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MATHEMATICS

N. S. SINYUKOV

ON THE THEORY OF GEODESIC MAPPINGS
OF RIEMANNIAN SPACES
(Presented by Academician A. N. Kolmogorov on 13 XI 1965)

The paper considers and in principle solves the problem of determining all Rie-
mannian spaces admitting a nontrivial geodesic mapping onto a given 𝑉𝑛. In
addition, an estimate is given for the degree of arbitrariness in the solution of
this problem, and necessary and sufficient conditions of algebraic character are
obtained, in invariant form, for 𝑉𝑛’s admitting a nontrivial geodesic mapping.
The investigation is carried out in the class of analytic functions, locally, without
restriction on the signature of the spaces.

1. A Riemannian space 𝑉𝑛 with metric tensor 𝑔𝑖𝑗 (𝑖, 𝑗 = 1, 2, … , 𝑛) admits a
nontrivial geodesic mapping if and only if there exists a solution ̌𝑔𝑖𝑗(= ̌𝑔𝑗𝑖)
of the system of equations

̌𝑔𝑖𝑗,𝑘 = 𝜆𝑖𝑔𝑘𝑗 + 𝜆𝑗𝑔𝑘𝑖, (𝐴1)

where 𝜆𝑖 ≠ 0 is a gradient vector, and the comma denotes the sign of covariant
differentiation in 𝑉𝑛. In this case the metric tensor ̄𝑔𝑖𝑗 of the corresponding
space ̄𝑉𝑛 is determined from the relations

̄𝑔𝑖𝑗 = 𝑒2𝜓 ̌𝑔𝛼𝛽𝑔𝛼𝑖𝑔𝛽𝑗, 𝜓,𝑖 = −𝜆𝛼 ̌𝑔𝛼𝛽𝑔𝛽𝑖, (1)

where ̌𝑔𝑖𝑗 are the elements of the inverse matrix for ‖ ̌𝑔𝑖𝑗‖ (1). Nonvanishing of
the determinant of the solution ̌𝑔𝑖𝑗 of equations (𝐴1) can always be achieved by
adding to it a term of the form 𝑐𝑔𝑖𝑗 (𝑐 = const).
From the integrability conditions of system (𝐴1) we find

̌𝑔𝛼𝑗𝑅𝛼
𝑖𝑘𝑙 + ̌𝑔𝛼𝑘𝑅𝛼

𝑖𝑙𝑗 + ̌𝑔𝛼𝑙𝑅𝛼
𝑖𝑗𝑘 = 0, (2)

̌𝑔𝛼𝑖𝑅𝛼
𝑗 − ̌𝑔𝛼𝑗𝑅𝛼

𝑖 = 0, (3)

sovietrxiv.org/items/ru-196601.56992 Machine Translation

https://sovietrxiv.org/items/ru-196601.56992


𝑛𝜆𝑖,𝑗 = 𝜇𝑔𝑖𝑗 + ̌𝑔𝛼𝑖𝑅𝛼
𝑗 − ̌𝑔𝛼𝛽𝑅𝛼

𝑗𝑖
𝛽, (𝐴2)

as a consequence of which they reduce to the form

̌𝑔𝛼3
𝑇 𝛼3 𝑖𝑗 𝑘𝑙 = 0, (𝐵1)

𝑇 𝛼𝛽
𝑖𝑗 𝑘𝑙 = 𝑛 (𝛿𝛼

𝑖 𝑅𝛽
𝑗𝑘𝑙 − 𝛿𝛼

𝑘 𝑅𝛽
𝑙(𝑖𝑗))−𝑔𝑗𝑘 (𝛿𝛼

𝑖 𝑅𝛽
𝑙 − 𝑅𝛼

𝑖𝑙
𝛽)+𝑔𝑖𝑙 (𝛿𝛼

𝑘 𝑅𝛽
𝑗 − 𝑅𝛼

𝑘𝑗
𝛽) .

