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SCATTERING OF A PLANE ELECTROMAG-
NETIC WAVE BY MULTIPLE SPHERES

E. A. IVANOV

At the present time only a small number of works are known in which the
problem of diffraction of a plane electromagnetic wave by several spheres is
considered. Such a problem for two spheres was apparently first posed by V.
Trinks [1] in 1934 in connection with the study of the scattering properties of a
homogeneous medium consisting of spherical particles, and was solved by him
for the case of dipole particles in the presence of axial symmetry. An exposition
of V. Trinks’s method as applied to two spheres with a common axis of symmetry,
when the incident wave propagates in the direction of the axis of symmetry, may
also be found in the work of G. Mie [2]*. In the work of O. A. Germogenova [3],
Trinks’ s method is extended also to the case of an arbitrary arrangement of
two spheres relative to the wave vector of the incident wave and arbitrary sizes
of the scattering spheres. As a special case, the problem of scattering of a plane
electromagnetic wave by two spheres in the presence of axial symmetry can be
obtained from [4]. Various questions in the theory of diffraction of waves by two
or several spheres are considered theoretically or experimentally, for example,
in the works [5-8] (see the literature review in [9], p. 503).

In the present work a rigorous solution is given of the general problem of diffrac-
tion of a plane linearly polarized electromagnetic wave

Ei — Eoeiknrfiwt’ Hl — Hoeiknrfiwt (1)

(the factor exp(—iwt) will henceforth be omitted everywhere) by several spheres
forming a linear system, under the assumption that they are all perfectly con-
ducting and that the direction of propagation of the wave, determined by the
unit vector n, forms an arbitrary angle o with the axis of rotation common to the
spheres. In its mathematical formulation this problem reduces to the solution
of two exterior boundary-value problems for the scalar Helmholtz wave equa-
tion. The exact formulas and the approximate formulas obtained from them,
by which the desired electromagnetic fields are described, are derived by using
a mathematical apparatus generally different from that used in [1, 3], although
at the same time a certain commonality of the ideas underlying the applied
method of solving the problem is preserved. Its justification is also given.

1. Formulation of the problem. Let the Cartesian coordinate system Ozyz

sovietrxiv.org/items/ru-196601.58343 Machine Translation


https://sovietrxiv.org/items/ru-196601.58343

Fig. 1

Figure 1: Fig. 1

and the local coordinate systems O,z,;y,z; be associated with the spheres in
such a way that

* In [2] some experimental results are also given, pertaining to the case when
the wave vector is directed at an angle to the line of centers of the spheres.

as shown in Fig. 1 (each sphere is assigned its own index j, j = 1,2,...,N). In
addition, local spherical coordinates r;,0;,; (j = 1,..., N) are assigned to each
sphere, in which the surface of the j-th sphere is given by the equation r; = a;.
The distance between the centers of two spheres, for example between the j-th
and the v-th, is denoted by [;,. The axis Oz of the system Ozyz is the axis of
symmetry of the spheres. The axes O;z; (j = 1,2,...,N) are directed so that
they all lie in one plane ¢ = 0, coinciding with the plane of propagation of the
wave (the vector n belongs to the plane ¢ = 0). It is obvious that, with the
indicated introduction of coordinate systems, p; = ¢ for all j. It is also obvious
that if ry; is the radius vector joining O with the origin of the j-th coordinate
system (the point O;), then in the coordinates of the j-th sphere the wave (1)

can be written in the form

Ei — Eoeiknronriknrj, Hz — HOeikru'c,jJrikru’j7 (2)

where r; is the radius vector joining an arbitrary observation point with O;
(j=1,2,...,N). In what follows it is assumed that the electric vector E? of the

field of the incident wave makes an angle 8 with the plane ¢ = 0.
Fig. 1

In spherical coordinates the total electromagnetic field E, H, considered as the
sum of the field of the incident wave E’, H* and the field E*, H® scattered by
the spheres, can be found, as is known [10, 11], from the relations

E = rotrot(rIl) + iwp rot(rll*),

H = rot rot(rII*) — jwe rot(rIl), r=r-i, |r|l=r (3)
(1, € are the physical constants of the medium outside the spheres; k = w,/ug),
if the electric and magnetic Debye potentials of the total field, which we shall
denote by IT and IT*, respectively, have first been found (they are related to the
only nonzero radial components, in spherical coordinates, of the electric and
magnetic * Hertz vectors by the relations II = II,./r, II* = II:/r). Since the
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Debye potentials for a given incident-wave field may be regarded as known (the
form of these potentials, denoted by IT¢ and II*!, is given below), it is obvious
that the problem of finding the vectors E, H will be solved if the potentials
II%, IT* of the field E®, H® scattered by the spheres are found. The latter must
be solutions of the equations

AIT® + E2I1° = 0, AIT* + E21I1* = 0, (4)

satisfying, on the surface of each sphere, simultaneously the boundary conditions
0 , .

