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(Presented by Academician 1. N. Vekua, 31 1966)

A system of first-order partial differential equations

U, — AU, — BU =0, (1)

where A, B are real square matrices of order three, and U = (u,v,w) is the
unknown three-component vector, is called a system of composite type in
the domain G if the equation det(A—AE) = 0, where F is the identity matrix,
has in the domain G roots A1 (2), Ao (2), Ag(2) such that Im A, () = 0 in @, while
Im A\y(z) does not vanish for any value z € (. Assuming the matrix A to be

continuously differentiable in @ and taking, for definiteness, Im Ao(z) < 0in G,
system (1) can be reduced to the form

fo =AM fy = Aof +Re(Byyp),

_ (2)
r — Aoy = A1 f + Bip + Cip,

where f = x'U, ¢ = x°U, and ¥/ is a linearly independent solution of the equa-

tion (A" — AE)x = 0, corresponding to A = \;(z), j = 0,1. Let {(x,y) = const

be an integral of the equation dy+ A, (z,y) de = 0. Then, making a transforma-

tion of the independent variables £ = £(z,y), n = n(x, y) with positive Jacobian

in @, system (2) can be reduced to the canonical form:

Iy = Aof +Re(Byp),

_ (3)
e — 1§, = A f + Bip + C1p,
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where p4(€), By(§), B1(£),C,(§) are fully determined complex-valued functions

in the domain G, the image of the domain é’v, with Im p((§) < 0 everywhere in
G, and A(&) is a real-valued function in G.

Regarding the domain G, we shall assume that it is a bounded simply connected
domain whose boundary I' is a simple closed Lyapunov curve, moreover such
that the contour I' has tangents £ = &;, £ = £V at the points M and N, respec-
tively, and every straight line £ = &* with £, < £ < £° intersects I in exactly
two points, while the straight lines ¢ = £ with £* < &, and & > ¢Y have no
common points with I'. Then the points M and N divide the contour I' into
two arcs: v and I' — . We pose the following problem:

Problem A. Find continuously differentiable in G solutions W = (f, ¢) of sys-
tem (3), continuously extendable to the contour I" and satisfying the boundary
conditions:

By(W) =ReAl(ty)p(ty) = h(ty),  to€; (4)
B, (W) = f(ty) + Red(ty)p(ty) = h'(t), lo €7 (5)
By(W) = ay(ty) f(ty) + Rea’(ty)p(ty) = holty), to €l —7, (6)

where a,(t) is real-valued, and A(t), d(t), a®(t) are complex-valued functions,
Holder-continuous on the corresponding parts of the contour I', with-

where
1. =1i = 1 0 =1i = .
lim, ag(t) }L%d(t) 0, tILHé a’(t) thj% A(t) #+ 0, C=M,N
tel'— tey tel'— tey

We shall assume that the following normality conditions are satisfied:

A(t)#0 fortenr; a®(t)#£0 fortel —-. (N)

The problem posed is so general that the general® problem

ag(to) f(to) + Rea®(ty)p(ty) = ho(ty), to €T,
ay(tg) f(ty) + Real (to)p(ty) = hi(ty), to €7,

is easily reduced to it, if

A(t) = a%(t)a, (t) —ag(t)at(t) #£0 for t € ~.
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It is convenient to write system (3) in complex form (1)
1 0

DW) =W, —QW, — AW —B,W =0, Q= o Hotil (8)
fo — 1

Along with system (8), consider the formally adjoint system

D.(V)= Ve +(QV), — A)V = BV =0, (9)

and for it pose the following problem (adjoint to problem A):

Problem A?. Find continuously differentiable in G solutions V' = (ig, ) (g real-
valued) of system (9), continuously extendable to the contour I'" and satisfying
the following homogeneous conditions:

t'(sg) +q(to)t' (50)
NN

Y(tg) =0, to€;

t'(s0) +q(to)t' (50)
2ia0(ty)

’(/}(tO) = 07 tO el'— )
(11)

