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SCATTERING OF A PLANE ELECTROMAG-
NETIC WAVE BY MULTIPLE SPHERES
E. A. IVANOV

At the present time only a small number of works are known in which the
problem of diffraction of a plane electromagnetic wave by several spheres is
considered. Such a problem for two spheres was apparently first posed by V.
Trinks [1] in 1934 in connection with the study of the scattering properties of a
homogeneous medium consisting of spherical particles, and was solved by him
for the case of dipole particles in the presence of axial symmetry. An exposition
of V. Trinks’s method as applied to two spheres with a common axis of symmetry,
when the incident wave propagates in the direction of the axis of symmetry, may
also be found in the work of G. Mie [2]*. In the work of O. A. Germogenova [3],
Trinks’s method is extended also to the case of an arbitrary arrangement of
two spheres relative to the wave vector of the incident wave and arbitrary sizes
of the scattering spheres. As a special case, the problem of scattering of a plane
electromagnetic wave by two spheres in the presence of axial symmetry can be
obtained from [4]. Various questions in the theory of diffraction of waves by two
or several spheres are considered theoretically or experimentally, for example,
in the works [5–8] (see the literature review in [9], p. 503).

In the present work a rigorous solution is given of the general problem of diffrac-
tion of a plane linearly polarized electromagnetic wave

E𝑖 = E0𝑒𝑖𝑘nr−𝑖𝜔𝑡, H𝑖 = H0𝑒𝑖𝑘nr−𝑖𝜔𝑡 (1)

(the factor exp(−𝑖𝜔𝑡) will henceforth be omitted everywhere) by several spheres
forming a linear system, under the assumption that they are all perfectly con-
ducting and that the direction of propagation of the wave, determined by the
unit vector n, forms an arbitrary angle 𝛼 with the axis of rotation common to the
spheres. In its mathematical formulation this problem reduces to the solution
of two exterior boundary-value problems for the scalar Helmholtz wave equa-
tion. The exact formulas and the approximate formulas obtained from them,
by which the desired electromagnetic fields are described, are derived by using
a mathematical apparatus generally different from that used in [1, 3], although
at the same time a certain commonality of the ideas underlying the applied
method of solving the problem is preserved. Its justification is also given.

1. Formulation of the problem. Let the Cartesian coordinate system 𝑂𝑥𝑦𝑧
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Fig. 1

Figure 1: Fig. 1

and the local coordinate systems 𝑂𝑗𝑥𝑗𝑦𝑗𝑧𝑗 be associated with the spheres in
such a way that

* In [2] some experimental results are also given, pertaining to the case when
the wave vector is directed at an angle to the line of centers of the spheres.

as shown in Fig. 1 (each sphere is assigned its own index 𝑗, 𝑗 = 1, 2, … , 𝑁). In
addition, local spherical coordinates 𝑟𝑗, 𝜃𝑗, 𝜑𝑗 (𝑗 = 1, … , 𝑁) are assigned to each
sphere, in which the surface of the 𝑗-th sphere is given by the equation 𝑟𝑗 = 𝑎𝑗.
The distance between the centers of two spheres, for example between the 𝑗-th
and the 𝜈-th, is denoted by 𝑙𝑗𝜈. The axis 𝑂𝑧 of the system 𝑂𝑥𝑦𝑧 is the axis of
symmetry of the spheres. The axes 𝑂𝑗𝑥𝑗 (𝑗 = 1, 2, … , 𝑁) are directed so that
they all lie in one plane 𝜑 = 0, coinciding with the plane of propagation of the
wave (the vector n belongs to the plane 𝜑 = 0). It is obvious that, with the
indicated introduction of coordinate systems, 𝜑𝑗 = 𝜑 for all 𝑗. It is also obvious
that if r0𝑗 is the radius vector joining 𝑂 with the origin of the 𝑗-th coordinate
system (the point 𝑂𝑗), then in the coordinates of the 𝑗-th sphere the wave (1)
can be written in the form

E𝑖 = E0𝑒𝑖𝑘nr0𝑗+𝑖𝑘nr𝑗 , H𝑖 = H0𝑒𝑖𝑘nr0𝑗+𝑖𝑘nr𝑗 , (2)

where r𝑗 is the radius vector joining an arbitrary observation point with 𝑂𝑗
(𝑗 = 1, 2, … , 𝑁). In what follows it is assumed that the electric vector E𝑖 of the
field of the incident wave makes an angle 𝛽 with the plane 𝜑 = 0.
Fig. 1

In spherical coordinates the total electromagnetic field E, H, considered as the
sum of the field of the incident wave E𝑖, H𝑖 and the field E𝑠, H𝑠 scattered by
the spheres, can be found, as is known [10, 11], from the relations

E = rot rot(rΠ) + 𝑖𝜔𝜇 rot(rΠ∗),

H = rot rot(rΠ∗) − 𝑖𝜔𝜀 rot(rΠ), r = 𝑟 ⋅ i𝑟, |r| = 𝑟 (3)

(𝜇, 𝜀 are the physical constants of the medium outside the spheres; 𝑘 = 𝜔√𝜇𝜀),
if the electric and magnetic Debye potentials of the total field, which we shall
denote by Π and Π∗, respectively, have first been found (they are related to the
only nonzero radial components, in spherical coordinates, of the electric � and
magnetic �∗ Hertz vectors by the relations Π = Π𝑟/𝑟, Π∗ = Π∗

𝑟/𝑟). Since the
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Debye potentials for a given incident-wave field may be regarded as known (the
form of these potentials, denoted by Π𝑖 and Π∗𝑖, is given below), it is obvious
that the problem of finding the vectors E, H will be solved if the potentials
Π𝑠, Π∗𝑠 of the field E𝑠, H𝑠 scattered by the spheres are found. The latter must
be solutions of the equations

ΔΠ𝑠 + 𝑘2Π𝑠 = 0, ΔΠ∗𝑠 + 𝑘2Π∗𝑠 = 0, (4)

satisfying, on the surface of each sphere, simultaneously the boundary conditions

𝜕
𝜕𝑟𝑗

[𝑟𝑗(Π𝑖 + Π𝑠)] = 0, Π∗𝑖 + Π∗𝑠 = 0 (𝑟𝑗 = 𝑎𝑗, 𝑗 = 1, 2, … , 𝑁). (5)

In addition, Π𝑠 and Π∗𝑠 must satisfy the radiation conditions at infinity.

After solving problem (4)—(5), the components of the field E, H are found from
the equations

𝐸𝑟 = 𝜕2(𝑟Π)
𝜕𝑟2 + 𝑘2(𝑟Π), 𝐻𝑟 = 𝜕2(𝑟Π∗)

𝜕𝑟2 + 𝑘2(𝑟Π∗),

𝐸𝜃 = 1
𝑟

𝜕2(𝑟Π)
𝜕𝑟𝜕𝜃 + 𝑖𝜔𝜇

𝑟 sin 𝜃
𝜕(𝑟Π∗)

𝜕𝜑 ,

𝐻𝜃 = 1
𝑟

𝜕2(𝑟Π∗)
𝜕𝑟𝜕𝜃 − 𝑖𝜔𝜀

𝑟 sin 𝜃
𝜕(𝑟Π)

𝜕𝜑 , (6)

𝐸𝜑 = 1
𝑟 sin 𝜃

𝜕2(𝑟Π)
𝜕𝑟𝜕𝜑 − 𝑖𝜔𝜇

𝑟
𝜕(𝑟Π∗)

𝜕𝜃 ,

𝐻𝜑 = 1
𝑟 sin 𝜃

𝜕2(𝑟Π∗)
𝜕𝑟𝜕𝜑 + 𝑖𝜔𝜀

𝑟
𝜕(𝑟Π)

𝜕𝜃 ,

which are obtained from (3) if the latter are written in one of the coordinate
systems.

2. Solution of the problem. We shall seek the solution of equations (4) in
the form of a sum of 𝑁 expansions:

Π𝑠 =
𝑁

∑
𝑗=1

Π𝑗, (7)
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Π∗𝑠 =
𝑁

∑
𝑛=1

Π∗
𝑗, (8)

where

Π𝑗 = 𝐸0
𝑖𝑘

∞
∑
𝑛=1

𝑛
∑

𝑚=−𝑛
𝑎𝑗

𝑚𝑛 ℎ(1)
𝑛 (𝑘𝑟𝑗) 𝑃 𝑚

𝑛 (cos 𝜃𝑗)𝑒𝑖𝑚𝜑, (9)

Π∗
𝑗 =

𝐸0√ 𝜀
𝜇

𝑖𝑘
∞

∑
𝑛=1

𝑛
∑

𝑚=−𝑛
𝑏𝑗

𝑚𝑛 ℎ(1)
𝑛 (𝑘𝑟𝑗) 𝑃 𝑚

𝑛 (cos 𝜃𝑗)𝑒𝑖𝑚𝜑 (10)

with coefficients 𝑎𝑗
𝑚𝑛, 𝑏𝑗

𝑚𝑛, which are to be determined subsequently from the
boundary conditions (5) (obviously, for each 𝑗 the series (9), (10), with the
correspondingly determined coefficients, express the field scattered by a single
sphere). To find 𝑎𝑗

𝑚𝑛, 𝑏𝑗
𝑚𝑛, we represent the Debye potentials Π𝑖, Π∗𝑖 of the

incident wave in the form of expansions analogous to (9), (10), in terms of the
proper spherical wave functions of the 𝑗-th sphere. For this purpose, along with
the local system 𝑂𝑗𝑥𝑗𝑦𝑗𝑧𝑗, we introduce one more coordinate system 𝑂𝑗𝑥′