—— [r;(II' +11*)] = 0, 0+ =0 (r; =a,

or; 7

J

j=1,2..,N). (5

In addition, IT* and IT** must satisfy the radiation conditions at infinity.

After solving problem (4)—(5), the components of the field E, H are found from
the equations

02 (rIl) 5 02 (rlIT*) P
E, = 92 + k2(rIl), H, = 92 + k2 (rII"),

B 182(7"1'[) iwp O(rIl*)

7 oro0 ' rsin® 9o
B 182(1"1_[*) _dwe O(rl) (6)

O orog rsinf Odp ’
1 O2(rID)  dwp O(rITY)

= _n

rsing Ordp ro 00

1 9*(rID) iwe O(rl)
¢ rsinf Ordp ro 00’

which are obtained from (3) if the latter are written in one of the coordinate
systems.

2. Solution of the problem. We shall seek the solution of equations (4) in
the form of a sum of N expansions:

s =Y "1, (7)

sovietrxiv.org/items/ru-196601.58343 Machine Translation


https://sovietrxiv.org/items/ru-196601.58343

N
II*s = Z H;‘.7 (8)
n=1

where

I, = Tl::) Z Z hnn hill)(krj) P (cosf;)e™?, (9)

n=1m=-n

g
EO\/; [e’s) n
I = — SN bhn hid (k) P (cos 0))¢m (10)

n=1m=-n

with coefficients a’,y, bin, which are to be determined subsequently from the
boundary conditions (5) (obviously, for each j the series (9), (10), with the
correspondingly determined coefficients, express the field scattered by a single
sphere). To find @}, binn, we represent the Debye potentials IT¢, IT** of the
incident wave in the form of expansions analogous to (9), (10), in terms of the
proper spherical wave functions of the j-th sphere. For this purpose, along with
the local system O;x;y;z;, we introduce one more coordinate system ij;-y;-z;-,
also associated with the j-th sphere, whose axis sz;- is directed along the vector
n, while the axes O;z, O,y; form, with the axes O;z;, O;y; of the system
O;z;y;z;, the Euler angles

3
g—ﬁ and 771-

respectively (the angle between O;z; and sz; is equal to «). It is assumed here
o

that, in the system O;z}y;2;,

Ei/l — EHZ// — B eiknrojeikz;
j e Y 0 ’

and

-/ -/ v v
EZ// = E;/ = HZ = H;/ = 07
J

, =
Yj j Ty

as a result of which, in the spherical coordinates 17, 67, ¢} (r; = r;), associated

with the system O;y’ 2}, the Debye potentials IT?, IT*? of the incident-wave field
are given by the expansions [11-13]:

% EO iknr-oo'n 2n+1 . 1 ’ ’
I’ = TR nZ:lz m]n(krj)Pn(COSHj)cosgoj, (11)
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*7 EO € ik - S 1 2n+1 1 . /
I :ik\/;e m‘oJ;z mjn(krj)Pn(cosﬁg)smgoj. (12)

In order now to make use of the orthogonality property of the spherical func-
tions on the surface of the j-th sphere in the boundary conditions (5), it is
necessary first to write the expansions (11), (12) in the coordinates r;,6;, ¢.
For this purpose one needs the addition formulas for the spherical functions
P! (cos ) cos(m), sin(me). They can be obtained as special cases of the addi-
tion formula of general form, given in [14, 26] for generalized spherical functions
of the n-th order T} :

T, (1, 01,70) = > Ti(Wg, 0, 72) T, (W3, 05, 73)- (13)

l=—n

Here 17} is defined by the relation

T3 (,0,0) = e *VPL (0)e ™, (14)

where, in turn,

—1)nkim=k (o — E)(n + m)! mek
P 9) = <2"(n—l~c)! \/Enwilgn my B
(L) T (L ), (15)

(1 = cos )

and where the function P}, () for k£ = 0 is expressed through the associated
Legendre function P (cos#) by the equality

Pp(0)=Py_,(0) =i _7> P (cos ). (16)

The generalized spherical functions 7}, ~are the elements of the matrix
1T (,0,9)| (k,m = —n,...,n). They are defined on the surface of the sphere
and belong to the space of functions in which the irreducible representation
of weight n of the rotation group of three-dimensional space (the sphere) is
realized; 1,0, p are Euler angles. In what follows we shall need the following
properties of the generalized spherical functions:
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PTL

km

if k
0) = 0, 1 7 m w=cosf, 6=0, (17)
1, ifk=m

PTL

km

@ =(-1", k=-m, p=cosh, 6=m.

