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1. Let B be a bounded domain in the space C™ of complex variables
(21, ...,2") = z. Then ((*?);(3), pp. 101-104, 346-350) the positive form

ds? =Ty dzFdzl,  Ty=(nK)/, (1)
defines in the domain B the Bergman metric, invariant under biholomorphic
mappings. Here K (z,%) = I7! is the Bergman kernel function of the domain B;
I, is the minimal value of the integral

I= /B () dw 2)

(where dw is the volume element of the domain B C CZ, £ = (£, ...,€M)) for
functions f(¢) € L?*(B) satisfying the condition f(z) = 1 at the point 2z € B.
The kernel function K (z, z) is a real analytic function of the variables z* = Re z*,
y* =Im2*, k=1,...,n, in the domain B. It can also be defined by the equality
K(z,2) = Zzl lo, ()%, where {¢,(2), v =1,2,...} is any closed orthonormal
system of holomorphic functions in L?(B).

The metric (1) is a special case of the Kéhler metric

ds? = Gy dzF @, 9 =%, (3)

defined in a domain E C C™ by means of a function ®, called the potential of
the Kéhler metric (3). Here @ is an arbitrary plurisubharmonic function (which
ensures the positivity of the form (3)). Suppose that in some domain E C C™ a
Kéhler metric (3) is given by means of a real analytic potential ®. The question
arises whether there exists such a bounded domain B C C™, with BN E #+ (),
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that at the points z € BN E the metric (3) coincides with the metric (1) for B.
The following theorem gives a necessary condition.

Theorem 1 (Fuks (3%)). If a Kdhler metric is the Bergman metric for a
bounded domain B, then its Riemannian curvature at all points z € B in any
two-dimensional analytic direction

R = |[u| R, utuluPu™ < 2. (4)

Here u® is the vector defining this direction, |u| is the length of this vector in
the metric (3), and R, is the curvature tensor of the metric (3).

Inequality (4) follows from the relation

R=2-KJJ2, (5)

which holds for the metric (1). Here J; = (K|u|?)™! and J are the minimal
values of the integral (2) in the class of functions f({) € L?(B) satisfying, at
the point z € B, the conditions: for J;, f(z) =0, f’zkulc = 1; for J,

f@=Fa=m=f =0 f k"

Zk'zl

The assertion of Theorem 1 follows from the fact that J;,J > 0.

This result was extended by Hua Lo-keng ®) to the case of a metric defined by
means of the kernel function of an incomplete orthonormal system. Stark (%)
obtained for the quantity R an expression different from (5), and showed that
there are cases in which, starting from it, one can obtain a better estimate for
R than from (5). Other generalizations of Theorem 1 were obtained by Hua
Lo-keng (7, Matsuura (8, Mishiwaki (¥, and others.

2. Inequality (4) is difficult to use in studying the topological properties of
the Kéahler manifold into which the domain B is transformed as a result
of introducing the metric (1). The reason is that the Riemann curvature
is expressed through a form of the fourth degree, and finding its extremal
values is difficult. Usually such investigations (see (1)) are connected with
considering, at points z € B, the Ricci curvature

p= |u|72quupaq7 (6)

which is expressed by a quadratic form. Here R,; = —(In D)7z, is the Ricci
curvature tensor of the metric (3), D = det g;;.

In the case of the metric (1), D = K- ™YDA; A = detK
0,1,...,n;

si, where s,t =
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K=K

25zt

for s,t > 0; K,=K',., Ky=K.,

s zt) Ky =K.
There holds

Theorem 2. If a Kahler metric is the Bergman metric for a bounded domain
B C C™, then at any point z € B, in the direction of an arbitrary vector u¥, the
Ricci curvature satisfies p < n + 1.

The proof of this theorem is based on the relations

R,; = (n+ l)qu — (In A 5q; (7)
p=(n+1)—(KAu*)"'TrS, (8)
A K[ﬁﬂl
Spq = i : . : R 9)
kau . Kp,ﬁku kaqiu u
Here
kas = K;/;zkgsv Ks(jl = Kggzqglv ka«ﬂ = Ki;/zkz’qgl'

Equality (8) is obtained as a result of computations from equalities (6) and (7).

Apply to the domain B such a linear biholomorphic mapping that the forms (1),
(6), at an arbitrarily chosen fixed point z € B, will have canonical form. We
shall keep the old notation for the domain obtained as a result of this mapping,
for the point corresponding to the point z, and for the quantities connected with
the Bergman metric. In this case the quantity p, thanks to the invariance of
the metric (1) under biholomorphic mappings, will have its former value. Since
now 1P4(z,z) = 0 for p # ¢, in our case

p=(n+1)— (KAu[?)~'TPPS, ;. (10)

A proper calculation shows that S, = A(J(m)’l, where J®) is the minimal
value of the integral (3) for the class of functions f(¢) € L*(B),

satisfying the conditions f(z) = f. = .. = f. =0, f;’szpuS = 1. This
calculation is based on a single general formula of S. Bergman (see (), formula
(1.58)). The quantity J® > 0. Hence, from the fact that TP? > 0 (where

p=1,...,n), and from formula (10), our assertion follows.