𝑗𝑦′
𝑗𝑧′

𝑗,
also associated with the 𝑗-th sphere, whose axis 𝑂𝑗𝑧′

𝑗 is directed along the vector
n, while the axes 𝑂𝑗𝑥′

𝑗, 𝑂𝑗𝑦′
𝑗 form, with the axes 𝑂𝑗𝑥𝑗, 𝑂𝑗𝑦𝑗 of the system

𝑂𝑗𝑥𝑗𝑦𝑗𝑧𝑗, the Euler angles

𝜋
2 − 𝛽 and 3𝜋

2

respectively (the angle between 𝑂𝑗𝑧𝑖 and 𝑂𝑗𝑧′
𝑗 is equal to 𝛼). It is assumed here

that, in the system 𝑂𝑗𝑥′
𝑗𝑦′

𝑗𝑧′
𝑗,

𝐸𝑖′
𝑥′

𝑗
= √𝜇

𝜀 𝐻𝑖′
𝑦′

𝑗
= 𝐸0𝑒𝑖𝑘nr0𝑗𝑒𝑖𝑘𝑧′

𝑗 ,

and

𝐸𝑖′
𝑦′

𝑗
= 𝐸𝑖′

𝑧′
𝑗

= 𝐻𝑖′
𝑥′

𝑗
= 𝐻𝑖′

𝑧′
𝑗

= 0,

as a result of which, in the spherical coordinates 𝑟′
𝑗, 𝜃′

𝑗, 𝜑′
𝑗 (𝑟′

𝑗 = 𝑟𝑗), associated
with the system 𝑂𝑗𝑥′

𝑗𝑦′
𝑗𝑧′

𝑗, the Debye potentials Π𝑖, Π∗𝑖 of the incident-wave field
are given by the expansions [11–13]:

Π𝑖 = 𝐸0
𝑖𝑘 𝑒𝑖𝑘nr0𝑗

∞
∑
𝑛=1

𝑖𝑛 2𝑛 + 1
𝑛(𝑛 + 1)𝑗𝑛(𝑘𝑟𝑗)𝑃 1

𝑛(cos 𝜃′
𝑗) cos𝜑′

𝑗, (11)
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Π∗𝑖 = 𝐸0
𝑖𝑘 √ 𝜀

𝜇 𝑒𝑖𝑘nr0𝑗
∞

∑
𝑛=1

𝑖𝑛 2𝑛 + 1
𝑛(𝑛 + 1)𝑗𝑛(𝑘𝑟𝑗)𝑃 1

𝑛(cos 𝜃′
𝑗) sin𝜑′

𝑗. (12)

In order now to make use of the orthogonality property of the spherical func-
tions on the surface of the 𝑗-th sphere in the boundary conditions (5), it is
necessary first to write the expansions (11), (12) in the coordinates 𝑟𝑗, 𝜃𝑗, 𝜑.
For this purpose one needs the addition formulas for the spherical functions
𝑃 𝑚

𝑛 (cos 𝜃) cos(𝑚𝜑), sin(𝑚𝜑). They can be obtained as special cases of the addi-
tion formula of general form, given in [14, 26] for generalized spherical functions
of the 𝑛-th order 𝑇 𝑛

𝑘𝑚:

𝑇 𝑛
𝑘𝑚(𝜓1, 𝜃1, 𝛾1) =

𝑛
∑

𝑙=−𝑛
𝑇 𝑛

𝑘𝑙(𝜓2, 𝜃2, 𝛾2)𝑇 𝑛
𝑙𝑚(𝜓3, 𝜃3, 𝛾3). (13)

Here 𝑇 𝑛
𝑘𝑚 is defined by the relation

𝑇 𝑛
𝑘𝑚(𝜓, 𝜃, 𝜑) = 𝑒−𝑖𝑘𝜓𝑃 𝑛

𝑘𝑚(𝜃)𝑒−𝑖𝑚𝜑, (14)

where, in turn,

𝑃 𝑛
𝑘𝑚(𝜃) = (−1)𝑛−𝑘𝑖𝑚−𝑘

2𝑛(𝑛 − 𝑘)! √(𝑛 − 𝑘)!(𝑛 + 𝑚)!
(𝑛 + 𝑘)!(𝑛 − 𝑚)! (1 − 𝜇)− 𝑚−𝑘

2

× (1 + 𝜇)− 𝑚+𝑘
2

𝑑 𝑛−𝑚

𝑑𝜇𝑛−𝑚 [(1 − 𝜇)𝑛−𝑘(1 + 𝜇)𝑛+𝑘] , (15)

(𝜇 = cos 𝜃)

and where the function 𝑃 𝑛
𝑘𝑚(𝜃) for 𝑘 = 0 is expressed through the associated

Legendre function 𝑃 𝑚
𝑛 (cos 𝜃) by the equality

𝑃 𝑛
0𝑚(𝜃) = 𝑃 𝑛

0,−𝑚(𝜃) = 𝑖−𝑚√(𝑛 − 𝑚)!
(𝑛 + 𝑚)! 𝑃 𝑚

𝑛 (cos 𝜃). (16)

The generalized spherical functions 𝑇 𝑛
𝑘𝑚 are the elements of the matrix

‖𝑇 𝑛
𝑘𝑚(𝜓, 𝜃, 𝜑)‖ (𝑘, 𝑚 = −𝑛, … , 𝑛). They are defined on the surface of the sphere

and belong to the space of functions in which the irreducible representation
of weight 𝑛 of the rotation group of three-dimensional space (the sphere) is
realized; 𝜓, 𝜃, 𝜑 are Euler angles. In what follows we shall need the following
properties of the generalized spherical functions:
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𝑃 𝑛
𝑘𝑚(𝜃) = {0, if 𝑘 ≠ 𝑚,

1, if 𝑘 = 𝑚, 𝜇 = cos 𝜃, 𝜃 = 0, (17)

𝑃 𝑛
𝑘𝑚(𝜃) = (−1)𝑛, 𝑘 = −𝑚, 𝜇 = cos 𝜃, 𝜃 = 𝜋.

In addition,

𝑇 𝑛
𝑚𝑚(0, 0, 0) = 1, 𝑇 𝑛

−𝑘,−𝑚(𝜓, 𝜃, 𝜑) = 𝑇 𝑛
𝑘𝑚(−𝜓, 𝜃, −𝜑),

𝑃 𝑛
𝑘𝑚(𝜃) = 𝑃 𝑛

𝑚𝑘(𝜃).

If in (13) we put 𝑘 = 0 and use (14), (16), then, as applied to our problem, we
find that

𝑃 𝑚
𝑛 (cos 𝜃′

𝑗)𝑒−𝑖𝑚𝜑′
𝑗 = 𝑖𝑚√(𝑛 + 𝑚)!

(𝑛 − 𝑚)!×

×
𝑛

∑
𝑙=−𝑛

𝑇 𝑛
−𝑙,𝑚(𝜓1, 𝜃1, 𝜑1)(−𝑖)𝑙√(𝑛 − 𝑙)!

(𝑛 + 𝑙)! 𝑃 𝑙
𝑛(cos 𝜃𝑗)𝑒𝑖𝑙𝜑 (18)

or, if we use the relation [15],

𝑃 −𝑚
𝑛 (𝑥) = (−1)𝑚 (𝑛 − 𝑚)!

(𝑛 + 𝑚)!𝑃
𝑚
𝑛 (𝑥), (19)

𝑃 𝑚
𝑛 (cos 𝜃′

𝑗)𝑒𝑖𝑚𝜑′
𝑗 = 𝑖𝑚√(𝑛 + 𝑚)!

(𝑛 − 𝑚)!
𝑛

∑
𝑙=−𝑛

𝑇 𝑛
−𝑙,−𝑚(𝜓1, 𝜃1, 𝜑1)×

×(−𝑖)𝑙√(𝑛 − 𝑙)!
(𝑛 + 𝑙)! 𝑃 𝑙

𝑛(cos 𝜃𝑗)𝑒𝑖𝑙𝜑, (20)

where

𝜓1 = 𝜋
2 − 𝛽, 𝜃1 = 𝛼, 𝜑1 = 3𝜋

2 .