In addition,

T:rlwn(oaoao) = 17 _k m(% a@) ]?m,(_w79a _QO)’

B (0) = PPy (6).

If in (13) we put k£ = 0 and use (14), (16), then, as applied to our problem, we

find that
N !
Pr(cos f))eimes = im, | LT
/ (n—m)!
X Z T (1,61, 00)( \/ COS& el (18)
l=—n

or, if we use the relation [15],

Pm(g) = (—1)™ pm 1
2a) = (<) P o) (19)
7\ imep’; ‘m n+m
Py (cos 0))e'™¥i =i WI_ERT 1—m (V1,015 1) %
. (n—10)! i
x (—i)! D) P! (cos 0;)e Lo, (20)
where
s 3
¢1:§—5, 0, =a, 1= 5

From (18), (20) we obtain that
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P (cos 0)) cosmy; = Z Ly PL( (cosB;)e iy

lm*n
l=—n

(21)
P (cos 0)) sinmy; = Z L;" Pl(cos 0, ;e iy
I=—n
where we have set
= (G (Pt

On the basis of (21), the expansions (11), (12) in the coordinates r;,,, ¢ are
written in the form

) E iknry; O n 2 1 )
=20 NS 0 g g (ke Py (cosO)eime,  (24)

EO / 6“““'0] - N ) )
I = 72 Z i mL o Jn (k) P (cos 0)er™ e, (25)

In order to write the wave functions hS)(krV)P[L" (cosd,), which enter into (7),
(8) and are written in the coordinates of the v-th sphere, in the coordinates of
the j-th sphere, we apply the addition theorem for spherical wave functions

hgp(kr )P™(cosb,,) Zqumn Ty Vj)]q(k:r )Pm(C089 ), Tyi > T (26)
q=0

where

200" X

Qmgmn = F7— ST b G (ki) Py(cosb,;), Ly =7, (27)

M4 oZjnq|
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(74,0, are the spherical coordinates of the point O; in the coordinate system
with origin at the point O,). Formula (26) can be obtained as a special case
of formula (13) in [16]* when the spheroidal coordinates there degenerate into

spherical ones, when ¢ — 0. Here b, denotes the expansion coefficients [16]

P (cos 0) Py (cos 6) % LA P (cos ), (28)
o=[q—n|
where
plamnm) _ (_1)7”\/8 t Z;:EZ t Z;: (qn00 | o0)(gnm, —m | 00), (29)

where (n;nym;ms, | nm), n = ny + ny, M = My + My, is the symbolic notation
for the Clebsch—Gordan coefficients, whose explicit form is given, for example,
in [14, 20] (various forms of their expression can be found in [21]). On the basis
of (26), the series for II,,, IT}, from (7), (8) are written in the coordinates of the
j-th sphere in the form

B & n 0o ‘ ‘
1/ 702 Z Za;/LQOqanq(krj)qu(COSaj)elmso» (30)
¢ n=0 m=—n ¢g=0
EO\/? 00 n 0o
IL;, = i ZO Z ZO i @mamnJq(kr;) Py (cos 6;)e™?. (31)

* In another form, the addition theorem is given, for example, in [18-19]. It can
also be obtained from [17].

If we now satisfy the boundary conditions (5), then, on the basis of (24), (25), (7)
—(10) and (30), (31), as well as the orthogonality property of spherical functions
on the surface of the j-th sphere, for the coefficients a'Z,m, bf;m we obtain infinite
systems of linear equations

abn + Z Z amﬂqamq fﬂ,m, (32)

v=1 q=0
V]

(Iml<n; j=1,2,...,N),
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v
where
, ! (ka; ka;
a%”q = W anmq7 Tyfgﬂq W anmq’ (34)
&n (kaj) n (kaj)
; , 2n + 1 n(ka,
n = —eKnTo;§n nr 1 m1 1(p1>/( ) ) (35)
n(n+1) & (ka;)
, 2 1 n(kas
= oy 2L Unlkey) (36)

n(n+1) " W (ka,)