In turn, from the integrability conditions of equations 𝐴2 it follows that

(𝑛 − 1)𝜇,𝑘 = 2(𝑛 + 1)𝜆𝛼𝑅𝛼
𝑘 − ̌𝑔𝛼𝛽 (𝑅𝛼𝛽

,𝑘 − 2𝑅𝛼
𝑘,

𝛽) , (𝐴3)

and they are represented in the form

(𝑛 + 3)𝜆𝛼𝑅𝛼
𝑖𝑙𝑘 = 1

𝑛 − 1𝑔𝑖𝑙 [(𝑛 + 3)𝜆𝛼𝑅𝛼
𝑘 − ̌𝑔𝛼3

(𝑅𝛼3 ,𝑘 − 2𝑅𝛼
𝑘,

𝛽)]

− 1
𝑛 − 1𝑔𝑖𝑘 [(𝑛 + 3)𝜆𝛼𝑅𝛼

𝑙 − ̌𝑔𝛼3
(𝑅𝛼3 ,𝑙 − 2𝑅𝛼

𝑙,
𝛽)]

+ ̌𝑔𝛼𝑖𝑅𝛼
[𝑙,𝑘] + ̌𝑔𝛼3

𝑅𝑙𝑘𝑖
𝛽,𝛼.

(𝐵2)

Finally, the integrability conditions of the equations 𝐴3 (taking into account 𝐴1
and 𝐴2) give the relations

𝑛 + 1
𝑛 ̌𝑔𝛼𝛽 (𝑅𝛼

𝑘𝛾⋅
𝛽𝑅𝛾

𝑙 − 𝑅𝛼
⋅𝑙𝛾

𝛽𝑅𝛾
𝑘)+(𝑛+3)𝜆𝛼𝑅𝛼

[𝑘,𝑙]− ̌𝑔𝛼3
(1

2𝑅𝛼𝛽
,[𝑘𝑙] − 𝑅𝛼

𝑘,⋅𝑙
𝛽 + 𝑅𝛼

⋅𝑙,⋅𝑘
𝛽) .

(𝐵3)

Thus, we obtain a system of differential equations 𝐴123 of the first order with
respect to 𝑔𝑖𝑗, 𝜆𝑖, 𝜇, solved with respect to their derivatives, with coefficients
from 𝑉𝑛 and integrability conditions 𝐵123, and hence also the theorem:

Theorem 1. In order that 𝑉𝑛 admit a nontrivial geodesic mapping, it is nec-
essary and sufficient that the system of equations 𝐴 have a nontrivial solution

̌𝑔𝑖𝑗 ≠ 𝑐𝑔𝑖𝑗, 𝜆𝑖 ≠ 0.

Since the general solution of the system 𝐴 is determined from it (in the form

of a Taylor series) uniquely up to the initial conditions 0𝑔𝑖𝑗,
0
𝜆𝑖,

0𝜇, which can be
chosen arbitrarily only in the case of its complete integrability, it follows from
𝐵 that

sovietrxiv.org/items/ru-196601.56992 Machine Translation

https://sovietrxiv.org/items/ru-196601.56992


Theorem 2. The general space ̄𝑉𝑛 admitting a nontrivial geodesic mapping
onto a given 𝑉𝑛 is determined by this space uniquely up to 𝑟 ≤ (𝑛 + 1)(𝑛 + 2)/2
arbitrary parameters. This maximum is attained if and only if 𝑉𝑛 is a space of
constant curvature.

The relations 𝐵, the first 𝐵1, the second 𝐵2, and so on, their continuations, are
linear algebraic equations with respect to ̌𝑔𝑖𝑗, 𝜆𝑖, and 𝜇, with coefficients from
𝑉𝑛. Since the solution of the system 𝐴 corresponding to initial values satisfying
the indicated relations satisfies them identically, we obtain the theorem:

Theorem 3. In order that 𝑉𝑛 admit a nontrivial geodesic mapping, it is neces-
sary and sufficient that the system of equations 𝐵, 𝐵1, 𝐵2, … have a nontrivial
solution with respect to ̌𝑔𝑖𝑗 and 𝜆𝑖.

Analysis of the result of covariant differentiation of the conditions 𝐵1 shows that
when ̌𝑔𝛼𝛽𝑇 𝛼𝛽

𝑖𝑗 𝑘𝑙,𝑚 = 0 by virtue of 𝐵1, 𝜆𝑖 = 0. This occurs for 𝑉𝑛 satisfying the
relations

𝑇 (𝛼3)
𝑖𝑗 𝑘𝑙,𝑚 = 𝑄𝑝𝑞𝑟𝑠

𝑖𝑗𝑘𝑙𝑚𝑇 (𝛼3)
𝑝𝑞 𝑟𝑠. (4)

Consequently, we have the theorem:

Theorem 4. Riemannian spaces satisfying conditions (4) do not admit a non-
trivial geodesic mapping.