From (18), (20) we obtain that
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𝑃 𝑚
𝑛 (cos 𝜃′

𝑗) cos𝑚𝜑′
𝑗 =

𝑛
∑

𝑙=−𝑛
𝐿𝑛

𝑙𝑚𝑃 𝑙
𝑛(cos 𝜃𝑗)𝑒𝑖𝑙𝜑,

(21)

𝑃 𝑚
𝑛 (cos 𝜃′

𝑗) sin𝑚𝜑′
𝑗 =

𝑛
∑

𝑙=−𝑛
𝐿∗𝑛

𝑙𝑚𝑃 𝑙
𝑛(cos 𝜃𝑗)𝑒𝑖𝑙𝜑,

where we have set

𝐿𝑛
𝑙𝑚 = 1

2𝑖𝑚−𝑙 {(𝑛 + 𝑚)!(𝑛 − 𝑙)!
(𝑛 − 𝑚)!(𝑛 + 𝑙)!}

1/2
(𝑇 𝑛

−𝑙,−𝑚 + 𝑇 𝑛
−𝑙,𝑚) , (22)

𝐿∗𝑛
𝑙𝑚 = 𝑖𝑚−𝑙−1

2 {(𝑛 + 𝑚)!(𝑛 − 𝑙)!
(𝑛 − 𝑚)!(𝑛 + 𝑙)!}

1/2
(𝑇 𝑛

−𝑙,−𝑚 − 𝑇 𝑛
−𝑙,𝑚) . (23)

On the basis of (21), the expansions (11), (12) in the coordinates 𝑟𝑗, 𝜃𝑗, 𝜑 are
written in the form

Π𝑖 = 𝐸0𝑒𝑖𝑘nr0𝑗

𝑖𝑘
∞

∑
𝑛=1

𝑛
∑

𝑚=−𝑛
𝑖𝑛 2𝑛 + 1

𝑛(𝑛 + 1)𝐿𝑛
𝑚1𝑗𝑛(𝑘𝑟𝑗)𝑃 𝑚

𝑛 (cos 𝜃)𝑒𝑖𝑚𝜑, (24)

Π∗𝑖 =
𝐸0√ 𝜀

𝜇 𝑒𝑖𝑘nr0𝑗

𝑖𝑘
∞

∑
𝑛=1

𝑛
∑

𝑚=−𝑛
𝑖𝑛 2𝑛 + 1

𝑛(𝑛 + 1)𝐿∗𝑛
𝑚1𝑗𝑛(𝑘𝑟𝑗)𝑃 𝑚

𝑛 (cos 𝜃𝑗)𝑒𝑖𝑚𝜑. (25)

In order to write the wave functions ℎ(1)
𝑛 (𝑘𝑟𝜈)𝑃 𝑚

𝑛 (cos 𝜃𝜈), which enter into (7),
(8) and are written in the coordinates of the 𝜈-th sphere, in the coordinates of
the 𝑗-th sphere, we apply the addition theorem for spherical wave functions

ℎ(1)
𝑛 (𝑘𝑟𝜈)𝑃 𝑚

𝑛 (cos 𝜃𝜈) =
∞

∑
𝑞=0

𝑄𝑚𝑞𝑚𝑛(𝑟𝜈𝑗, 𝜃𝜈𝑗)𝑗𝑞(𝑘𝑟𝑗)𝑃 𝑚
𝑞 (cos 𝜃𝑗), 𝑟𝜈𝑗 > 𝑟𝑗, (26)

where

𝑄𝑚𝑞𝑚𝑛 = 2𝑖𝑞−𝑛

𝑁𝑚𝑞

𝑛+𝑞
∑

𝜎=|𝑛−𝑞|
𝑖𝜎𝑏(𝑞𝑚𝑛𝑚)

𝜎 ℎ(1)
𝜎 (𝑘𝑙𝜈𝑗)𝑃𝜎(cos 𝜃𝜈𝑗), 𝑙𝜈𝑗 = 𝑟𝜈𝑗 (27)
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(𝑟𝜈𝑗, 𝜃𝜈𝑗 are the spherical coordinates of the point 𝑂𝑗 in the coordinate system
with origin at the point 𝑂𝜈). Formula (26) can be obtained as a special case
of formula (13) in [16]∗ when the spheroidal coordinates there degenerate into
spherical ones, when 𝑐 → 0. Here 𝑏𝜎 denotes the expansion coefficients [16]

𝑃 𝑚
𝑞 (cos 𝜃)𝑃 𝑚

𝑛 (cos 𝜃) =
𝑞+𝑛
∑

𝜎=|𝑞−𝑛|
𝑏(𝑞𝑚𝑛𝑚)

𝜎 𝑃𝜎(cos 𝜃), (28)

where

𝑏(𝑞𝑚𝑛𝑚)
𝜎 = (−1)𝑚√(𝑞 + 𝑚)!(𝑛 + 𝑚)!

(𝑞 − 𝑚)!(𝑛 − 𝑚)!(𝑞𝑛00 ∣ 𝜎0)(𝑞𝑛𝑚, −𝑚 ∣ 𝜎0), (29)

where (𝑛1𝑛2𝑚1𝑚2 ∣ 𝑛𝑚), 𝑛 = 𝑛1 + 𝑛2, 𝑚 = 𝑚1 + 𝑚2, is the symbolic notation
for the Clebsch—Gordan coefficients, whose explicit form is given, for example,
in [14, 20] (various forms of their expression can be found in [21]). On the basis
of (26), the series for Π𝜈, Π∗

𝜈 from (7), (8) are written in the coordinates of the
𝑗-th sphere in the form

Π𝜈 = 𝐸0
𝑖𝑘

∞
∑
𝑛=0

𝑛
∑

𝑚=−𝑛

∞
∑
𝑞=0

𝑎𝜈
𝑛𝑚𝑄𝑚𝑞𝑚𝑛𝑗𝑞(𝑘𝑟𝑗)𝑃 𝑚

𝑞 (cos 𝜃𝑗)𝑒𝑖𝑚𝜑, (30)

Π∗
𝜈 =

𝐸0√ 𝜀
𝜇

𝑖𝑘
∞

∑
𝑛=0

𝑛
∑

𝑚=−𝑛

∞
∑
𝑞=0

𝑏𝜈
𝑛𝑚𝑄𝑚𝑞𝑚𝑛𝑗𝑞(𝑘𝑟𝑗)𝑃 𝑚

𝑞 (cos 𝜃𝑗)𝑒𝑖𝑚𝜑. (31)

∗ In another form, the addition theorem is given, for example, in [18–19]. It can
also be obtained from [17].

If we now satisfy the boundary conditions (5), then, on the basis of (24), (25), (7)
—(10) and (30), (31), as well as the orthogonality property of spherical functions
on the surface of the 𝑗-th sphere, for the coefficients 𝑎𝑗

𝑚𝑛, 𝑏𝑗
𝑚𝑛 we obtain infinite

systems of linear equations

𝑎𝑗
𝑚𝑛 +

𝑁
∑
𝜈=1
𝜈≠𝑗

∞
∑
𝑞=0

𝛼𝜈𝑗
𝑚𝑛𝑞𝑎𝜈

𝑚𝑞 = 𝑓𝑗
𝑚𝑛, (32)

(|𝑚| ≤ 𝑛; 𝑗 = 1, 2, … , 𝑁),
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𝑏𝑗
𝑚𝑛 +

𝑁
∑
𝜈=1
𝜈≠𝑗

∞
∑
𝑞=0

𝛽𝜈𝑗
𝑚𝑛𝑞𝑏𝜈

𝑚𝑞 = 𝜑𝑗
𝑚𝑛, (33)

where

𝛼𝜈𝑗
𝑚𝑛𝑞 = 𝜓′

𝑛(𝑘𝑎𝑗)
𝜉(1)′

𝑛 (𝑘𝑎𝑗)
𝑄𝑚𝑛𝑚𝑞, 𝛽𝜈𝑗

𝑚𝑛𝑞 = 𝜓𝑛(𝑘𝑎𝑗)
𝜉(1)

𝑛 (𝑘𝑎𝑗)
𝑄𝑚𝑛𝑚𝑞, (34)

𝑓𝑗
𝑚𝑛 = −𝑒𝑖knr0𝑗𝑖𝑛 2𝑛 + 1

𝑛(𝑛 + 1) 𝐿𝑛
𝑚1

𝜓′
𝑛(𝑘𝑎𝑗)

𝜉(1)′
𝑛 (𝑘𝑎𝑗)

, (35)

𝜑𝑗
𝑚𝑛 = −𝑒𝑖knr0𝑗𝑖𝑛 2𝑛 + 1

𝑛(𝑛 + 1) 𝐿∗𝑛
𝑚1

𝜓𝑛(𝑘𝑎𝑗)
𝜉(1)

𝑛 (𝑘𝑎𝑗)
. (36)

Here, in Debye’s notation,

𝜓𝑛(𝑥) = 𝑥𝑗𝑛(𝑥) = √2𝑥
𝜋 𝐽𝑛+1/2(𝑥), (37)

𝜉(1)(𝑥) = 𝑥ℎ(1)
𝑛 (𝑥) = √2𝑥

𝜋 𝐻(1)
𝑛+1/2(𝑥). (38)

If in (32), (33) we make a change of unknowns, putting

𝑎𝑗
𝑚𝑛 = 𝜓′

𝑛(𝑘𝑎𝑗)𝐴𝑗
𝑚𝑛, 𝑏𝑗

𝑚𝑛 = 𝜓𝑛(𝑘𝑎𝑗)𝐵𝑗
𝑚𝑛, (39)

then, after substituting (39) into (32), (33), for the new unknowns 𝐴𝑗
𝑚𝑛 and

𝐵𝑗
𝑚𝑛 we obtain the systems

𝐴𝑗
𝑚𝑛 +

𝑁
∑
𝜈=1
𝜈≠𝑗

∞
∑
𝑞=0

𝛾𝜈𝑗
𝑚𝑛𝑞𝐴𝜈

𝑚𝑞 = 𝐹 𝑗
𝑚𝑛, (40)

𝐵𝑗
𝑚𝑛 +

𝑁
∑
𝜈=1
𝜈≠𝑗

∞
∑
𝑞=0

𝛿𝜈𝑗
𝑚𝑛𝑞𝐵𝜈

𝑚𝑞 = Φ𝑗
𝑚𝑛, (41)

where

𝛾𝜈𝑗
𝑚𝑛𝑞 = 𝜓′

𝑞(𝑘𝑎𝜈)𝛼𝜈𝑗
𝑚𝑛𝑞/𝜓′

𝑛(𝑘𝑎𝑗), 𝐹 𝑗
𝑚𝑛 = 𝑓𝑗

𝑚𝑛/𝜓′
𝑛(𝑘𝑎𝑗), (42)
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𝛿𝜈𝑗
𝑚𝑛𝑞 = 𝜓𝑞(𝑘𝑎𝜈)𝛽𝜈𝑗

𝑚𝑛𝑞/𝜓𝑛(𝑘𝑎𝑗), Φ𝑗
𝑚𝑛 = 𝜑𝑗

𝑚𝑛/𝜓𝑛(𝑘𝑎𝑗), (43)

which, for any value of |𝑚| ≤ 𝑛, are quasiregular and are uniquely solvable by
the method of reduction [22]. The proof of this assertion can be carried out
according to the same scheme as ⋯

for example, in [4]. Indeed, it is not difficult to show that, for any 0 ≤ 𝑚 ≤ 𝑛,
the elements of the matrix of system (41) (since systems (40) and (41) have, in
principle, the same structure, it will suffice below to consider one of them, for
example (41)) satisfy the inequality

∣𝛿𝑣𝑗
𝑚𝑛𝑞∣ < 𝐶 (𝑛 + 𝑞)!