Here, in Debye’ s notation,
. 2z
Uule) = 24 (2) = | = Tor ola), (37

£V (z) = ahy) (x) = H;21/2< ). (38)

If in (32), (33) we make a change of unknowns, putting

@ = V), (kaj) A, bhn = ¥y, (ka;) Binn, (39)

then, after substituting (39) into (32), (33), for the new unknowns Al and
B, we obtain the systems

N oo
v=1 :O

N oo
v=1 q=0
where

Yritng = Vy(ka,)ring/Vn(kay)s  Fin = fin /¥ (kay), (42)
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67”7{”4 = wq<kay>ﬁ7l;zjnq/wn<kaj)’ q)znn = (p;’m/wn(ka’j)v (43)

which, for any value of |m| < n, are quasiregular and are uniquely solvable by
the method of reduction [22]. The proof of this assertion can be carried out
according to the same scheme as -

for example, in [4]. Indeed, it is not difficult to show that, for any 0 < m < n,
the elements of the matrix of system (41) (since systems (40) and (41) have, in
principle, the same structure, it will suffice below to consider one of them, for
example (41)) satisfy the inequality

n—m +m
vj (n+9q)! a4 a4y ! _ 44
(5mnq‘ <C @t m)(n—m)i \I, L, ,  C = const, (44)

and the right-hand sides of the inequality

‘@fnn’ < const g", 0<g<l1 (45)
(the case of negative m is discussed below). Thus, turning to (27), we find that
n+q

ST Ibyl - 105 (kL)L

o=|n—q|

(2¢ + 1)!(g —m)!
(g+m)!

‘anmq| <

where, as follows from (28),

_20+1

bU
2

/ P (cos0) Pyt (cos @) P,(cos ) sinf db,
0

or, if the mean-value theorem is applied here,

b :20+1

o

7P (cos 0%) P (cos 6) P, (cos 0%) sin 6, (46)
where 0 < 0" < 7. Since, for 0 < 6* < m,

|
|PE™(cos 6*)| < const w (47)
nn!

(ifn>1, n—m+1>0, m >0, [23, 15]), it follows from (46) that

(n+m)!l(g+m)!
Jongnlgl

|b,| < consty (20 + 1) (48)
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and therefore

2¢+ 1) (g—m)(n+m)l\/n+q |h
Jgnlg!

(49)

n+q ) ’

since

n+q
Z 20\;;1 ‘h )‘ < constsy/n + ¢ |hn+q ‘
o=|n—q|

(see, for example, [4]). Now using the asymptotic formulas, with respect to n,
for the spherical Bessel functions j,,(z), At )(;1:), and Stirling’ s formula n! ~
V2mnne ™, by the same method as in [4] we find that, for all n and ¢ and
any 0 < m < n,q, inequality (44) holds (taking into account here that n! <

const,/nn"e” ™ for all n > 0).

From the unitarity of the matrix ||}, | it follows that [14]

> gl Z |Dp |2 = (k=—n,...,n), (50)

m=—-n m=—n

whence, in turn, follows the boundedness in modulus of its elements—for all n
and m, k = —n, ..., n, and, obviously, |T}}| < 1. Therefore, for the quantity
L7 from (36) one obtains the inequality

L] (n + D)l(n —m)! " (50")
! ( Di(n+m)! ’
on the basis of which
1/2
| (2n+1) { — —m) }
| D7 | < consty . (51)

Vil +1) [h (kay)|

Considering first the right-hand side of (51) for sufficiently large n, for which
the asymptotic formula for the function h(nl)(a:) and Stirling’ s formula for the
factorials are valid, we then find that the inequality (45) is already satisfied for
all n and 0 <m < n.

In the case of negative values of m (0 < —m < n), in system (41) replace m by
—m/, where now m’ > 0. Then, on the basis of (57") given below, from (41) we
have
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B +XN:§:5"J‘ (@=m)nt+m) o, o
o v=1 ¢=0 mnq(q+m/)'<n m/)' -m,q —m/,n
2
or
—J N o0 . . —j
Bm/” + ZZ 67an’nq Bm’q = (I)m/n7 (51’)
v=1¢=0
vF]
where
_ —m) ) . R .
B'in’n = M Bi 4 ) (I)'fn/n = M (Pi ’ . (51”)
(n+m')! m’,n (n+m)! m',n

The matrix of coefficients of system (51’) is the same as that of system (41). It is

not difficult to verify, on the basis of (51”) and (50”), that Erjn/n € 2. Therefore
all the further arguments connected with system (41), considered for m > 0,
will apply equally to system (51”), and thereby to the case of negative values of
m in (41).

