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We shall consider the sets 𝑃𝑘 (𝑘 = 2, 3, …) of all functions 𝐹(𝑥1, … , 𝑥𝑛) such that:
a) the arguments take the values 0, 1, … , 𝑘 − 1; b) the values of the functions
are also equal to 0, 1, … , 𝑘 − 1; c) the functions are not necessarily defined for
all tuples of values of the arguments. Such functions will be called partial
functions of 𝑘-valued logic, or simply partial 𝑘-valued functions.

In defining the superposition

𝐹(𝑥1, … , 𝑥𝑛) = 𝑓(𝑔1(𝑥11, … , 𝑥1𝑟1
), 𝑔2(𝑥21, … , 𝑥2𝑟2

), … , 𝑔𝑚(𝑥𝑚1, … , 𝑥𝑚𝑟𝑚
))

of partial functions 𝑔1, 𝑔2, … , 𝑔𝑚 into a function 𝑓 , it is natural to assume that,
if for some tuple (𝑥1, … , 𝑥𝑛) at least one of the functions 𝑔1, … , 𝑔𝑚 is not defined,
then the function 𝐹(𝑥1, … , 𝑥𝑛) is not defined on this tuple either.

In the present note we consider the completeness problem investigated for
everywhere-defined functions in (1,2).
1°. Completeness criterion for 𝑃2. Define 8 classes Φ1, Φ2, … , Φ8 of func-
tions from 𝑃2:

Φ1. Functions that are either everywhere defined or nowhere defined.

Φ2. Functions that on the tuple 000 … 0 either take the value 0 or are not
defined.

Φ3. Functions that on the tuple 111 … 1 either take the value 1 or are not
defined.
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Φ4. Functions that are either not defined on at least one of the tuples 000 … 0
and 111 … 1, or preserve both values.

Φ5. Functions that can be extended to monotone functions.

Φ6. Functions that can be extended to self-dual functions.

To define the classes Φ7 and Φ8, introduce 4-place everywhere-defined auxiliary
functions 𝜒7 and 𝜒8: 𝜒8(𝑥1, 𝑥2, 𝑥3, 𝑥4) = 𝑥1 ⊕𝑥2 ⊕𝑥3 ⊕𝑥4, while 𝜒7 differs from
𝜒8 only on the tuples 0110 and 1001, where 𝜒7(0, 1, 1, 0) = 0, 𝜒7(1, 0, 0, 1) = 0.
A function 𝑓 (denote the number of its arguments by 𝑛) belongs to Φ7 if and
only if, for any ordered quadruple of tuples of zeros and ones

(𝑎11, 𝑎12, … , 𝑎1𝑛), (𝑎21, 𝑎22, … , 𝑎2𝑛), (𝑎31, 𝑎32, … , 𝑎3𝑛), (𝑎41, 𝑎42, … , 𝑎4𝑛)

(the tuples are not necessarily distinct) from

𝑛
⋀
𝑖=1

𝜒7(𝑎1𝑖, 𝑎2𝑖, 𝑎3𝑖, 𝑎4𝑖) = 1

it follows that

𝜒7(𝑓(𝑎11, … , 𝑎1𝑛), 𝑓(𝑎21, … , 𝑎2𝑛), 𝑓(𝑎31, … , 𝑎3𝑛), 𝑓(𝑎41, … , 𝑎4𝑛))

is either equal to 1 or is not defined.*

In the definition of the class Φ8, 𝜒8 is used everywhere instead of 𝜒7.

Theorem 1. In order that a system of functions be functionally complete in
𝑃2, it is necessary and sufficient that the system not be contained in any of the
8 indicated classes.

In other words, it is necessary and sufficient that for each class Φ𝑖 (𝑖 = 1, 2, … , 8)
the system contain at least one function not belonging to Φ𝑖.

* Since 𝜒7 is an everywhere-defined function, definedness of the superposition is
equivalent to definedness of the function 𝑓 on all four indicated tuples.

Corollary. Since none of the indicated classes is contained entirely in another
class, Theorem 1 implies the precompleteness of all the classes mentioned.