(𝑞 + 𝑚)!(𝑛 − 𝑚)! ( 𝑎𝑗
𝑙𝑣𝑗

)
𝑛−𝑚

( 𝑎𝑣
𝑙𝑣𝑗

)
𝑞+𝑚

, 𝐶 = const, (44)

and the right-hand sides of the inequality

∣Φ𝑗
𝑚𝑛∣ < const 𝑔𝑛, 0 < 𝑔 < 1 (45)

(the case of negative 𝑚 is discussed below). Thus, turning to (27), we find that

∣𝑄𝑚𝑛𝑚𝑞∣ ≤ (2𝑞 + 1)!(𝑞 − 𝑚)!
(𝑞 + 𝑚)!

𝑛+𝑞
∑

𝜎=|𝑛−𝑞|
|𝑏𝜎| ⋅ |ℎ(1)

𝜎 (𝑘𝑙𝑣𝑗)|,

where, as follows from (28),

𝑏𝜎 = 2𝜎 + 1
2 ∫

𝜋

0
𝑃 𝑚

𝑞 (cos 𝜃) 𝑃 𝑚
𝑛 (cos 𝜃) 𝑃𝜎(cos 𝜃) sin 𝜃 𝑑𝜃,

or, if the mean-value theorem is applied here,

𝑏𝜎 = 2𝜎 + 1
2 𝜋𝑃 𝑚

𝑞 (cos 𝜃∗)𝑃 𝑚
𝑛 (cos 𝜃∗)𝑃𝜎(cos 𝜃∗) sin 𝜃∗, (46)

where 0 < 𝜃∗ < 𝜋. Since, for 0 < 𝜃∗ < 𝜋,

|𝑃 ±𝑚
𝑛 (cos 𝜃∗)| ≤ const (𝑛 ± 𝑚)!√𝑛 𝑛! (47)

(if 𝑛 ≥ 1, 𝑛 − 𝑚 + 1 > 0, 𝑚 ≥ 0, [23, 15]), it follows from (46) that

|𝑏𝜎| ≤ const1(2𝜎 + 1)(𝑛 + 𝑚)!(𝑞 + 𝑚)!√𝜎𝑛𝑞 𝑛!𝑞! , (48)
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and therefore

∣𝑄𝑚𝑛𝑚𝑞∣ < const2
(2𝑞 + 1)(𝑞 − 𝑚)!(𝑛 + 𝑚)!√𝑛 + 𝑞√𝑛𝑞 𝑛!𝑞! ∣ℎ(1)

𝑛+𝑞(𝑘𝑙𝑣𝑗)∣ , (49)

since

𝑛+𝑞
∑

𝜎=|𝑛−𝑞|

2𝜎 + 1√𝜎 ∣ℎ(1)
𝜎 (𝑘𝑙𝑣𝑗)∣ < const3

√𝑛 + 𝑞 ∣ℎ(1)
𝑛+𝑞(𝑘𝑙𝑣𝑗)∣

(see, for example, [4]). Now using the asymptotic formulas, with respect to 𝑛,
for the spherical Bessel functions 𝑗𝑛(𝑥), ℎ(1)

𝑛 (𝑥), and Stirling’s formula 𝑛! ∼√
2𝜋𝑛 𝑛𝑛𝑒−𝑛, by the same method as in [4] we find that, for all 𝑛 and 𝑞 and

any 0 ≤ 𝑚 ≤ 𝑛, 𝑞, inequality (44) holds (taking into account here that 𝑛! ≤
const4

√𝑛 𝑛𝑛𝑒−𝑛 for all 𝑛 ≥ 0).
From the unitarity of the matrix ‖𝑇 𝑛

𝑘𝑚‖ it follows that [14]

𝑛
∑

𝑚=−𝑛
|𝑇 𝑛

𝑘𝑚|2 =
𝑛

∑
𝑚=−𝑛

|𝐷𝑛
𝑘𝑚|2 = 1 (𝑘 = −𝑛, … , 𝑛), (50)

whence, in turn, follows the boundedness in modulus of its elements—for all 𝑛
and 𝑚, 𝑘 = −𝑛, … , 𝑛, and, obviously, |𝑇 𝑛

𝑘𝑚| ⩽ 1. Therefore, for the quantity
𝐿∗𝑛

𝑚𝑙 from (36) one obtains the inequality

|𝐿∗𝑛
𝑚𝑙| ⩽ {(𝑛 + 1)!(𝑛 − 𝑚)!

(𝑛 − 1)!(𝑛 + 𝑚)!}
1/2

, (50’)

on the basis of which

|Φ𝑗
𝑚𝑛| ⩽ const5

(2𝑛 + 1) {(𝑛 − 𝑚)!
(𝑛 + 𝑚)!}

1/2

√𝑛(𝑛 + 1) ∣ℎ(1)
𝑛 (𝑘𝑎𝑗)∣

. (51)

Considering first the right-hand side of (51) for sufficiently large 𝑛, for which
the asymptotic formula for the function ℎ(1)

𝑛 (𝑥) and Stirling’s formula for the
factorials are valid, we then find that the inequality (45) is already satisfied for
all 𝑛 and 0 ⩽ 𝑚 ⩽ 𝑛.
In the case of negative values of 𝑚 (0 < −𝑚 ⩽ 𝑛), in system (41) replace 𝑚 by
−𝑚′, where now 𝑚′ > 0. Then, on the basis of (57′) given below, from (41) we
have
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𝐵𝑗
−𝑚′, 𝑛 +

𝑁
∑
𝜈=1
𝜈≠𝑗

∞
∑
𝑞=0

𝛿𝜈𝑗
𝑚′𝑛𝑞

(𝑞 − 𝑚′)!(𝑛 + 𝑚′)!
(𝑞 + 𝑚′)!(𝑛 − 𝑚′)! 𝐵𝜈

−𝑚′, 𝑞 = Φ𝑗
−𝑚′, 𝑛

or

𝐵 𝑗
𝑚′𝑛 +

𝑁
∑
𝜈=1
𝜈≠𝑗

∞
∑
𝑞=0

𝛿𝜈𝑗
𝑚′𝑛𝑞 𝐵 𝜈

𝑚′𝑞 = Φ 𝑗
𝑚′𝑛, (51’)

where

𝐵 𝑗
𝑚′𝑛 = (𝑛 − 𝑚′)!

(𝑛 + 𝑚′)! 𝐵𝑗
−𝑚′, 𝑛, Φ 𝑗

𝑚′𝑛 = (𝑛 − 𝑚′)!
(𝑛 + 𝑚′)! Φ𝑗

−𝑚′, 𝑛. (51”)

The matrix of coefficients of system (51′) is the same as that of system (41). It is
not difficult to verify, on the basis of (51″) and (50′), that Φ 𝑗

𝑚′𝑛 ∈ 𝑙2. Therefore
all the further arguments connected with system (41), considered for 𝑚 ⩾ 0,
will apply equally to system (51′), and thereby to the case of negative values of
𝑚 in (41).

The matrix composed of the right-hand sides (44) with respect to 𝑛, 𝑞 obviously
forms a completely continuous form in the Hilbert space 𝑙2, since for it the
condition

∞
∑
𝑛,𝑞

[ (𝑛 + 𝑞)!
(𝑞 + 𝑚)!(𝑛 − 𝑚)! (𝑎𝑗

𝑙0
)

𝑛−𝑚
(𝑎𝜈

𝑙0
)

𝑞+𝑚
]

2

< ∞, 𝑙0 = min
𝜈,𝑗

𝑙𝜈𝑗, (52)

is satisfied if one assumes that 𝑙0 > 𝑎𝜈 +𝑎𝑗, i.e., that the spheres with numbers 𝜈
and 𝑗 (𝜈, 𝑗 = 1, 2, … , 𝑁) do not touch. The right-hand sides of (45) are elements
of the space 𝑙2, since ∑∞

𝑛 |𝑔𝑛|2 < ∞. Therefore, if instead of system (41) one
considers the system with coefficient matrix composed of the right-hand sides
(44) and with free terms having the form of the right-hand side of (45), then
Hilbert’s alternative on the solvability of infinite systems of linear equations
is applicable to it: such a system is either uniquely solvable and its solution
belongs to 𝑙2, or it has nontrivial solutions belonging to 𝑙2, corresponding to it

homogeneous system [22]. If such a system is taken as a majorant for system (41),
then, on the basis of the comparison theorems for infinite systems, this Hilbert
proposition can also be carried over to system (41). It is further evident that the
homogeneous system corresponding to the inhomogeneous system (41) cannot
have nontrivial solutions, since the assumption of their existence would in turn
mean the existence of eigenoscillations in the exterior domain in the presence of
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the radiation conditions, which, as is known (see, for example, p. 171, and also
the translator’s editorial note [11] on p. 224), contradicts the unique solvability
of the exterior boundary-value problem in the case of a real parameter 𝑘. Thus,
from the above it follows that system (41) is uniquely solvable and its solution,
for any 0 ≤ 𝑚 ≤ 𝑛, will satisfy the condition

∞
∑

𝑛
|𝐵𝑗

𝑚𝑛|2 < ∞.