The matrix composed of the right-hand sides (44) with respect to n, ¢ obviously
forms a completely continuous form in the Hilbert space [2, since for it the
condition

> [<q+$>!+<f)!m>! (l)m (Z)ml“’o o =minly.  (52)

n,q

is satisfied if one assumes that /, > a, +a;, i.e., that the spheres with numbers v
and j (v,j =1,2,...,N) do not touch. The right-hand sides of (45) are elements
of the space {?, since 2 |g"|? < oo. Therefore, if instead of system (41) one
considers the system with coefficient matrix composed of the right-hand sides
(44) and with free terms having the form of the right-hand side of (45), then
Hilbert’ s alternative on the solvability of infinite systems of linear equations
is applicable to it: such a system is either uniquely solvable and its solution
belongs to [2, or it has nontrivial solutions belonging to I, corresponding to it

homogeneous system [22]. If such a system is taken as a majorant for system (41),
then, on the basis of the comparison theorems for infinite systems, this Hilbert
proposition can also be carried over to system (41). It is further evident that the
homogeneous system corresponding to the inhomogeneous system (41) cannot
have nontrivial solutions, since the assumption of their existence would in turn
mean the existence of eigenoscillations in the exterior domain in the presence of
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the radiation conditions, which, as is known (see, for example, p. 171, and also
the translator’ s editorial note [11] on p. 224), contradicts the unique solvability
of the exterior boundary-value problem in the case of a real parameter k. Thus,
from the above it follows that system (41) is uniquely solvable and its solution,
for any 0 < m < n, will satisfy the condition

0 .
Z | Biun|? < oo.
n

Since the majorizing system is quasiregular, (41) is also a quasiregular system
and its solution can be found by the method of reduction with any prescribed
accuracy.

Without any changes in the reasoning, the solvability by the method of reduction
is proved also for system (40), whose solution satisfies the condition

S .
Z | ATn]? < 00
n

uniformly with respect to 0 < m <n.

If we now turn to the series (9), (10) and make there the substitution (39),
then, on the basis of (47) and the fact established above that the coeffi-
cients*) AgnmAfn P Bfnn,ﬁfn/n are uniformly bounded with respect to n and
0 < m,m’ < n, it is easy to prove the absolute and uniform convergence of
the series (9), (10) and of the series obtained from them by differentiation
with respect to r,6,¢ at any point outside the spheres, where r; > a;. This
proves the existence of a solution of problem (4)—(5) in the form (7), (8), which

is unique by virtue of the uniqueness of the determination of the coefficients
j

Agnna Bgnna Ain’n’ Bm’n'

To obtain numerical results, owing to the uniform convergence of the series (9),
(10), the required computational accuracy can be achieved if in (9), (10) only
a finite number of the first terms (with respect to n) is retained, depending in
each case on the value of the parameter ka. In exactly the same way, in solving
systems (40), (41), owing to their solvability by the method of reduction and
the convergence of the computational process, for the computation with the
required degree of accuracy of the coefficients A%, Binn in each case (for each
|m| < m) one in fact assumes finiteness of the values of n and ¢g. On the basis
of these considerations it appears possible to apply in (34), for sufficiently large

[ =minl,;, the formula asymptotic with respect to kl,;,

WP (Kl,,;) = (—i)7+ e /K, (53)

under the assumption that kl,; > 1, kl,; > o, where |n —q| <o <n+ ¢, and
then, in the approximation under consideration,
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ikl ; im—qg—1
e"tva 29" (nmgm)
anmq = kl”] N EU b PU<COS alfj) =

mn

*) Zﬁn,n are related to A, (—m =m/, m’ > 0) by the relation

—j (n—m")!
Ay =+——2A .
m'n (n + m/)! —-mn
0, m # 0,
= eiklw 9;n—aq—1 . (54)
M, N P (cos0,,;) P (cosb,;), m =0,

since, on the basis of (28),
Z b,(,"mqm>Pg(cos 0,5) = Py (cos8,;) P (cos b,,;),

where 6,; = 0 or 7, while P;"(+1) = 0 if m # 0. In this case the solutions of
systems (40), (41) will approximately be given by the formulas

For m =0, an = 0 with respect to n, since, on the basis of (16), (22), in this
case

1
Lg, = 5\/n(n+ DTy +T51) =

- % n(n+ P2 (e +eT) =0 (7 =37/2),

and then, by virtue of the absence of nontrivial solutions of the homogeneous
system corresponding to the inhomogeneous system (40), A7, = 0. From (23)
we find that for m =0

1 ) )
Ly = 3 (n+1)nPl(em —e ') = —iy/nn+ )P} =

= —P}(cosa).

