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(Presented by Academician N. N. Bogolyubov on 14 II 1966)

In this note we shall prove the following formula for the decomposition of the
direct product of representations of the discrete unitary series Dy of the Lorentz
group Ls:

D} ®D} ®-~®D] =) &@CM* D} .\ . .\ D
k=0

which is very useful in describing the n-dimensional oscillator from the point
of view of its dynamical symmetry group (!). In (I) the binomial coefficient
C’,€"+k*2 denotes the multiplicity of the irreducible representation D;\“l A,k
in the decomposition.

First of all, we shall carry out explicitly the decomposition of the direct product
Dil ® DJ{Q into irreducible components (we do not restrict ourselves to one-

valued or two-valued representations (2), but take A in Dj\' to be any positive
real number). In doing so we use the basis method (3).*

It should be noted that the formulas obtained below are relatively simple in
comparison with the corresponding formulas for the unitary representations of
the continuous series C}', considered in Pukanszky’ s work (°).

Let { féi“) n_p and { f,%Z) mo—o be the canonical bases of the irreducible
representations D;l and DL in the Hilbert spaces Hj\rl and HL, forming
orthonormal systems with respect to the scalar products in H)fl and H)fzz

(fff;), ,()/\1>) = 0, (f,(L)‘Q) f(),‘2)) = 0,,m;- The functions f,(f‘) satisfy the
ny No )

nlnl ) 2 9
equations (Hy, H,, H, are the generators of infinitesimal transformations of the
group £3** H, = H, +iH,):
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N By A A A) p(A
HO ™ = ( + >\> ( ) H+ 7<L ) = - n+1fn+1a Hfffl ) = a’gl )ffljl’ (1)
where

ad = vnn+2x—1), n=0,1,2,.. (2).

The basis of the direct-product representation Dil ® D;\“z is the system of func-

tions { f,gl‘l) f,%Z) }, forming an orthonormal system in Hjl ® H)fz with respect to
the scalar product

A 0 A oA N
( ’f(ll )f7(122>7 f7(7/1 )f7<L/22>) :< ny 7f ))<fn22)7f )_ nln/l(ann/Z'

: (A1) £(Ag) :
The operators H, (a = 0,1,2) act on the functions f " fr,> according to the
formulas

Hy(f 102y = (H, fO) 1902+ 00 (H, 122 (2)

(Obviously, the operators H, are Hermitian and give a representation of the
infinitesimal group £ in H;l ® HL) In particular,

HOfTh TL2 ) = (nl + Ny + )‘1 +A )fnl n2 )’ (3)

*In (4) this method was applied in the decomposition of the direct product of
representations of the Lorentz group £,.

** The operators H, H,, H, satisfy the commutation relations [Hy, Hy] = —iH,,
[Hy, Ho) = iy, [Hy, Hy] = iH,.
so that to the eigenvalue n + )\1 + )\2 of the operator H,, there correspond n +1

functions: f((f‘l f ,f fn 1,...,fn f Where n = ny+mny > 0. The latter
condition means that in the decomposition of the representation DL ®Dj{2 only

representations of the series DY (X > 0) will occur. It is easy to find these rep-
resentations. Obviously, Hffé)‘l)fék"’) =0, Hofé 1)f<>‘2 = (A + )\Q)fé)‘l)fékz).
Hence fé)“) fé/\2) is a basis element with the least eigenvalue A; + A, of the repre-
sentation Dj\'ﬁ)\?. With the aid of the operators H_, H?r, Hﬁ, ..., from f(()/\l)fé)‘2>
one can obtain all the other basis elements of the representation Djl e In
this process the elements f f and f f A2) will enter into DL 4y, Ima

certain linear combination. Their other combination will be a basis element
with the least eigenvalue A; + A, + 1 of the representation Dy ., ;. From

it, with the aid of the operators H, ,H? H?, .., one can obtain all the other
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basis elements of the representation DL FAgtl: Repeating this procedure, we

; + +
construct bases of all the other representations D/\IJ”\2+27 Dz\1+/\2+37 e

ring in the decomposition of the representation DL ® DL. Thus we obtain the
decomposition

occur-

Dj\rl ® DL = Z DI1+/\2+1~3' (4)
k=0

Let us now show that on the right there is an orthogonal sum. First of all,
from the construction of the basis elements of the representation D} (A =