Bi(V) =& (s9)g(tg) — ag(ty) Im

t'(so) + alto)t’ (o)

I
TR0 )

B5(V) P(tg) =0, typ el —m; (12)

q(t) = (po(t) + 1)/ (uo(t) —9)-

Let G,(t) and G,(t) be certain nonsingular complex-valued square matrices,
prescribed respectively on v and I' — . Then from Green’ s identity

1 [ .
Re//{VD(W) — WD, (V)}d§dn = Re % /W(t’(s) +Qt'(s))V ds
G T
it is not difficult to derive that

Re //G (VD(W) = WD,(V)}dé dn =
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/V‘ {Re(ka) Re (%G;}(t) [t'(s) + Q%W)

2
k=1 k

(G T (GG O () + QEGIV )  ds, 3y =7 5 =T 7.

2i
(13)

If now, as the matrices G;(t), G5(t), one chooses the following nonsingular
matrices by virtue of condition (N):

=3 an) @0= (i win):

and assumes that W = (f, ¢) is a solution of problem A, while V' = (ig,v) is a
solution of problem A?, then from identity (13) it necessarily follows that

[ [t“s);ﬂg”“) v - 3 s’<s>g<t>1 s+ [WWE @g) ds+

* Problem (7) was posed by the author in paper (?).
Thus, we have

Lemma 1. If the homogeneous problem A? has a nonzero solution, then for the
solvability of problem A it is necessary that the right-hand sides satisfy equality
(R).

We shall prove that conditions (R) are also sufficient for the solvability of prob-
lem A. To this end, for simplicity, we shall carry out the proof for the case when
in the equations the matrices A; = By = 0. In this case f = f,(£), where f,(&)
is an arbitrary real function of the variable £, continuous on the closed interval
[0, €0, and (&) is a solution of the Beltrami equation e —q(§)pg = 0.

Using the integral representation

o(6) = ~ / 2(t,€)u(s)x

’/TZF

x(dt + q(t)dt) +iC,
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where Z(t,€) is the Cauchy kernel of the Beltrami equation, we reduce problem
A to the equivalent functional equation

K(p) = Rea’(sg)p(sp) + Reb*(so)p[a(so) ]+

T

+[Rﬂ{“@”2wg¢@wm%@+q@w@ﬂ}mamw

+4M{W%&W%MMWMﬂ®+WW®§MQ%=H%% (14)

iy

where s* = «(s) is a differentiable function determined from the equation £(s) =
5(8*)7 s€7, s" € F—’}/,

M®Z{Awm,se% w@:{“ sem,
a(1(s), s €T —7, —aq(t(s)) dlt(a(s))], 5T~

H(s) = h*(s) + C Im[a*(s) + b*(s)];

h(s) = ho(t(s))7 s€,
ho(t(s)) — ag(t(s)) h'[t(a(s))], s€T —.

Equation (14) is a singular integral equation with shift. Let now V' = (ig, ) be
a nontrivial solution of problem A?. Then g = g,(£), where g, (&) is an arbitrary
real function of the variable £, continuous on the interval [&,,£%], and (&) is
a solution of the equation ¥, — <Q¢)g = 0. Considering the real continuous
function

t'(s) +q(®)t'(s)
. EETNOE Y(t), s€7, -
t'(s) + q(O)t'(s)
To(t) P(t), sel —~,

and taking condition (11) into account, we shall have

_ 2ia*(s)v(s) — 2ib* [OLS)] v[a(s)]
t'(s) +q(t)t'(s)

Y(t) ,  tel. (15")

Hence, using the necessary and sufficient condition (1) that ¢ (¢) be the boundary
value of a solution, continuous in G +1T', of the equation ¢, — (qi/J)g = (0, for the
determination of v(s) we obtain the following homogeneous integral equation
with shift, adjoint to (14):

K'(v) = Rea(sp)v(sg) — Reb*[a(sg)]a’ (sg)v[er(sp) ]+

+/FR8{CNS(’)Z[t(so)7t(S)}+

iy
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b*(sp)