Therefore, to determine Bgn one should solve system (41), where approximately
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sn—q— ikl ;
5’[)j o 2¢n74 ! [ T/Jq(k%)

Ong —
e NOn klv] Cﬁll>(k(lj>

P, (cos0,;)P,(cos,,;),

i"(2n + 1) Pl(cosa)
n(n+1) ¢V (kay)

J o iknrg,
Oy, = e o)

Systems (40) and (41) are also considerably simplified in the case when the wave
incident on the spheres propagates along the axis of symmetry of the spheres.
In this case @« = 0 or @ = 7, and therefore, on the basis of (17), the right-hand
sides of systems (40) and (41) will be identically equal to zero for all m # +1,
and then

For definiteness, let o = 0. Then in the system O,z;y;z; the Debye potentials
of the field of the incident wave are written in the form:

7 EO knr N n 2n+1 1
== €*""""oi cos(p — ) ngzl 1 n(n + 1)jn(krj)Pn (cos Hj),
E o~ ., 2n+1
*J 0 iknrg; o _ n
IT ) \/76 i sin(p — ) n§:1z D+ 1)
X j (k) Py (cos ;).

It is not difficult to show that in this case the following relation exists between

the coefficients A{Ln and A{m as well as Bil,n and B{n:

; i (n+ 1),

A= _A]mme 2, (56)
j  (n+1)!

BJ_Ln = B{nme 26. (57)

Indeed, from (28) and (19) it follows that

b(qmnn) _ (q+ m)'(n + m)! b(%*m»nfm)
S i

)

and then from (27) we find that
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= . 57’
Qfm,’n.,fm,q (q + m)|(n _ m)| anmq? ( )
whence, for m = 1,
(= Dln+1)!
Qfl,n,fl,q - (q T 1)'(7’L 1)| anlq
Since
1. I1(n+1)!
n _ -~ —if n = i3
Ly =3¢ Lhy= =5 (58)
it it (n+1)!
*n __ __ —if *m o __ i3
LT = 9 e, L—1,1— 9 (n_1>,€ )
then, on the basis of (35), (36), and (58), we have
i _ (41! 2B 1 i _ (n+1) 28]
Ffl,n__(n_l)!e Fln’ (I)fl,n - (n—l)!e (I)ln'

Therefore, turning to the systems (40), (41), putting there m =1, a = 0, after

(D) o5 (D! o

dividing both sides by — e”"? an e~'?, respectively, we obtain
(n—1)! (n—1)!
n—1)! n—1)!

that

[—He—%ﬂij Ln} -

N oo
vj (g—1)! —2iB Av _
#3S ot [~ e, | = A

[<n “ D! pipg

(n+1) —Ln] - (59)

N oo
vj q_l)' —2i j
+ 5y [( e 2B } =@,
Z; 1qin <q+1)! 1,9 1

1
V7]

N
Al

From the comparison of (59) with (40) and (41) we conclude that the relations
(56), (57) are indeed valid. On the basis of (56), (57), the functions II; and I,
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entering into the expressions for the Debye potentials (7), (8) of the scattered
field, for & = 0 may be written in the form of the expansions

E

I =2 = ¢ cos(p — ) ZA o (ka )l (kr;) P (cos ), (60)
E

HJ_QZ—IS ° (i sin(p — B) ZB ka;)hy (kr;)PL(cosf,).  (61)

In particular, if (53) holds, then approximately

. 2n+1 1
AJ L= F] L= 7ezknr0jin n ,
+1, +1, ’I’L(’I’L 4 1) +1,1 47(11)/(kaj)
) 2n +1 1
BJ " (I)] L= _eiknrojin L ,
+1, +1, n(n + 1) +1,1 Cﬁll)(kaj)

and then, for the scattered field, from (60), (61) we obtain

E zknrOJ 0o m +1 w/ (k:a )
II. = 0 n n J
; o cos (p—=15) nz:z Y P CS)/(kaj) X

xhgln(krj)Pﬁ (cost,), (62)

I = —7Eoe?kmoj \/E n(p —p) iz" 20+ 1 Ynlkay) x
Zk ’U' n= TL + 1 C( >(kaj)

xhgln(krj)Pﬁ (cos ;). (63)