AL+ Ao+ k) it follows that £ ~ H? £V, while £ ~ H ). Then (in Hy,
A=Ay + Ay + &, the same scalar product is defined as in Hy ® Hy )

A Y n p(A n! N
(P, £O0y ~ (m Y HY £, (5)

By virtue of the Hermiticity of the operators H, we have (H_f,g) = (f, H_g), so
that for n # n’ the scalar product (5) vanishes because Hf*”/f(()x) =0(n>n)
or Hf/*"féA) =0 (n’ > n). For n = n’ we have ( 7(;\)7167(;\ >) ~ (fén,fé)‘ >). If
A # X, then the last expression, as is not hard to verify*, vanishes. Thus in (4)

there is an orthogonal sum. Therefore, if f, g € H)fl ® HL, then

(f7g) :Z<f(/\>’g<)\>)’ (6)

A

where f, gV e HY X=X+ +k (f™ is the orthogonal projection of f onto
HY). From equality (6) it follows that there must exist an isometric mapping
of the space H;rl ® H;; onto the space Ziio @Hj\r1+)\2+k. This means that the

representations D;\rl ® DL and ZZO:O DL L a,+k are isometrically equivalent.
Let us now find the explicit form of this mapping, i.e., express the basis elements
£ € Hf (X=X +X,+k) through the elements £ f)?) € Hy ® Hy. . From
(3) it follows that

k+n
A n A A
f"<L ) = Z Cﬁlnl;)\rznzf’(hl) ’222)7 U3 + /\1 + U + /\2 =n+A (7)
n,=0

We need to find the explicit form of the Clebsch—Gordan coefficients Cj\\l"nl; Agniy”
(X

For this purpose we temporarily pass to new bases 55{“ = Vn ﬂ({\)

* For this it is necessary to turn to formula (7).

with fy,@ = /n!I'(n + 2X). Then we obtain the simple formula H+§£L)‘) = fff;)l,
and, consequently,
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e = Hrel. ®)

Here H,g;” = ﬁiﬁgw where Bﬁf‘) = n(n + 2\ —1). For the element f(g/\) we

n—12
have the expansion

k
A A A
& = Zapgﬁg l)géfp)'
p=0

The coefficients a,, are found from the condition Hﬁfé” = 0, which leads to the

equality apﬂfg/\l) +a, 4 ﬁ,(c’izg .1 = 0. Hence we obtain
a, = ag(—1)? [p'T'(p + 2\, ) (k —p)!T(k —p + 2X,)] 7,
where a is as yet undetermined. From (8) and property (2) it now follows that

k

n
&) =33 cragne . (9)

m=0 p=0

(CP is the number of combinations of n taken m at a time). Passing to the
old bases and comparing formulas (9) and (7), we find the expression for the
Clebsch-Gordan coefficients™

A1 B nlng!ny! D(ng + 20)T(ny + 2X,) 1/2
ANy Aang ) F(TL + 2)\) x

min(n;,A—X;—Xy)

X Z (=P [pI(A = Ay = Ay = p)i(ny —p)l(ny +p — ny)!x

p=max(0,n,—n)

XT(p+ 22 ) T(A =X + Ay — )] 7L, (10)

where A=A + A\, +k (k=0,1,2,...), and ny =n+ k —n,.
The coefficient a, in (10) is found from the normalization condition ( é/\), J (()M) =

1 and is equal to

ag = [(2A — 1)(A— A — Ayl

XD+ A = AT+ Ay — AT A+ Ay + Ay — 1)]V2, (11)
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Starting from formula (4), it is easy to prove formula (1). It is obtained by
repeated application of formula (4). In doing so one must use the following
property of the binomial coefficients:

k

n+k’ _ ~ntltk
E co =Cy .
k’=0

The question considered here arose in a conversation with O. S. Parasyuk and
A. U. Klimyk. T express to them my deep gratitude for very valuable advice.
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* Analogous formulas for the Clebsch-Gordan coefficients can be obtained for
the discrete unitary series Dy (A > 0), and also for finite-dimensional represen-
tations of the group <.
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