2. Consider the relations (2), writing them in the form

̌𝑔𝛼3 ̃𝑇 𝛼3
𝑖𝑗 𝑘𝑙 = 0,

̃𝑇 𝛼3
𝑖𝑗 𝑘𝑙 = 𝛿(𝛼

𝑗 𝑅3)
𝑖𝑘𝑙 + 𝛿(𝛼

𝑘 𝑅𝛽)
𝑖𝑙𝑗 + 𝛿(𝛼

𝑙 𝑅3)
𝑖𝑗𝑘. (5)

In the matrix ‖ ̃𝑇 𝛼𝛽
𝑖𝑗 𝑘𝑙‖ we shall take combinations of upper indices as the col-

umn numbers, and the lower indices as the row numbers. If 𝛼1, 𝛼2, … , 𝛼𝑛 are
distinct numbers from 1 to 𝑛, then formula (5) shows that the determinant of
the minor of order (𝑛 − 2) of the matrix corresponding to the column numbers
(𝛼3𝛼3), (𝛼3𝛼4), …, (𝛼3𝛼𝑛) and to the row numbers (𝛼1𝛼3, 𝛼1𝛼2), (𝛼1𝛼4, 𝛼1𝛼2),
…, (𝛼1𝛼𝑛, 𝛼1𝛼2) is

Δ = 2 (𝑅𝛼3 ⋅ 𝛼1𝛼1𝛼2
)𝑛−2 . (6)

For the determinant of the minor of order (𝑛−2) of the same matrix correspond-
ing to the column numbers (𝛼1𝛼4), (𝛼4𝛼4), …, (𝛼4𝛼𝑛) and to the row numbers
(𝛼1𝛼1, 𝛼2𝛼3), (𝛼1𝛼4, 𝛼2𝛼3), …, (𝛼1𝛼𝑛, 𝛼2𝛼3), we obtain the formula

𝐷1 = 2 (𝑅𝛼4 ⋅ 𝛼1𝛼2𝛼3
)𝑛−2 . (7)
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Hence it follows

Lemma 1. If the rank of ∥ ̃𝑇 𝛼𝛽
𝑖𝑗𝑘𝑙∥ 𝜌 < 𝑛 − 2, then 𝑉𝑛 is a space of constant

curvature.

A joint consideration of relations 𝐵1 and 𝐵2 leads to the lemma:

Lemma 2. For 𝑉𝑛 distinct from spaces of constant curvature, 𝜆𝑖 and 𝜇 are
determined uniquely in terms of the objects 𝑉𝑛, the components of the tensor
𝑔𝑖𝑗, and one of the components of the vector 𝜆𝑖.

Lemmas 1 and 2 give the theorem:

Theorem 5. The totality of all Riemannian spaces ̄𝑉𝑛 admitting a nontrivial
geodesic mapping onto 𝑉𝑛, distinct from a space of constant curvature, depends
on
𝑟 ≤ 𝑛(𝑛 + 1)/2 − (𝑛 − 4) essential parameters.

In a similar way, from 𝐵1, 𝐵2, and (3) (2) it follows

Theorem 6. The totality of all Riemannian spaces ̄𝑉𝑛 admitting a nontrivial
geodesic mapping onto 𝑉𝑛, distinct from an Einstein space, depends on
𝑟 ≤ 𝑛(𝑛 + 1)/2 − (𝑛 − 2) essential parameters.

3. Finally, the displacement vector 𝜉𝑖 of a nontrivial infinitesimal geodesic
transformation of 𝑉𝑛 satisfies the equations (3)

ℎ𝑖𝑗,𝑘 = 2𝜓𝑘𝑔𝑖𝑗 + 𝜓𝑖𝑔𝑘𝑗 + 𝜓𝑗𝑔𝑘𝑖,

where ℎ𝑖𝑗 = 𝜉𝑖,𝑗 + 𝜉𝑗,𝑖, 𝜓𝑖 ≠ 0 is a gradient vector. Therefore the tensor
̂𝑔𝑖𝑗 = ℎ𝑖𝑗 − 2𝜓𝑔𝑖𝑗 satisfies the equations 𝐴1, and 𝑉𝑛 admits a nontrivial geodesic

mapping. On this basis, Theorems 5 and 6 give an estimate of the number of
essential parameters on which the displacement vector of a general nontrivial
infinitesimal geodesic transformation of 𝑉𝑛 depends. Namely, in the first case
̃𝑟 ≤ 𝑛2 + 4, and in the second ̃𝑟 ≤ 𝑛2 + 2 (cf. (4)).

Odessa State University
named after I. I. Mechnikov
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