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MATHEMATICS

L. D. AKULENKO

ON MULTIFREQUENCY OSCILLATIONS
AND ROTATIONS
(Presented by Academician S. L. Sobolev on January 6, 1966)

§ 1. Statement of the problem. In this article we study the system

𝑑𝑥𝑖/𝑑𝑡 = 𝐹𝑖(𝑡, 𝑥1, 𝑥2, … , 𝑥𝑛) + 𝜀𝑓𝑖(𝑡, 𝑥1, 𝑥2, … , 𝑥𝑛; 𝜀) (𝑖 = 1, 2, … , 𝑛), (1)

where 𝑡 ∈ (−∞, ∞) is an independent variable; 𝜀 ∈ [0, 𝜀0] is a small parameter;
{𝑥𝑖} ∈ 𝐸𝑛; the functions 𝐹𝑖 and 𝑓𝑖 satisfy the following conditions:

1) 𝐹𝑖 are periodic in 𝑡, 𝑥1, 𝑥2, … , 𝑥𝑝 (𝑝 ≤ 𝑛) with periods 𝑇 , 𝑇1, 𝑇2, … , 𝑇𝑝
for all real values of these arguments, while 𝑓𝑖, uniformly with respect to
𝜀, 𝑥𝑝+1, … , 𝑥𝑛, are almost periodic (in the sense of (1′)) in 𝑡, 𝑥1, 𝑥2, … , 𝑥𝑝
with frequency bases {𝜔𝑚}, {𝜔𝑚1

}, {𝜔𝑚2
}, … , {𝜔𝑚𝑝

} (2), respectively,
where {𝜔𝑚}, {𝜔𝑚1

}, {𝜔𝑚2
}, … , {𝜔𝑚𝑝

} are, generally speaking, countable
sequences.

2) 𝐹𝑖 possess second, and 𝑓𝑖 first, partial derivatives satisfying Lipschitz con-
ditions in 𝑥𝑖, 𝜀 with constants independent of 𝑡 in the region 𝐺 ∈ 𝐸𝑛,
unbounded along the coordinate axes 𝑥1, 𝑥2, … , 𝑥𝑝, and 𝜀 ∈ [0, 𝜀0], and
are continuous in 𝑡.

Along with the perturbed system (1), consider the unperturbed system

𝑑𝑥0
𝑖

𝑑𝑡 = 𝐹𝑖(𝑡, 𝑥0
1, 𝑥0

2, … , 𝑥0
𝑛) (2)

and suppose that in the region 𝐺 it admits an isolated rotational-oscillatory
solution of the form (see (3))

𝑥0
𝑖 = 𝑣𝑖(𝑡) = 𝛿𝑖

𝑇𝑖
2𝜋 𝜔𝑡 + 𝑢𝑖(𝑡), (3)

where 𝜔 = 2𝜋/𝑇 ; 𝑢𝑖(𝑡 + 𝑇 ) = 𝑢𝑖(𝑡); 𝛿𝑖 = 1 for 𝑖 ≤ 𝑝 and 𝛿𝑖 = 0 for 𝑖 > 𝑝.
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We shall say that the solution (3) is isolated if the characteristic equation for
the system in variations

𝑑𝑧𝑖/𝑑𝑡 = 𝑝𝑖1𝑧1 + 𝑝𝑖2𝑧2 + … + 𝑝𝑖𝑛𝑧𝑛, (4)

where 𝑝𝑖𝑘(𝑡) = 𝜕𝐹𝑖/𝜕𝑥𝑘|𝑥𝑘=𝑣𝑘
= 𝑝𝑖𝑘(𝑡 + 𝑇 ), has no roots with moduli equal to

1 (see (4′)). Under these conditions the system (4) has no periodic (4, 5), nor
almost-periodic solutions.

We pose the problem of constructing and investigating an almost-rotational-
oscillatory solution of the system (1) (definition below), with any degree of
accuracy in 𝜀 for all 𝑡 ∈ (−∞, ∞), lying in the region 𝐺 and passing into the
generating solution (3) when 𝜀 = 0.

Systems of type (1), when the generating solution is periodic, were considered in
(4). Systems with rotations and oscillations have already been studied with the
aid of various modifications of the averaging method (1), as a rule on a bounded
time interval ∼ 1/𝜀 or ∼ 1/√𝜀 (3, 6–11). In the present work stationary motions
on the unbounded time interval 𝑡 ∈ (−∞, ∞) are studied.

§ 2. Main results. Under the assumptions made concerning 𝐹𝑖, 𝑓𝑖, and the
system of variational equations (4), the following assertion holds:

Theorem. If the generating system (2) has an isolated solution (3), then the
perturbed system (1), for sufficiently small |𝜀|, admits a unique solution belong-
ing to the region 𝐺 and reducing to the generating one (3) when 𝜀 = 0, and,
when 𝜀 ≠ 0, having the form

𝑥𝑖 = 𝑣𝑖(𝑡) + 𝑦𝑖(𝑡, 𝜀) (𝑖 = 1, 2, … , 𝑛),

where 𝑦𝑖 is almost-periodic in 𝑡, with basis

{𝜔, {𝜔𝑚}, {Ω𝑚1
}, {Ω𝑚2

}, … , {Ω𝑚𝑝
}} (Ω𝑚𝑘

= 𝑇𝑘
2𝜋 𝜔𝜔𝑚𝑘

) , (5)

and satisfies, with respect to 𝜀, Lipschitz conditions with constants independent
of 𝑡. This perturbed solution is asymptotically stable for 𝑡 ≥ 𝑡0, for sufficiently
small |𝜀|, if the characteristic exponents of the variational system (4) have neg-
ative real parts, and is unstable if at least one of them is positive.