Since the majorizing system is quasiregular, (41) is also a quasiregular system
and its solution can be found by the method of reduction with any prescribed
accuracy.

Without any changes in the reasoning, the solvability by the method of reduction
is proved also for system (40), whose solution satisfies the condition

∞
∑

𝑛
|𝐴𝑗

𝑚𝑛|2 < ∞

uniformly with respect to 0 ≤ 𝑚 ≤ 𝑛.
If we now turn to the series (9), (10) and make there the substitution (39),
then, on the basis of (47) and the fact established above that the coeffi-
cients*) 𝐴𝑗

𝑚𝑛, 𝐴𝑗
𝑚′𝑛, 𝐵𝑗

𝑚𝑛, 𝐵𝑗
𝑚′𝑛 are uniformly bounded with respect to 𝑛 and

0 ≤ 𝑚, 𝑚′ ≤ 𝑛, it is easy to prove the absolute and uniform convergence of
the series (9), (10) and of the series obtained from them by differentiation
with respect to 𝑟, 𝜃, 𝜑 at any point outside the spheres, where 𝑟𝑗 > 𝑎𝑗. This
proves the existence of a solution of problem (4)—(5) in the form (7), (8), which
is unique by virtue of the uniqueness of the determination of the coefficients
𝐴𝑗

𝑚𝑛, 𝐵𝑗
𝑚𝑛, 𝐴𝑗

𝑚′𝑛, 𝐵𝑗
𝑚′𝑛.

To obtain numerical results, owing to the uniform convergence of the series (9),
(10), the required computational accuracy can be achieved if in (9), (10) only
a finite number of the first terms (with respect to 𝑛) is retained, depending in
each case on the value of the parameter 𝑘𝑎. In exactly the same way, in solving
systems (40), (41), owing to their solvability by the method of reduction and
the convergence of the computational process, for the computation with the
required degree of accuracy of the coefficients 𝐴𝑗

𝑚𝑛, 𝐵𝑗
𝑚𝑛 in each case (for each

|𝑚| ≤ 𝑛) one in fact assumes finiteness of the values of 𝑛 and 𝑞. On the basis
of these considerations it appears possible to apply in (34), for sufficiently large
𝑙 = min 𝑙𝜈𝑗, the formula asymptotic with respect to 𝑘𝑙𝜈𝑗,

ℎ(1)
𝜎 (𝑘𝑙𝜈𝑗) = (−𝑖)𝜎+1𝑒𝑖𝑘𝑙𝜈𝑗/𝑘𝑙𝜈𝑗 (53)

under the assumption that 𝑘𝑙𝜈𝑗 ≫ 1, 𝑘𝑙𝜈𝑗 ≫ 𝜎, where |𝑛 − 𝑞| ≤ 𝜎 ≤ 𝑛 + 𝑞, and
then, in the approximation under consideration,
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𝑄𝑚𝑛𝑚𝑞 = 𝑒𝑖𝑘𝑙𝜈𝑗

𝑘𝑙𝜈𝑗

2𝑖𝑛−𝑞−1

𝑁𝑚𝑛
∑

𝜎
𝑏(𝑛𝑚𝑞𝑚)

𝜎 𝑃𝜎(cos 𝜃𝜈𝑗) =

*) 𝐴𝑗
𝑚′𝑛 are related to 𝐴𝑗

𝑚𝑛 (−𝑚 = 𝑚′, 𝑚′ > 0) by the relation

𝐴𝑗
𝑚′𝑛 = (𝑛 − 𝑚′)!

(𝑛 + 𝑚′)! 𝐴𝑗
−𝑚′𝑛.

=
⎧{
⎨{⎩

0, 𝑚 ≠ 0,
𝑒𝑖𝑘𝑙𝑣𝑗

𝑘𝑙𝑣𝑗

2𝑖𝑛−𝑞−1

𝑁𝑚𝑛
𝑃 𝑚

𝑛 (cos 𝜃𝑣𝑗)𝑃 𝑚
𝑞 (cos 𝜃𝑣𝑗), 𝑚 = 0,

(54)

since, on the basis of (28),

∑
𝜎

𝑏(𝑛𝑚𝑞𝑚)
𝜎 𝑃𝜎(cos 𝜃𝑣𝑗) = 𝑃 𝑚

𝑛 (cos 𝜃𝑣𝑗)𝑃 𝑚
𝑞 (cos 𝜃𝑣𝑗),

where 𝜃𝑣𝑗 = 0 or 𝜋, while 𝑃 𝑚
𝑛 (±1) = 0 if 𝑚 ≠ 0. In this case the solutions of

systems (40), (41) will approximately be given by the formulas

𝐴𝑗
𝑚𝑛 = 𝐹 𝑗

𝑚𝑛, 𝐵𝑗
𝑚𝑛 = Φ𝑗

𝑚𝑛, 𝑚 ≠ 0. (55)

For 𝑚 = 0, 𝐹 𝑗
0𝑛 ≡ 0 with respect to 𝑛, since, on the basis of (16), (22), in this

case

𝐿𝑛
01 = 𝑖

2√𝑛(𝑛 + 1)(𝑇 𝑛
0,−1 + 𝑇 𝑛

01) =

= 𝑖
2√𝑛(𝑛 + 1)𝑃 𝑛

01(𝑒𝑖𝜏 + 𝑒−𝑖𝜏) = 0 (𝜏 = 3𝜋/2),

and then, by virtue of the absence of nontrivial solutions of the homogeneous
system corresponding to the inhomogeneous system (40), 𝐴𝑗

0𝑛 = 0. From (23)
we find that for 𝑚 = 0

𝐿∗𝑛
01 = 1

2√(𝑛 + 1)𝑛 𝑃 𝑛
01(𝑒𝑖𝜏 − 𝑒−𝑖𝜏) = −𝑖√𝑛(𝑛 + 1)𝑃 𝑛

01 =

= −𝑃 1
𝑛(cos𝛼).

Therefore, to determine 𝐵𝑗
0𝑛 one should solve system (41), where approximately
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𝛿𝑣𝑗
0𝑛𝑞 = 2𝑖𝑛−𝑞−1

𝑁0𝑛

𝑒𝑖𝑘𝑙𝑣𝑗

𝑘𝑙𝑣𝑗

𝜓𝑞(𝑘𝑎𝑣)
𝜁(1)

𝑛 (𝑘𝑎𝑗)
𝑃𝑛(cos 𝜃𝑣𝑗)𝑃𝑞(cos 𝜃𝑣𝑗),

Φ𝑗
0𝑛 = 𝑒𝑖𝑘𝑛𝑟0𝑗

𝑖𝑛(2𝑛 + 1)
𝑛(𝑛 + 1)

𝑃 1
𝑛(cos𝛼)

𝜁(1)
𝑛 (𝑘𝑎𝑗)

.

Systems (40) and (41) are also considerably simplified in the case when the wave
incident on the spheres propagates along the axis of symmetry of the spheres.
In this case 𝛼 = 0 or 𝛼 = 𝜋, and therefore, on the basis of (17), the right-hand
sides of systems (40) and (41) will be identically equal to zero for all 𝑚 ≠ ±1,
and then

𝐴𝑗
𝑚𝑛 = 𝐵𝑗

𝑚𝑛 = 0 (𝑚 ≠ ±1).

For definiteness, let 𝛼 = 0. Then in the system 𝑂𝑗𝑥𝑗𝑦𝑗𝑧𝑗 the Debye potentials
of the field of the incident wave are written in the form:

Π𝑖 = 𝐸0
𝑖𝑘 𝑒𝑖𝑘𝑛𝑟0𝑗 cos(𝜑 − 𝛽)

∞
∑
𝑛=1

𝑖𝑛 2𝑛 + 1
𝑛(𝑛 + 1)𝑗𝑛(𝑘𝑟𝑗)𝑃 1

𝑛(cos 𝜃𝑗),

Π∗𝑗 = 𝐸0
𝑖𝑘 √ 𝜀

𝜇 𝑒𝑖𝑘nr0𝑗 sin(𝜑 − 𝛽)
∞

∑
𝑛=1

𝑖𝑛 2𝑛 + 1
𝑛(𝑛 + 1)×

×𝑗𝑛(𝑘𝑟𝑗)𝑃 1
𝑛(cos 𝜃𝑗).