Let us note that Theorem 2 can also be proved in another way. To avoid making
the exposition excessively complicated, we shall henceforth restrict ourselves to
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the case of two complex variables. Then, starting from equality (7), one can
show that for n = 2 (in an arbitrary coordinate system)

p=3—JLLL" [(IJy) ! + (I05) 7] (11)

Here I, and J; are the quantities defined above; I, I5, Jy, Js are the minimum
values of the integral (2) in the class of functions f(¢) € L?(B) satisfying at the
point z € B the following conditions: for I,, f(z) =0, f. =1; for I3, f(2) =
fl, =0, fl, =1 for Jy, f(z) = f. = f., =0, f(”zl)gul + f7 ., u* = 1; for J,
F(2) = F1, = £, = 0, (—fL o T FL o T+ ([ Th 1 T = T,
From formula (11), since I, J, > 0 (s = 1,2, 3), it follows that p < 3; for n = 2
this is precisely the assertion of the theorem.

Corollary 1. If the Kdhler metric is the Bergman metric for a bounded domain
B C C", then at every point z € B its scalar curvature is < n(n +1).

This estimate follows from the fact that the scalar curvature is equal to the sum
of the Ricci curvatures in the directions of n mutually orthogonal vectors.

Corollary 2. In a bounded domain B C C™ the Kdhler metric

ds? = 1y dz*dZ, (1)
where Ty = (InA)7 ;. A= K™D, and D is the discriminant of the form (1),
is positive and invariant under biholomorphic mappings.
The positivity of the form (1’) follows immediately from Theorem 1; the invari-
ance of the form (1”) follows from the fact that K and D are tensor densities
under biholomorphic mappings.

3. We shall consider the behavior of the Ricci curvature of the Bergman
metric at a point z € B as the point z approaches the boundary of the
domain B C C?. We restrict ourselves to the space C?, since the method
we use was developed ((?), pp. 6-27) only for C2. This method is based
on the following fact. Let bounded domains g, B, G C C™ be such that
g C B CG,andlet z € g; let I, I, I; be the minimum values of
integrals of the form (2) for these domains under the same additional
conditions at the point z. Then (see (3), p. 100, formula (1.63))

I,<Ip< I (12)

We shall take as g and G domains obtained from a hypersphere by certain
biholomorphic mappings. Let z € g. Then we apply to the domains g, B, G
such a linear biholomorphic mapping that the forms (1) for the domains B and G
at the point z simultaneously pass into forms having canonical form. We retain,
for the domains obtained as a result of this mapping, for the point corresponding
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to z, and for the quantities related to the Bergman metric in these domains, the
previous notation. Now we have Tff )(z, z) = TS >(z, z) = 0, and the conditions
determining the minimum value J; of the integral (2) for the domains B and G
become the same. The conditions determining the other minimum values of the
integral (2) at the point z, appearing in formula (11), in general do not depend
on the domain. Therefore, for the domains obtained as a result of our mapping,
by virtue of (11) and (12),

3—p 2 27 (02L) (LY + (7] = QB - pe) = 40;

Q=170 (13)

The penultimate equality follows from the fact that the Bergman metric in the
hypersphere (and in domains biholomorphically equivalent to the hypersphere)
has constant Riemannian curvature R = —2/3*; in this case (see, for example,
(19), p. 103) the Riemann and Ricci curvatures are related by the formula p =
!/5(n+1)R, and therefore pg = p, = —1 (in our case n = 2).

p is an invariant of biholomorphic mappings. Under a biholomorphic mapping
the quantity J;I; is multiplied by |j|%, where j is its Jacobian. This follows
from the transformation law for the kernel function of a domain under biholo-
morphic mappings. Therefore @) is an invariant of biholomorphic mappings, and
inequality (13) is preserved under them for the original domains g, B, G. Thus,

4Q <3—p<4Qh (14)

The right-hand side of this inequality can be obtained in the same way as the
left-hand side. For this purpose one must apply to the domains g, B, G a linear
biholomorphic mapping that brings the forms (1) for the domains g and B at
the point z simultaneously into canonical form, and then repeat the arguments
used to obtain the left-hand side of the inequality.

Theorem 3. If B C C? is a bounded domain, and: 1) the boundary OB is a
hypersurface of class €2; 2) at the point ¢ € OB the hypersurface OB is strictly
conver in the sense of Levi (i.e. the Levi determinant £(0B)|,_. > 0) and
one of the analytic surfaces passing through the point ( lies entirely outside the
domain B; 3) the point z € B approaches the point {, remaining inside the cone
formed by rays issuing from the point { and making with the inner normal to the
hypersurface OB an angle not greater than o (where v is some number satisfying
0<a<m/2), thenlim, , p=—1.

To prove this theorem we take in inequality (14) g = 3, G = 2, where J and
2 are the so-called inner and outer comparison domains corresponding to the
point (; they are obtained from the hypersphere by biholomorphic mappings,
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J C B C 2 (therefore inequality (14) holds for them). The point ¢ belongs to
the boundary of all three domains, and when z — ¢ in the manner indicated in
the theorem,

lim J{” = lim 17 = lim J{™ = lim I/ = 1.
z2—( z—( z—( z—(¢

Our assertion follows from this.

Remark. The relation lim, ,. p = —1 also holds in the case when £(0B)|,_. =
0. However, in this case one must consider a way of approaching the point
z to the point ¢ different from that indicated in theorem (3) (this method of
approach is described in (?), p. 20 and following).
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* Let us note that in paper (*) this formula erroneously gives —1 instead of —2 /5.

This error was then repeated in the reviews (2,2).

Note: Figure translations are in progress. See original paper for figures.
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