2°. Further, it can be shown that the function

Π(𝑥1, 𝑥2, 𝑥3) = {𝑥1&𝑥2, if 𝑥2 = 𝑥3,
undefined, if 𝑥2 ≠ 𝑥3,

sovietrxiv.org/items/ru-196601.57623 Machine Translation

https://sovietrxiv.org/items/ru-196601.57623


alone constitutes a complete basis for ̃𝑃2, and that no such two-place functions
exist.

Theorem 2. From any system of functions forming a complete basis for ̃𝑃2,
one can extract a subsystem consisting of no more than 5 functions which also
forms a complete basis.

Remark 1. Theorem 2 cannot be strengthened, since the following system of
functions ceases to be a complete basis upon deletion of any one of its 5 functions:
ℎ1(𝑥1, 𝑥2) = 𝑥1&𝑥2, ℎ2(𝑥1) = 0, ℎ3(𝑥1) = 1, ℎ4(𝑥1, 𝑥2, 𝑥3) = 𝑥1 ⊕ 𝑥2 ⊕ 𝑥3, and
ℎ5(𝑥1): ℎ5(0) = 0, ℎ5(1) is undefined.

Remark 2. To each partial function of the algebra of logic one can naturally
assign an everywhere-defined 3-valued function: on tuples where the partial
function is undefined, the corresponding 3-valued function takes the value 2.
This establishes a one-to-one correspondence between ̃𝑃2 and the class of all
3-valued functions for which, if at least one argument is equal to 2, then the
function is equal to 2. Superposition of partial functions is thereby matched
with superposition of the corresponding 3-valued functions. Therefore every
theorem on completeness in ̃𝑃2 is also a theorem on the mentioned closed class
of functions of 3-valued logic.

It is known (1,2) that every closed class of functions of the algebra of logic has
a finite basis. It is also known that there exist closed classes of functions of
3-valued logic without a finite basis. Theorem 3 shows that such classes also
exist in ̃𝑃2 (and still more so in any ̃𝑃𝑘, 𝑘 = 3, 4, …).

Theorem 3. The class of all functions not defined on tuples of the form 000 … 0
is closed and has no finite basis.

3°. Completeness criteria for ̃𝑃𝑘. Let us define some classes of functions
from ̃𝑃𝑘. Each class Φ𝜒 corresponds to a certain 𝑘2-place 𝑘-valued everywhere-
defined auxiliary function 𝜒, taking only the values 0 and 1. We shall con-
sider the classes corresponding to each such function, provided only that it: a)
takes the value 1 on the tuples 0, 1, … , 𝑘 − 1, 0, 1, … , 𝑘 − 1, … , 0, 1, … , 𝑘 − 1 and
0 … 01 … 1 … 𝑘 − 1 … 𝑘 − 1 *; b) is not identically equal to one.

A function 𝑓 (denote the number of its arguments by 𝑛) belongs to the class
Φ𝜒 if and only if, for any ordered 𝑘2-tuple of tuples of values 0, 1, … , 𝑘 − 1:
(𝛼11, 𝛼12, … , 𝛼1𝑛), (𝛼21, 𝛼22, … , 𝛼2𝑛), …, (𝛼𝑘21, 𝛼𝑘22, … , 𝛼𝑘2𝑛) (the tuples need
not be distinct), from

𝑛
⋀
𝑖=1

𝜒(𝛼1𝑖, 𝛼2𝑖, … , 𝛼𝑘2𝑖) = 1

it follows that

𝜒(𝑓(𝛼11, … , 𝛼1𝑛), 𝑓(𝛼21, … , 𝛼2𝑛), … , 𝑓(𝛼𝑘21, … , 𝛼𝑘2𝑛))
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is either equal to 1 or is undefined. Let us define one more important class Φ0:
a function belongs to Φ0 if it is either everywhere defined or nowhere defined.

Theorem 4. In order for a system of functions to be functionally complete in
̃𝑃𝑘, it is necessary and sufficient that the system not be contained in any one of

the classes indicated above.
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* In this tuple each value 0, 1, … , 𝑘 − 1 occurs exactly 𝑘 times.

Note: Figure translations are in progress. See original paper for figures.
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