It is not difficult to show that in this case the following relation exists between
the coefficients 𝐴𝑗

−1,𝑛 and 𝐴𝑗
1𝑛, as well as 𝐵𝑗

−1,𝑛 and 𝐵𝑗
1𝑛:

𝐴𝑗
−1,𝑛 = −𝐴𝑗

1𝑛
(𝑛 + 1)!
(𝑛 − 1)!𝑒

𝑖2𝛽, (56)

𝐵𝑗
−1,𝑛 = 𝐵𝑗

1𝑛
(𝑛 + 1)!
(𝑛 − 1)!𝑒

𝑖2𝛽. (57)

Indeed, from (28) and (19) it follows that

𝑏(𝑞𝑚𝑛𝑛)
𝑔 = (𝑞 + 𝑚)!(𝑛 + 𝑚)!

(𝑞 − 𝑚)!(𝑛 − 𝑚)! 𝑏(𝑞,−𝑚,𝑛,−𝑚)
𝑔 ,

and then from (27) we find that
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𝑄−𝑚,𝑛,−𝑚,𝑞 = (𝑞 − 𝑚)!(𝑛 + 𝑚)!
(𝑞 + 𝑚)!(𝑛 − 𝑚)! 𝑄𝑚𝑛𝑚𝑞, (57’)

whence, for 𝑚 = 1,

𝑄−1,𝑛,−1,𝑞 = (𝑞 − 1)!(𝑛 + 1)!
(𝑞 + 1)!(𝑛 − 1)! 𝑄1𝑛1𝑞.

Since

𝐿𝑛
11 = 1

2𝑒−𝑖𝛽, 𝐿𝑛
−1,1 = −1

2
(𝑛 + 1)!
(𝑛 − 1)!𝑒

𝑖𝛽, (58)

𝐿∗𝑛
11 = 𝑖−1

2 𝑒−𝑖𝛽, 𝐿∗𝑛
−1,1 = 𝑖−1

2
(𝑛 + 1)!
(𝑛 − 1)!𝑒

𝑖𝛽,

then, on the basis of (35), (36), and (58), we have

𝐹 𝑗
−1,𝑛 = −(𝑛 + 1)!

(𝑛 − 1)!𝑒
2𝑖𝛽𝐹 𝑗

1𝑛, Φ𝑗
−1,𝑛 = (𝑛 + 1)!

(𝑛 − 1)!𝑒
2𝑖𝛽Φ𝑗

1𝑛.

Therefore, turning to the systems (40), (41), putting there 𝑚 = 1, 𝛼 = 0, after
dividing both sides by −(𝑛 + 1)!

(𝑛 − 1)!𝑒
2𝑖𝛽 and (𝑛 + 1)!

(𝑛 − 1)!𝑒
2𝑖𝛽, respectively, we obtain

that

[−(𝑛 − 1)!
(𝑛 + 1)!𝑒

−2𝑖𝛽𝐴𝑗
−1,𝑛] +

+
𝑁

∑
𝑙=1
𝜈≠𝑗

∞
∑
𝑞=1

𝛾𝜈𝑗
𝑙𝑞1𝑛 [−(𝑞 − 1)!

(𝑞 + 1)!𝑒
−2𝑖𝛽𝐴𝜈

−1,𝑞] = 𝐹 𝑗
1𝑛,

[ (𝑛 − 1)!
(𝑛 + 1)!𝑒

−2𝑖𝛽𝐵𝑗
−1,𝑛] + (59)

+
𝑁

∑
𝜈=1
𝜈≠𝑗

∞
∑
𝑞=1

𝛿𝜈𝑗
1𝑞𝑙𝑛 [(𝑞 − 1)!

(𝑞 + 1)! 𝑒−2𝑖𝛽𝐵𝜈
−1,𝑞] = Φ𝑗

1𝑛.

From the comparison of (59) with (40) and (41) we conclude that the relations
(56), (57) are indeed valid. On the basis of (56), (57), the functions Π𝑗 and Π∗

𝑗,
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entering into the expressions for the Debye potentials (7), (8) of the scattered
field, for 𝛼 = 0 may be written in the form of the expansions

Π𝑗 = 2 𝐸0
𝑖𝑘 𝑒𝑖𝛽 cos(𝜑 − 𝛽)

∞
∑
𝑛=1

𝐴𝑗
1𝑛𝜓𝑛(𝑘𝑎𝑗)ℎ(1)

𝑛 (𝑘𝑟𝑗)𝑃 1
𝑛(cos 𝜃𝑗), (60)

Π∗
𝑗 = 2 𝐸0

𝑖𝑘 √ ̄𝜀
𝜇 𝑒𝑖𝛽 sin(𝜑 − 𝛽)

∞
∑
𝑛=1

𝐵𝑗
1𝑛𝜓𝑛(𝑘𝑎𝑗)ℎ(1)

𝑛 (𝑘𝑟𝑗)𝑃 1
𝑛(cos 𝜃𝑗). (61)

In particular, if (53) holds, then approximately

𝐴𝑗
±1,𝑛 = 𝐹 𝑗

±1,𝑛 = −𝑒𝑖𝑘𝑛𝑟0𝑗𝑖𝑛 2𝑛 + 1
𝑛(𝑛 + 1) 𝐿𝑛

±1,1
1

𝜁(1)′
𝑛 (𝑘𝑎𝑗)

,

𝐵𝑗
±1,𝑛 = Φ𝑗

±1,𝑛 = −𝑒𝑖𝑘𝑛𝑟0𝑗𝑖𝑛 2𝑛 + 1
𝑛(𝑛 + 1) 𝐿∗𝑛

±1,1
1

𝜁(1)
𝑛 (𝑘𝑎𝑗)

,

and then, for the scattered field, from (60), (61) we obtain

Π𝑗 = −𝐸0𝑒𝑖𝑘𝑛𝑟0𝑗

𝑖𝑘 cos(𝜑 − 𝛽)
∞

∑
𝑛=1

𝑖𝑛 2𝑛 + 1
𝑛(𝑛 + 1)

𝜓′
𝑛(𝑘𝑎𝑗)

𝜁(1)′
𝑛 (𝑘𝑎𝑗)

×

×ℎ(1)
𝑛 (𝑘𝑟𝑗)𝑃 1

𝑛(cos 𝜃𝑗), (62)

Π∗
𝑗 = −𝐸0𝑒𝑖𝑘𝑛𝑟0𝑗

𝑖𝑘 √ ̄𝜀
𝜇 sin(𝜑 − 𝛽)

∞
∑
𝑛=1

𝑖𝑛 2𝑛 + 1
𝑛(𝑛 + 1)

𝜓𝑛(𝑘𝑎𝑗)
𝜁(1)

𝑛 (𝑘𝑎𝑗)
×

×ℎ(1)
𝑛 (𝑘𝑟𝑗)𝑃 1

𝑛(cos 𝜃𝑗). (63)

If (60), (61) are written in the form

Π𝑗 = cos(𝜑 − 𝛽) 𝑑𝑃 𝑗

𝑑𝜃𝑗
, Π∗

𝑗 = sin(𝜑 − 𝛽) 𝑑𝑄𝑗

𝑑𝜃𝑗
, (64)

where we have set

𝑃 𝑗 = − 2𝐸0
𝑖𝑘2𝑟𝑗

∞
∑
𝑛=1

𝐴𝑗
1𝑛𝜓𝑛(𝑘𝑎𝑗)𝜁(1)

𝑛 (𝑘𝑟𝑗)𝑃𝑛(cos 𝜃𝑗), (65)

and
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𝑄𝑗 = −𝑖2𝐸0
𝑘2𝑟𝑗

√ ̄𝜀
𝜇

∞
∑
𝑛=1

𝐵𝑗
1𝑛𝜓𝑛(𝑘𝑎𝑗)𝜁(1)

𝑛 (𝑘𝑟𝑗)𝑃𝑛(cos 𝜃𝑗), (66)

then it is not difficult to observe that the functions (65), (66) are nothing other
than a generalization of V. A. Fock’s potentials 𝑃 , 𝑄 (see, for example, [24,
25]) to

case of several spheres under the condition of symmetry of the problem with
respect to the axis 𝑂𝑧(𝛼 = 0). Indeed, if it is assumed that (53) is satisfied,
then from the preceding results for 𝑃 𝑗 and 𝑄𝑗 we obtain the expressions

𝑃 𝑗 = −𝐸0𝑒𝑖𝑘nr0𝑗

𝑖𝑘2𝑟𝑗

∞
∑
𝑛=1

𝑖𝑛 2𝑛 + 1
𝑛(𝑛 + 1)

𝜓′
𝑛(𝑘𝑎𝑗)

𝜁(1)′
𝑛 (𝑘𝑎𝑗)

𝜁(1)
𝑛 (𝑘𝑟𝑗)𝑃𝑛(cos 𝜃𝑗),

𝑄𝑗 =
𝐸0√ 𝜀

𝜇 𝑒𝑖𝑘nr0𝑗

𝑖𝑘2𝑟𝑗

∞
∑
𝑛=1

𝑖𝑛 2𝑛 + 1
𝑛(𝑛 + 1)

𝜓𝑛(𝑘𝑎𝑗)
𝜁(1)

𝑛 (𝑘𝑎𝑗)
𝜁(1)

𝑛 (𝑘𝑟𝑗)𝑃𝑛(cos 𝜃𝑗),

which coincide with the expressions for the potentials of V. A. Fock. Since, for
the potentials of V. A. Fock, asymptotic representations corresponding to the
case of large 𝑘𝑎 are well known, by means of which the series for 𝑃 and 𝑄 are
approximately summed, it becomes possible, when (53) and 𝛼 = 0 are satisfied,
to obtain asymptotic expressions for the components of the scattered field for
𝑘𝑎 ≫ 1 in the case of several strongly separated spheres.

