CLASSES OF PURELY RADICAL QUADRATIC
FORMS OF NEGATIVE DETERMINANT
(Presented by Academician Yu. V. Linnik, 17 VI 1965)

The question of the order of the sum

∑
𝐷≤𝑁

ℎ𝑛(−𝐷), (1)

where ℎ(−𝑚) is the number of classes of purely radical quadratic forms of neg-
ative determinant, has been studied by many authors. For the case 𝑛 = 1, I. M.
Vinogradov as early as 1917 (1) derived an asymptotic formula with the separa-
tion of two main terms (for the latest results see (2)). The cases 𝑛 = 2, 3 were
considered by A. F. Lavrik (3), and the case 𝑛 = 4, 5 by O. Sarnak (4); moreover,
for these cases the remainder term in (1) had a power saving in comparison with
the main term.

For arbitrary 𝑛, in (5) the formula was proved

∑
𝐷≤𝑁

ℎ𝑛(−𝐷) = 2𝑛+1

𝜋𝑛(𝑛 + 2) 𝑟(𝑛) 𝑁 (𝑛+2)/2 + 𝑂 (𝑁 (𝑛+2)/2𝑒− ln1/2−𝜀 𝑁) ,

where

𝑟(𝑛) =
∞

∑
𝑘=1

𝑘=1 (mod 2)

𝜑(𝑘)𝜏𝑛(𝑘2)
𝑘3 .

A fundamental role in its proof was played by A. Rényi’s theorem (6) on the
displacement of the zeros of Dirichlet 𝐿-series for almost all moduli, obtained
with the aid of Yu. V. Linnik’s “large sieve”method.

In Yu. V. Linnik’s work (7), ideas were put forward that proved useful for the
theory of Dirichlet 𝐿-series for almost all moduli. In particular, A. I. Vinogradov
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in (8), combining these ideas with his own ingenious considerations, proved the
validity of an important mean density hypothesis for additive problems. The
following inequality played the main role in these works:

for 𝑛 ≥ 2

∑
𝑀<𝐷≤2𝑀

∑
𝜒≠𝜒0

∣ ∑
𝑚≤𝑍

𝜒𝐷(𝑚)∣
2𝑛

≪ 𝑀2𝑍𝑛 exp(ln 𝑀)𝜀, (2)

where 𝑀1/𝑛 ≤ 𝑍 ≤ 𝑀1/(𝑛−1), which we shall henceforth call the A. I. Vino-
gradov–Yu. V. Linnik inequality.

In the present note we show that the problem of the moments of the number
of classes of purely radical quadratic forms of negative determinant, even with
a power saving in the remainder term, is a simple consequence of the A. I.
Vinogradov–Yu. V. Linnik inequality.

Theorem. For any fixed 𝑛, the following asymptotic equality holds:

∑
𝐷<𝑁

ℎ𝑛(−𝐷) = 2𝑛+1

𝜋𝑛(𝑛 + 2) 𝑟(𝑛)𝑁 (𝑛+2)/2 + 𝑂(𝑁 (𝑛+2)/2(1−1/5𝑛2)) .

Proof. Gauss’s formula

ℎ(−𝐷) = 2
𝜋

√
𝐷 𝐿(1, 𝐷)

allows us to confine ourselves to studying the sum of powers of values of 𝐿-series
at a single point.

The following formula (see (3)) reduces this question to estimates of 𝐿-series in
the critical strip:

∑
𝐷<𝑁

𝐿𝑛(1, 𝜒𝐷) = 𝑟(𝑛)𝑁− 1
2𝜋𝑖 ∑

𝐷<𝑁
∫

𝛾+𝑖∞

𝛾−𝑖∞
Γ(𝑠−1)𝐿𝑛(𝑠, 𝜒𝐷)𝑃 𝑠−1 𝑑𝑠+𝑂(𝑃 1/2+𝜀)+𝑂(𝑁𝑃 −1/2+𝜀),

(3)

where 1/2 < 𝛾 < 1, and 𝜀 > 0 is arbitrarily small.

But the inequality of A. I. Vinogradov—Yu. V. Linnik makes it possible to
estimate the 𝐿-series well in the critical strip for almost all moduli. Indeed, it
follows from (2) that for all 𝑀 ≤ 𝐷 ≤ 2𝑀 , with the exception of no more than
𝑀1−𝛼 moduli 𝐷, for all nonprincipal characters 𝜒𝐷(mod𝐷) the inequality

𝑆(𝑍) = ∑
𝑚<𝑍

𝜒𝐷(𝑚) ≪ 𝑍1/2𝑀1/2𝑛+𝛼, (4)
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holds, where 𝑀1/𝑛 ≤ 𝑍 ≤ 𝑀1/(𝑛−1), 𝑛 ≥ 2, and the constant implied by the
symbol ≪ depends on 𝑛.

For nonexceptional moduli, using Abel’s transformation and estimate (4), we
obtain

𝐿(𝑠, 𝜒𝐷) ≪ (|𝑡| + 2) (𝑀 (1−𝜎)/𝑛 + 𝑀𝛼−1/2𝑛(𝑛−1)+1−𝜎) . (5)

We now split the interval of summation in the right-hand side of (3) into subin-
tervals of the form (2𝑁/(𝑘 + 1), 2𝑁/𝑘).
For exceptional 𝐷 we shall use the crude estimate

∫
𝛾+𝑖∞

𝛾−𝑖∞
Γ(𝑠 − 1)𝐿𝑘(𝑠, 𝜒𝐷)𝑃 𝑠−1 𝑑𝑠 = (ln𝑛 𝐷).

We obtain

∑
𝑖<ln 𝑁

′
∑

𝑁/2𝑘+1<𝐷<𝑁/2𝑘
∫

𝛾+𝑖∞

𝛾−𝑖∞
Γ(𝑠 − 1)𝐿𝑛(𝑠, 𝜒𝐷)𝑃 𝑠−1 𝑑𝑠 ≪ 𝑁1−𝛼(ln 𝑁)𝑛+1, (6)

where the prime denotes summation over exceptional moduli.

For nonexceptional 𝐷, using (5), we obtain

∑
𝐷<𝑁

∫
𝛾+𝑖∞

𝛾−𝑖∞
Γ(𝑠 − 1)𝐿𝑘(𝑠, 𝜒𝐷)𝑃 𝑠−1 𝑑𝑠 ≪

≪ (𝑁2−𝛾𝑃 𝛾−1 + 𝑁 (𝛼−1/2𝑛(𝑛−1)+1−𝛾)𝑛+1𝑃 𝛾−1) ln 𝑁, (7)

where the constant implied by the symbol ≪ depends on 𝑛.

Putting in (3), (6), and (7) 𝛼 = 1/4𝑛2 = 1 − 𝛾, 𝑃 = 𝑁2−1/2𝑛2 , we obtain

∑
𝐷≤𝑁

𝐿𝑛(1, 𝜒𝐷) = 𝑟(𝑛)𝑁 + 𝑂(𝑁1−1/5𝑛2). (8)

Now the theorem is obvious.
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