§ 3. Construction of successive approximations. In (1) put 𝑥𝑖 = 𝑣𝑖 + 𝑦𝑖.
The system (1) takes the form

𝑑𝑦𝑖
𝑑𝑡 =

𝑛
∑
𝑘=1

𝑝𝑖𝑘𝑦𝑘 + 𝑉𝑖(𝑡, 𝑦1, … , 𝑦𝑛) + 𝜀(𝑓𝑖)0 + 𝜀𝑊𝑖(𝑡, 𝑦1, … , 𝑦𝑛; 𝜀), (6)

where
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𝑉𝑖 = 𝐹𝑖(𝑡, 𝑥1, 𝑥2, … , 𝑥𝑛) − (𝐹𝑖)0 −
𝑛

∑
𝑘=1

𝑝𝑖𝑘𝑦𝑘, (7)

𝑊 = 𝑓𝑖(𝑡, 𝑥1, 𝑥2, … , 𝑥𝑛; 𝜀) − (𝑓𝑖)0. (8)

For sufficiently small values of |𝑦𝑖|, |𝑦′
𝑖|, |𝑦″

𝑖 |, |𝜀|, |𝜀′|, |𝜀″|, these functions satisfy
the conditions

|𝑉𝑖(𝑡, 𝑦)| < 𝐴
𝑛

∑
𝑘=1

𝑦2
𝑘 (𝑦 ≡ {𝑦1, 𝑦2, … , 𝑦𝑛}), (9)

|𝑉𝑖(𝑡, 𝑦′) − 𝑉𝑖(𝑡, 𝑦″)| < 𝐵
𝑛

∑
𝑘=1

(|𝑦′
𝑘| + |𝑦″

𝑘 |)
𝑛

∑
𝑙=1

|𝑦′
𝑙 − 𝑦″

𝑙 |;

|𝑊𝑖(𝑡, 𝑦, 𝜀)| < 𝐶 (
𝑛

∑
𝑘=1

|𝑦𝑘| + |𝜀|) ;

|𝑊𝑖(𝑡, 𝑦′, 𝜀′) − 𝑊𝑖(𝑡, 𝑦″, 𝜀″)| < 𝐶 (
𝑛

∑
𝑘=1

|𝑦′
𝑘 − 𝑦″

𝑘 | + |𝜀′ − 𝜀″|) . (10)

We seek the solution of system (6) by successive approximations, taking 𝑦(0)
𝑖 = 0

as the zeroth approximation. The first is found from the system

𝑑𝑦(1)
𝑖

𝑑𝑡 =
𝑛

∑
𝑘=1

𝑝𝑖𝑘𝑦(1)
𝑘 + 𝜀(𝑓𝑖)0, (11)

and an arbitrary 𝑙-th one (𝑙 ≥ 2)

𝑑𝑦(𝑙)
𝑖

𝑑𝑡 =
𝑛

∑
𝑘=1

𝑝𝑖𝑘𝑦(𝑙)
𝑘 + 𝜀(𝑓𝑖)0 + 𝑉𝑖(𝑡, 𝑦(𝑙−1)) + 𝜀𝑊𝑖(𝑡, 𝑦(𝑙−1); 𝜀). (12)

The existence and uniqueness of an almost-periodic solution of system (11) is
ensured by Lyapunov’s theorem on reducibility, by means of a nonsingular
periodic matrix, of system (11) to a system with constant coefficients (4,5), and
also by the well-known theorem of Neugebauer—Bohr (2,4).
Thus, one can formally construct any approximation to the solution of system
(6). If these successive approximations converge to some almost-periodic func-
tion, then their limit may represent the desired solution.
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§ 4. Justification of the approximations. Let us show, first, that any
approximation is bounded. For the first approximation this is true on the basis
of the theorems mentioned:

∣𝑦(1)
𝑖 ∣ < |𝜀|𝑃Φ (𝑖 = 1, 2, … , 𝑛),

where Φ is the upper limit of the functions |(𝑓𝑖)0|, and the constant 𝑃 depends
only on 𝑝𝑖𝑘. Next suppose that the inequality is valid for 𝑙 = 0, 1, 2, … , 𝑚 − 1:

∣𝑦(𝑙)
𝑖 ∣ < |𝜀|𝑃Φ < |𝜀|𝑁, (13)

where 𝑁 is some constant. We shall show that the last inequality (13) is also
valid for 𝑙 = 𝑚. Indeed, taking into account (9), (10), (12), (13), we obtain