If (60), (61) are written in the form

J J
I, = cos(y — ) ‘;1; IT; = sin(p — ) ffjj , (64)
where we have set
, 2E,

— ZkQO ZAM (kr )P, (cos b)), (65)

and
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Q= — ZQEO\/> S B (k) P, (cos b)), (66)

then it is not difficult to observe that the functions (65), (66) are nothing other
than a generalization of V. A. Fock’ s potentials P, Q (see, for example, [24,
25]) to

case of several spheres under the condition of symmetry of the problem with
respect to the axis Oz(a = 0). Indeed, if it is assumed that (53) is satisfied,
then from the preceding results for P7 and (7 we obtain the expressions

) E iknry; O 9 1
pi—  Foe™M SN, 20t Y, (ka;)

iy = (D ¢ (kay)

EO\/7 lknroj -
Qi = a > oin 21 Ynlkay)
ik?r; nn+1) Q(ll)(k;a )

n=1 g

G (kr) P, (cos0)),

,(Ll)(krj)Pn(cos 0;),

which coincide with the expressions for the potentials of V. A. Fock. Since, for
the potentials of V. A. Fock, asymptotic representations corresponding to the
case of large ka are well known, by means of which the series for P and @ are
approximately summed, it becomes possible, when (53) and o = 0 are satisfied,
to obtain asymptotic expressions for the components of the scattered field for
ka > 1 in the case of several strongly separated spheres.

We shall now find expressions for the fields and for some quantities characterizing
them, considering, in order to simplify the reasoning, the special case of two
spheres of equal radii.

3. The case of two spheres. For two spheres of equal radii r; = a, j = £1
(the coordinate systems are introduced as shown in Fig. 2; the spheres are
assigned the indices j = +1 and j = —1), the Debye potentials of the scattered
field will be determined by the expansions

M=y T, I => I, (66")

Jj==+1 j=+1

where I, and I} are given by formulas (9), (10), (39), while Alnn and B, are
found from the systems
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Fig. 2

Figure 2: Fig. 2

Bl + Y 04 Buly = ®hy (68)
q=1
(Ymng> Omng> Frun> and @, are the same as in (42), (43)). Here, in the right-

hand parts of the systems, nr,; = jlycosa, j = +1. In the wave zone (r; —
00, 7; > ly), approximately

ikr
(1) _ A\ n € —1kl, cos 6 ~
hn (k’?"]) = (—Z) +1ﬁ e 0 s 0_7 ~ 0.

Therefore, as follows from (6), for the scattered field E*, H® in the approximation
considered, E; = H = 0, while Ej, EZ, Hj, and H; decrease as r; — oo like
r~!. Consequently, as in the case of a single sphere, the scattered field in the

wave zone is transverse in character. For the transverse field components Eg, E,
and Hy, HZ, from (6) one obtains the asymptotic expressions

1 . iEoeikr
E;=,/—H: = S(6 69
0 \/; @ Ly ( 790)’ ( )
By = — By = B g (70)
L e 0 kr )

S(0.) = Z(—meiw{w;(m)x

d , g
X P (cos0) Z Al e klocost | 4 (71)
j=*1
. P:LW(COS 0) J —ijkly cos 6
+imap, (ka) g ];1 Bl e 0 ,

Fig. 2
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§'(6,0) = = (i)™

P (cos )
{me (ka) sin 6 %
. - 72
> Z Aznnefz]klocose_wn(k.a)x ( )
Jj=+1
di C089 Z B] zjkl0c059‘| }
Jj==+1

From (69), (70) it is seen that in the far zone the electric and magnetic vectors
of the scattered field are mutually perpendicular.

From the relation j = [nH] for r; = a, j = %1, we find for the components

of the vector density of the surface currents induced on the surface of the j-th
sphere that

jo=-H,  jb=H, (j=+1,r;=a), (73)

where H denotes the vector of the total magnetic field. Therefore, putting in
(6) II = IT° + II°* and ITI* = ITI** 4 I1**, on the basis of (24)—(26), (66") and (67),
(68) we find that

fo=d5 +iy?  He=i +i5? (74)
where, if one uses the Wronskian determinant for the functions v,,(ka) and

C,(Ll) (ka), equal to

U ()¢ (2) — ) (@) () = 4,

-_ ZEO [e A dP( cosé))e,mcp
0;

ji iE . P'(cost;)
= 0\/>Zm e sm@ e, (75)

5
Eo \/7 i Pp(cost))
LS ime

1119

; (75)
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j«p =

s/
EA VT - dP(cosb;)
H Zan )elmcp.
0;
In the case when o = 0, instead of (71), (72) we obtain