We shall now find expressions for the fields and for some quantities characterizing
them, considering, in order to simplify the reasoning, the special case of two
spheres of equal radii.

3. The case of two spheres. For two spheres of equal radii 𝑟𝑗 = 𝑎, 𝑗 = ±1
(the coordinate systems are introduced as shown in Fig. 2; the spheres are
assigned the indices 𝑗 = +1 and 𝑗 = −1), the Debye potentials of the scattered
field will be determined by the expansions

Π𝑠 = ∑
𝑗=±1

Π𝑗, Π∗𝑠 = ∑
𝑗=±1

Π∗
𝑗, (66’)

where Π𝑗 and Π∗
𝑗 are given by formulas (9), (10), (39), while 𝐴𝑗

𝑚𝑛 and 𝐵𝑗
𝑚𝑛 are

found from the systems

𝐴𝑗
𝑚𝑛 +

∞
∑
𝑞=1

𝛾(−𝑗,𝑗)
𝑚𝑛𝑞 𝐴−𝑗

𝑚𝑞 = 𝐹 𝑗
𝑚𝑛, (67)
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Fig. 2

Figure 2: Fig. 2

𝐵𝑗
𝑚𝑛 +

∞
∑
𝑞=1

𝛿(−𝑗,𝑗)
𝑚𝑛𝑞 𝐵−𝑗

𝑚𝑞 = Φ𝑗
𝑚𝑛 (68)

(𝛾𝑚𝑛𝑞, 𝛿𝑚𝑛𝑞, 𝐹𝑚𝑛, and Φ𝑚𝑛 are the same as in (42), (43)). Here, in the right-
hand parts of the systems, nr0𝑗 = 𝑗𝑙0 cos𝛼, 𝑗 = ±1. In the wave zone (𝑟𝑗 →
∞, 𝑟𝑗 ≫ 𝑙0), approximately

ℎ(1)
𝑛 (𝑘𝑟𝑗) = (−𝑖)𝑛+1 𝑒𝑖𝑘𝑟

𝑘𝑟 𝑒−𝑖𝑘𝑙0 cos 𝜃, 𝜃𝑗 ≈ 𝜃.

Therefore, as follows from (6), for the scattered field E𝑠, H𝑠 in the approximation
considered, 𝐸𝑠

𝑟 = 𝐻𝑠
𝑟 = 0, while 𝐸𝑠

𝜃 , 𝐸𝑠
𝜑, 𝐻𝑠

𝜃 , and 𝐻𝑠
𝜑 decrease as 𝑟𝑗 → ∞ like

𝑟−1. Consequently, as in the case of a single sphere, the scattered field in the
wave zone is transverse in character. For the transverse field components 𝐸𝑠

𝜃 , 𝐸𝑠
𝜑

and 𝐻𝑠
𝜃 , 𝐻𝑠

𝜑, from (6) one obtains the asymptotic expressions

𝐸𝑠
𝜃 = √𝜇

𝜀 𝐻𝑠
𝜑 = 𝑖𝐸0𝑒𝑖𝑘𝑟

𝑘𝑟 𝑆(𝜃, 𝜑), (69)

𝐸𝑠
𝜑 = −√𝜇

𝜀 𝐻𝑠
𝜃 = 𝑖𝐸0𝑒𝑖𝑘𝑟

𝑘𝑟 𝑆∗(𝜃, 𝜑), (70)

𝑆(𝜃, 𝜑) = − ∑
𝑛,𝑚

(−𝑖)𝑛𝑒𝑖𝑚𝜑{𝜓′
𝑛(𝑘𝑎)×

× 𝑑
𝑑𝜃 [𝑃 𝑚

𝑛 (cos 𝜃) ∑
𝑗=±1

𝐴𝑗
𝑚𝑛𝑒−𝑖𝑗𝑘𝑙0 cos 𝜃] +

+ 𝑖𝑚 𝜓𝑛(𝑘𝑎)𝑃 𝑚
𝑛 (cos 𝜃)
sin 𝜃 ∑

𝑗=±1
𝐵𝑗

𝑚𝑛𝑒−𝑖𝑗𝑘𝑙0 cos 𝜃},

(71)

Fig. 2
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𝑆∗(𝜃, 𝜑) = − ∑
𝑛,𝑚

(−𝑖)𝑛𝑒𝑖𝑚𝜑×

× {𝑖𝑚 𝜓′
𝑛(𝑘𝑎)𝑃 𝑚

𝑛 (cos 𝜃)
sin 𝜃 ×

× ∑
𝑗=±1

𝐴𝑗
𝑚𝑛𝑒−𝑖𝑗𝑘𝑙0 cos 𝜃 − 𝜓𝑛(𝑘𝑎)×

× 𝑑
𝑑𝜃 [𝑃 𝑚

𝑛 (cos 𝜃) ∑
𝑗=±1

𝐵𝑗
𝑚𝑛𝑒−𝑖𝑗𝑘𝑙0 cos 𝜃] }.

(72)

From (69), (70) it is seen that in the far zone the electric and magnetic vectors
of the scattered field are mutually perpendicular.

From the relation j = [nH] for 𝑟𝑗 = 𝑎, 𝑗 = ±1, we find for the components
of the vector density of the surface currents induced on the surface of the 𝑗-th
sphere that

𝑗𝑗
𝜃 = −𝐻𝜑, 𝑗𝑗

𝜑 = 𝐻𝜃 (𝑗 = ±1, 𝑟𝑗 = 𝑎), (73)

where H denotes the vector of the total magnetic field. Therefore, putting in
(6) Π = Π𝑖 + Π𝑠 and Π∗ = Π∗𝑖 + Π∗𝑠, on the basis of (24)—(26), (66′) and (67),
(68) we find that

𝑗𝑗
𝜃 = 𝑗𝑒𝑗

𝜃 + 𝑗𝑚𝑗
𝜃 , 𝑗𝑗

𝜑 = 𝑗𝑒𝑗
𝜑 + 𝑗𝑚𝑗

𝜑 , (74)

where, if one uses the Wronskian determinant for the functions 𝜓𝑛(𝑘𝑎) and
𝜁(1)

𝑛 (𝑘𝑎), equal to

𝜓𝑛(𝑥)𝜁(1)′
𝑛 (𝑥) − 𝜓′

𝑛(𝑥)𝜁(1)
𝑛 (𝑥) = 𝑖,

𝑗𝑒𝑗
𝜃 = −𝑖𝐸0

𝑘𝑎 √ 𝜀
𝜇 ∑

𝑛,𝑚
𝐴𝑗

𝑚𝑛
𝑑𝑃 𝑚

𝑛 (cos 𝜃𝑗)
𝑑𝜃𝑗

𝑒𝑖𝑚𝜑,

𝑗𝑚𝑗
𝜃 = 𝑖𝐸0

𝑘𝑎 √ 𝜀
𝜇 ∑

𝑛,𝑚
𝑚𝐵𝑗

𝑚𝑛
𝑃 𝑚

𝑛 (cos 𝜃𝑗)
sin 𝜃𝑗

𝑒𝑖𝑚𝜑, (75)

𝑗𝑒𝑗
𝜑 = −

𝐸0√ ̄𝜀
̄𝜇

𝑘𝑎 ∑
𝑛,𝑚

𝑚𝐴𝑗
𝑚𝑛

𝑃 𝑚
𝑛 (cos 𝜃𝑗)
sin 𝜃𝑗

𝑒𝑖𝑚𝜑, (75)
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𝑗𝑚𝑗
𝜑 = −

𝐸0√ ̄𝜀
̄𝜇

𝑘𝑎 ∑
𝑛,𝑚

𝐵𝑗
𝑚𝑛

𝑑𝑃 𝑚
𝑛 (cos 𝜃𝑗)

𝑑𝜃𝑗
𝑒𝑖𝑚𝜑.

In the case when 𝛼 = 0, instead of (71), (72) we obtain

𝑆(𝜃, 𝜑) = −2𝑒𝑖𝛽 cos(𝜑 − 𝛽)
∞

∑
𝑛=1

(−𝑖)𝑛×

× {𝜓′
𝑛(𝑘𝑎) 𝑑

𝑑𝜃 [𝑃𝑛(cos 𝜃) ∑
𝑗=±1

𝐴𝑗
1𝑛𝑒−𝑖𝑗𝑘𝑙0 cos Θ] +

+𝑖𝜓𝑛(𝑘𝑎) [ ∑
𝑗=±1

𝑒−𝑖𝑗𝑘𝑙0 cos Θ𝐵𝑗
1𝑛] 𝑑𝑃𝑛(cos 𝜃)

sin 𝜃 𝑑𝜃 } , (76)

𝑆∗(𝜃, 𝜑) = −2𝑒𝑖𝛽 sin(𝜑 − 𝛽)
∞

∑
𝑛=1

(−𝑖)𝑛×

× {−𝜓′
𝑛(𝑘𝑎) [ ∑

𝑗=±1
𝐴𝑗

1𝑛𝑒−𝑖𝑗𝑘𝑙0 cos Θ] 𝑑𝑃𝑛(cos 𝜃)
sin 𝜃 𝑑𝜃 +

+𝑖𝜓𝑛(𝑘𝑎) 𝑑
𝑑𝜃 [ 𝑑

𝑑𝜃𝑃𝑛(cos 𝜃) ∑
𝑗=±1

𝐵𝑗
1𝑛𝑒−𝑖𝑗𝑘𝑙0 cos Θ]} . (77)