∣𝑦(𝑚)
𝑖 ∣ < |𝜀|𝑃 Φ + 𝜀2𝑛𝐴𝑁2𝑃 + 𝜀2𝐶(𝑛𝑁 + 1)𝑃 < |𝜀|𝑁 (𝑚 = 0, 1, 2, …), (14)

provided

𝑃Φ + |𝜀|𝑛𝐴𝑁2𝑃 + |𝜀|𝐶(𝑛𝑁 + 1)𝑃 < 𝑁,

which is evidently true for sufficiently small values of |𝜀|.
From the obtained inequality two consequences follow:

1) 𝑥𝑖 = 𝑣𝑖 + 𝑦𝑖 ∈ 𝐺, if 𝑣𝑖 ∈ 𝐺 and |𝜀| is small;

2) 𝑥𝑖|𝜀=0 = 𝑣𝑖(𝑡).

Secondly, we prove the uniform convergence of 𝑦(𝑙)
𝑖 to certain almost-periodic

functions 𝑦𝑖(𝑡). For this purpose consider the differences 𝑦(𝑙+1)
𝑖 − 𝑦(𝑙)

𝑖 . They
satisfy the system

𝑑 (𝑦(𝑙+1)
𝑖 − 𝑦(𝑙)

𝑖 )
𝑑𝑡 =

𝑛
∑
𝑘=1

𝑝𝑖𝑘 (𝑦(𝑙+1)
𝑘 − 𝑦𝑙

𝑘) + {𝑉𝑖 (𝑡, 𝑦(𝑙)) − 𝑉𝑖 (𝑡, 𝑦(𝑙−1))} +

+𝜀 {𝑊𝑖 (𝑡, 𝑦(𝑙); 𝜀) − 𝑊𝑖 (𝑡, 𝑦(𝑙−1); 𝜀)} .

On the basis of (9), (10), (13), (14),

∣𝑦(𝑙+1)
𝑖 − 𝑦(𝑙)

𝑖 ∣ < |𝜀|𝑎𝑙𝑛𝑃(2𝑛𝐵𝑁 + 𝐶),
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where 𝑎𝑙 is the upper limit of the quantities ∣𝑦(𝑙)
𝑖 − 𝑦(𝑙−1)

𝑖 ∣. Setting

𝑎𝑙+1 = |𝜀|𝑎𝑙𝑛𝑃(2𝑛𝐵𝑁 + 𝐶),

we see that 𝑦(𝑙)
𝑖 converges uniformly. Since all 𝑦(𝑙)

𝑖 are almost-periodic, the limit,
according to a theorem of the theory of almost-periodic functions (2), will be
an almost-periodic function with basis (5).

Thirdly, 𝑦𝑖(𝑡) satisfy system (6). To prove this fact, denote by 𝑧𝑖 the unique
almost-periodic solution of the system

𝑑𝑧𝑖
𝑑𝑡 =

𝑛
∑
𝑘=1

𝑝𝑖𝑘𝑧𝑘 + 𝑉𝑖(𝑡, 𝑦) + 𝜀(𝑓𝑖)0 + 𝜀𝑊𝑖(𝑡, 𝑦; 𝜀).

Analogously to the preceding, we find

∣𝑧𝑖 − 𝑦(𝑙)
𝑖 ∣ < |𝜀|𝑛𝑃(2𝑛𝐵𝑁 + 𝐶) ∣𝑦𝑖 − 𝑦(𝑙−1)

𝑖 ∣
max

.

Since

∣𝑦𝑖 − 𝑦(𝑙)
𝑖 ∣

max
→ 0 as 𝑙 → ∞,

passing to the limit, we obtain 𝑧𝑖 ≡ 𝑦𝑖, and hence it follows that 𝑦𝑖(𝑡) is a
solution of (6).

Let us finally prove that, for sufficiently small |𝜀|, the functions ̄𝑦𝑖(𝑡) determine
in the domain ̄𝐺 (dim ̄𝐺 ∼ |𝜀|) the unique almost-periodic solution of system
(6). Suppose that ̄̄𝑦𝑖(𝑡) is also an almost-periodic solution. Then one can write

| ̄̄𝑦𝑖 − ̄𝑦𝑖| < |𝜀𝑛𝑃(2𝑛𝐵𝑁 + 𝐶)𝑀 | | ̄̄𝑦𝑖 − ̄𝑦𝑖|max,

where 𝑀 is an arbitrarily large integer. Hence ̄̄𝑦𝑖(𝑡) ≡ ̄𝑦𝑖(𝑡). This completes the
proof of the theorem.

Remark. The theorem, as is not difficult to see from (7)—(10) and the esti-
mates obtained, remains valid if 𝜕𝐹𝑖/𝜕𝑥𝑘 and 𝑓𝑖 satisfy Lipschitz conditions with
constants independent of 𝑡 in 𝑥𝑘, 𝜀 in an analogous domain 𝐺 and 𝜀 ∈ [0, 𝜀0].
I express my gratitude to Prof. V. I. Volosov for his help and attention to this
work.

Moscow State University
named after M. V. Lomonosov

Received
3 I 1966
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