S(0,¢) = —2¢" cos(p — B) Y (i

n=1

d 1 ..
X {Lb;(ka)de [Pn(cos 0) Z Al idklycos®

j=%1

_|_

+“pn(ka) lz 7”klOCOb®B{n

Jj=+1

dP, (cos0)
sin 6 df } ’ (76)

S*(6, ) = —2eP sin(p — B) Z

n=1
P dP, (cosb)
Y Al e—ijklgcos© | 2o miR 7/
X { wn(ka’) |J;1 1n€ 1 sin 0 do +
: d d J ol jkly cos ©
ity (ka) 25 | 25 Py (cos ) ) Y B, ekl (77)
Jj=+1

Using (71), (72), it is not difficult to find an expression for the quantity o of
the radar cross section of two spheres (the backscattering cross section), if one
uses the formula

7= Jim dor (2

where the component Eg of the electric vector of the scattered field is taken
in the direction toward the source. In particular, if, for example, « = 7/2
and 8 = 0, then for the component Eé of the field of the incident wave in the
coordinates of the system Oxyz

Ei = —Eye " sing,

and then from (78), on the basis of (69), (70), we find (¢ =0, 6 = 7/2) that
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47

= 3 S0 {whha) x

n,m

d y .o i
T lel”(cos 0) Z Al gidklcos© +
I - '0=nr/2
2
i g 3 84 A )
J=%1
where
0, if (n —m) is odd,
m _ o\ nom '
P (0) = (—=1)" 2" (n +m)! i (r1— m) is oven,
on <n—m>' <n—|—m>'
2 ’ 9
0, if (n —m) is even,
PO = (1) ntm+ 1)

if (n —m) is odd.

on (n—m—l)l <n+m+1)!’
2 2
If, for example, « = 0, # = 0, then for the field of the incident wave in the
coordinates of the system Oxyz

E} = Eye'™ cos ¢ cos ¥,

and then (6 = )

2
8T o=, (COSH > (cos )
_ Y ) ijkl AJ ijkl B]
S [ 3 et S i ) 3 o, ST
= O=m
(80)
where
lim d*P, T dp, _ n(n+1)
00 db? §-0sinf df 2
lim a2p, i L 1 dP, s )nn(n—i—l)
9o dO2  Gomsinf df 2
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In exactly the same way, expressions can be obtained for the quantities consid-
ered above also in the case of N spheres forming a linear system.

In conclusion, let us note the following. To compute, for example, the coefficients
Alnn (7= 41), system (67) may be written in the form

Agnn - Z (Z anq "qup > Agnnp = Fg@n - Z'Yr(?;'r{;]j)F';zé (81)

p=1 q=1

In this form, system (81) has a very complicated structure, in consequence of
which the calculation of the coefficients Amn isa dlﬂicult matter. However, one
can indicate another method for computing Amn and an, connected with the
solution of systems of simpler structure than (81). For this purpose, we note
that

i = (0" piad s owi = ()M (G =21). (82)
Indeed, from the fact that P,(cosf_; ;) = 1,if 6_; ; = 0, and P,(cosf_; ;) =
(=1)7,if 0_; ; = m, where ¢ has the same parity as n + ¢ (the Clebsch-Gordan

coefficients entering expression (29) for b, are -

are different from zero only for those n, ¢, and o whose sum n + g + o is even,
we have

anmq(_j’j) = (_1)n+qunmq(.j7 _.]) (83)

From (83) and (42), (43), (82) follows. On the basis of (82), from (67) we obtain

J } : —53,0) A—7 _ j
Amn + 'Ymnq Amq m’ru
=1

o0
D™ A + > (=)0 Adng = (—1)" Fo,
=1
whence, after termwise addition and subtraction of the equalities, we find that

mn + § 'Ymnq qu mn?

Z q'Ymnq Umqg = Pmn> (84)

q=1
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where z,,, = Al (—1)"A;1jn, U

= An — (=1)"Aut, frpn = Fin +

mn

(=1)"Fpd, and @, = Fh, — (=1)"FJ. In an analogous way, from (68) we
obtain

oo
Cmn + Z(_lylds’;’jbélj)cmq = Jmn>
q=1

q=1

where ¢, = Bhn + (=1)"Buin, dypp = Bhn — (=1)"Buin, frn = @ +
(=1)"®piny Gon = Phan — (—1)"Ppin. Systems (84), (85) have a much simpler
structure than systems of the form (81).
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