Using (71), (72), it is not difficult to find an expression for the quantity 𝜎 of
the radar cross section of two spheres (the backscattering cross section), if one
uses the formula

𝜎 = lim
𝑟→∞

4𝜋𝑟2 |𝐸𝑠
Θ|2

|𝐸𝑖
Θ|2 , (78)

where the component 𝐸𝑠
Θ of the electric vector of the scattered field is taken

in the direction toward the source. In particular, if, for example, 𝛼 = 𝜋/2
and 𝛽 = 0, then for the component 𝐸𝑖

Θ of the field of the incident wave in the
coordinates of the system 𝑂𝑥𝑦𝑧

𝐸𝑖
Θ = −𝐸0𝑒−𝑖𝑘𝑥 sin 𝜃,

and then from (78), on the basis of (69), (70), we find (𝜑 = 0, 𝜃 = 𝜋/2) that
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𝜎 = 4𝜋
𝑘2 ∣∑

𝑛,𝑚
(−𝑖)𝑛 {𝜓′

𝑛(𝑘𝑎)×

× 𝑑
𝑑𝜃 [𝑃 𝑚

𝑛 (cos 𝜃) ∑
𝑗=±1

𝐴𝑗
1𝑛𝑒−𝑖𝑗𝑘𝑙0 cos Θ]∣

Θ=𝜋/2

+

+ 𝑖𝑚 𝜓𝑛(𝑘𝑎)𝑃 𝑚
𝑛 (0) ∑

𝑗=±1
𝐵𝑗

1𝑛}∣
2

, (79)

where

𝑃 𝑚
𝑛 (0) =

⎧{{
⎨{{⎩

0, if (𝑛 − 𝑚) is odd,
(−1) 𝑛−𝑚

2 (𝑛 + 𝑚)!
2𝑛 (𝑛 − 𝑚

2 )! (𝑛 + 𝑚
2 )!

, if (𝑛 − 𝑚) is even,

𝑃 𝑚′
𝑛 (0) =

⎧{{
⎨{{⎩

0, if (𝑛 − 𝑚) is even,
(−1) 𝑛−𝑚−1

2 (𝑛 + 𝑚 + 1)!
2𝑛 (𝑛 − 𝑚 − 1

2 )! (𝑛 + 𝑚 + 1
2 )!

, if (𝑛 − 𝑚) is odd.

If, for example, 𝛼 = 0, 𝛽 = 0, then for the field of the incident wave in the
coordinates of the system 𝑂𝑥𝑦𝑧

𝐸𝑖
𝜃 = 𝐸0𝑒𝑖𝑘𝑧 cos𝜑 cos 𝜃,

and then (𝜃 = 𝜋)

𝜎 = 8𝜋
𝑘2 ∣

∞
∑
𝑛=1

(−𝑖)𝑛 [𝜓′
𝑛(𝑘𝑎) ∑

𝑗=±1
𝑒𝑖𝑗𝑘𝑙0𝐴𝑗

1𝑛
𝑑2𝑃𝑛(cos 𝜃)

𝑑𝜃2 + 𝑖𝜓𝑛(𝑘𝑎) ∑
𝑗=±1

𝑒𝑖𝑗𝑘𝑙0𝐵𝑗
1𝑛

𝑑𝑃𝑛(cos 𝜃)
sin 𝜃 𝑑𝜃 ]∣

2

𝜃=𝜋

,

(80)

where

lim
𝜃→0

𝑑2𝑃𝑛
𝑑𝜃2 = lim

𝜃→0
1

sin 𝜃
𝑑𝑃𝑛
𝑑𝜃 = −𝑛(𝑛 + 1)

2 ,

lim
𝜃→𝜋

𝑑2𝑃𝑛
𝑑𝜃2 = − lim

𝜃→𝜋
1

sin 𝜃
𝑑𝑃𝑛
𝑑𝜃 = −(−1)𝑛 𝑛(𝑛 + 1)

2 .
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In exactly the same way, expressions can be obtained for the quantities consid-
ered above also in the case of 𝑁 spheres forming a linear system.

In conclusion, let us note the following. To compute, for example, the coefficients
𝐴𝑗

𝑚𝑛 (𝑗 = ±1), system (67) may be written in the form

𝐴𝑗
𝑚𝑛 −

∞
∑
𝑝=1

(
∞

∑
𝑞=1

𝛾(−𝑗,𝑗)
𝑚𝑛𝑞 𝛾(𝑗,−𝑗)

𝑚𝑞𝑝 ) 𝐴𝑗
𝑚𝑛𝑝 = 𝐹 𝑗

𝑚𝑛 −
∞

∑
𝑞=1

𝛾(−𝑗,𝑗)
𝑚𝑛𝑞 𝐹 −𝑗

𝑚𝑞. (81)

In this form, system (81) has a very complicated structure, in consequence of
which the calculation of the coefficients 𝐴𝑗

𝑚𝑛 is a difficult matter. However, one
can indicate another method for computing 𝐴𝑗

𝑚𝑛 and 𝐵𝑗
𝑚𝑛, connected with the

solution of systems of simpler structure than (81). For this purpose, we note
that

𝛾(−𝑗,𝑗)
𝑚𝑛𝑞 = (−1)𝑛+𝑞𝛾(𝑗,−𝑗)

𝑚𝑛𝑞 , 𝛿(−𝑗,𝑗)
𝑚𝑛𝑞 = (−1)𝑛+𝑞𝛿(𝑗,−𝑗)

𝑚𝑛𝑞 , (𝑗 = ±1). (82)

Indeed, from the fact that 𝑃𝜎(cos 𝜃−𝑗,𝑗) = 1, if 𝜃−𝑗,𝑗 = 0, and 𝑃𝜎(cos 𝜃−𝑗,𝑗) =
(−1)𝜎, if 𝜃−𝑗,𝑗 = 𝜋, where 𝜎 has the same parity as 𝑛 + 𝑞 (the Clebsch–Gordan
coefficients entering expression (29) for 𝑏𝜎 are ⋯

are different from zero only for those 𝑛, 𝑞, and 𝜎 whose sum 𝑛 + 𝑞 + 𝜎 is even,
we have

𝑄𝑚𝑛𝑚𝑞(−𝑗, 𝑗) = (−1)𝑛+𝑞𝑄𝑚𝑛𝑚𝑞(𝑗, −𝑗). (83)

From (83) and (42), (43), (82) follows. On the basis of (82), from (67) we obtain

𝐴𝑗
𝑚𝑛 +

∞
∑
𝑞=1

𝛾(−𝑗,𝑗)
𝑚𝑛𝑞 𝐴−𝑗

𝑚𝑞 = 𝐹 𝑗
𝑚𝑛,

(−1)𝑛𝐴−𝑗
𝑚𝑛 +

∞
∑
𝑞=1

(−1)𝑞𝛾(𝑗,−𝑗)
𝑚𝑛𝑞 𝐴𝑗

𝑚𝑞 = (−1)𝑛𝐹 −𝑗
𝑚𝑛,

whence, after termwise addition and subtraction of the equalities, we find that

𝑧𝑚𝑛 +
∞

∑
𝑞=1

(−1)𝑞𝛾(−𝑗,𝑗)
𝑚𝑛𝑞 𝑧𝑚𝑞 = 𝑓𝑚𝑛,

𝑢𝑚𝑛 −
∞

∑
𝑞=1

(−1)𝑞𝛾(−𝑗,𝑗)
𝑚𝑛𝑞 𝑢𝑚𝑞 = 𝜑𝑚𝑛, (84)
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where 𝑧𝑚𝑛 = 𝐴𝑗
𝑚𝑛 + (−1)𝑛𝐴−𝑗

𝑚𝑛, 𝑢𝑚𝑛 = 𝐴𝑗
𝑚𝑛 − (−1)𝑛𝐴−𝑗

𝑚𝑛, 𝑓𝑚𝑛 = 𝐹 𝑗
𝑚𝑛 +

(−1)𝑛𝐹 −𝑗
𝑚𝑛, and 𝜑𝑚𝑛 = 𝐹 𝑗

𝑚𝑛 − (−1)𝑛𝐹 −𝑗
𝑚𝑛. In an analogous way, from (68) we

obtain

𝑐𝑚𝑛 +
∞

∑
𝑞=1

(−1)𝑞𝛿(−𝑗,𝑗)
𝑚𝑛𝑞 𝑐𝑚𝑞 = ̃𝑓𝑚𝑛,

𝑑𝑚𝑛 −
∞

∑
𝑞=1

(−1)𝑞𝛿(−𝑗,𝑗)
𝑚𝑛𝑞 𝑑𝑚𝑞 = 𝜑̃𝑚𝑛, (85)

where 𝑐𝑚𝑛 = 𝐵𝑗
𝑚𝑛 + (−1)𝑛𝐵−𝑗

𝑚𝑛, 𝑑𝑚𝑛 = 𝐵𝑗
𝑚𝑛 − (−1)𝑛𝐵−𝑗

𝑚𝑛, ̃𝑓𝑚𝑛 = Φ𝑗
𝑚𝑛 +

(−1)𝑛Φ−𝑗
𝑚𝑛, 𝜑̃𝑚𝑛 = Φ𝑗

𝑚𝑛 − (−1)𝑛Φ−𝑗
𝑚𝑛. Systems (84), (85) have a much simpler

structure than systems of the form (81).
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