)

+

AZH(So%t(a(SD]}[f(5)+-QU)ﬂ(8ﬂv(8)d8==0- (16)

When condition (V) is fulfilled, equation (14) is normally solvable; for the solv-
ability of equation (14) it is necessary and sufficient that the equalities

/H(s)vj(s) ds =0, i=1,2,..., K, (17)
T

hold, where v;(s),..., v/ (s) is a complete system of linearly independent solu-
tions

equation (16). The characteristic part K° of the operator K has the form

W@EMf@HW+MWWM(N

JrIma*(so)/;A(s)ds Tm b*( so)/ ,u(
77 b 85— 5 s —

Let us compute the index of the operator K. To this end we consider the
singular operator S of normal type (see condition (N)),

_ 1 1 - 1 w(s)ds
500 = Re slog) i o [AEE

The characteristic part K of the operator SK° has the form

K?(N) = u(sy) + Re Mu(a(%)) _ %Im b*(sp) / wu(s)ds .
T

a*(sp) a*(sp) s —a(sg)

We shall prove that Ind KY = 0. For this, noting that b*(s) = 0 for s € v,
b*(a(s)) = 0 for s € vy, one easily verifies the validity of the equality

K)=-K, -K;+T,
where T is a completely continuous operator, and

Ky=5+95,, K;=85 —15,,

where
Si(p) = i‘é[/:(i)jos]’
L bi(sy) Lo b(sy) [ pls)ds
53000 = Re 2oy — L lon) [0
Therefore,

Ind KV = Ind(K, - K3).
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But
=51 Ky, =Ky + 1, =851 K5 = K3 + 15,

where T are completely continuous operators,

Ks(p) = p(sg) —Re 1 m b*(sp) / u(s)ds
T

2a*(sg) Jp 5 — alsg)’

s i 5 [ e

Consequently,
Ind(K; - K3) = Ind(K, - K3) = Ind K?,

since Ind S; = 0. But it is easy to verify that
K, K;=I+T,

where [ is the identity and T is a completely continuous operator, whence it
follows that
Ind K9 = 0.
But then )
Ind K = —Ind S = —{arga*(s)}p.
0

If we now assume that condition (R) is fulfilled, then, by virtue of (11) and (15),
it reduces to the equality

/h*(s)l/(s) ds = 0. (18)

T

If all the numbers

/Im[a*(s) +0*(s)]v;(s) ds, i=1,2,... K,
r

are equal to zero, then conditions (17) and (18) coincide, and our assertion is
proved. If, however, at least one of these numbers is nonzero, then, putting, for
example,

/Im[a*(s) +b*(s)|vy(s)ds = 1,

T
we have

C= —/Fh*(s)ul(s) ds,
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and then condition (17) has the form
/h* ds =0, J=2,3,..., K,

and the sufficiency of condition (R) is completely proved. Moreover, it follows
from this that the index of problem A is equal to

k—k 4+1=IndK + 1.

Thus, if condition (N) is fulfilled, then Theorems 1 and 2 hold.

Theorem 1. For the solvability of problem A it is necessary and sufficient that
condition (R) be fulfilled.

Theorem 2. The index of problem A is computed by the formula

IndA=1+ l{arga*(t)}p
T

In the general case, problem A reduces to equation (14) with an additional term
that is a completely continuous operator, and the results remain unchanged.

Physical-Technical Institute
Academy of Sciences of the Tajik SSR

Received
19 1 1966

REFERENCES
1. I. N. Vekua, Generalized analytic functions, Moscow, 1959.

2. A. Dzhuraev, Dokl. AN TadzhSSR, 7, No. 10, 1 (1964).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196601.58737 Machine Translation


https://sovietrxiv.org/items/ru-196601.58737

	Abstract
	Full Text
	ON MUTUALLY ADJOINT BOUNDARY-VALUE PROBLEMS FOR A SYSTEM OF THREE FIRST-ORDER EQUATIONS OF COMPOSITE TYPE
	REFERENCES


