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MATHEMATICS
V. M. Kalinin

ASYMPTOTIC EXPANSIONS FOR FRE-
QUENTLY OCCURRING PROBABILITY
DISTRIBUTIONS
(Presented by Academician Yu. V. Linnik on 10 V 1965)

In the present article, as in papers (1−6), the aim is to refine limit theorems on
the convergence of the binomial and multinomial distributions to the normal
and Poisson distributions, of Student’s distribution to the normal distribution,
etc. However, the main goal is not the estimation of the remainder term, but
the derivation of general formulas for the coefficients in asymptotic expansions.
The principal results are formulated in the following six theorems.

Theorem 1. Let 𝜆1, … , 𝜆𝑘−1 be fixed positive numbers; 𝑚1, … , 𝑚𝑘−1 fixed
nonnegative integers; 𝜆 = 𝜆1 + ⋯ + 𝜆𝑘−1, 𝑚 = 𝑚1 + ⋯ + 𝑚𝑘−1, 𝑚𝑘 = 𝑛 − 𝑚.
Then for any 𝑘 = 2, 3, … the following asymptotic* expansion holds as 𝑛 → ∞:

𝑛!
𝑚1! ⋯ 𝑚𝑘! (𝜆1/𝑛)𝑚1 ⋯ (𝜆𝑘−1/𝑛)𝑚𝑘−1(1 − 𝜆/𝑛)𝑚𝑘 =

= (
𝑘−1
∏
𝑖=1

𝜆𝑚𝑖
𝑖 𝑒−𝜆𝑖

𝑚𝑖!
) exp[

∞
∑
𝑗=1

ℒ𝑗(𝑚, 𝜆)
𝑛𝑗 ] = (

𝑘−1
∏
𝑖=1

𝜆𝑚𝑖
𝑖 𝑒−𝜆𝑖

𝑚𝑖!
) [1 +

∞
∑
𝑗=1

𝑀𝑗(𝑚, 𝜆)
ℎ𝑗 ] ,

where

ℒ𝑗(𝑚, 𝜆) = 𝐵𝑗+1 − 𝐵𝑗+1(𝑚)
𝑗(𝑗 + 1) + 𝜆𝑗𝑚

𝑗 − 𝜆𝑗+1

𝑗 + 1,

𝑀𝑗(𝑚, 𝜆) = ∑
ℒ𝜈1

1 (𝑚, 𝜆) ⋯ ℒ𝜈𝑗
𝑗 (𝑚, 𝜆)

𝜈1! ⋯ 𝜈𝑗!
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is a polynomial of degree 2𝑗 in 𝑚 and 𝜆 [here and below, where the summation
limits are not indicated, it is assumed that the sum is taken over all nonnegative
integers 𝜈1, … , 𝜈𝑗 satisfying the equation 𝜈1 + 2𝜈2 + ⋯ + 𝑗𝜈𝑗 = 𝑗]; 𝐵𝑗+1(𝑥) is the
Bernoulli polynomial of degree 𝑗+1; 𝐵𝑗+1 = 𝐵𝑗+1(0) are the Bernoulli numbers.

The theorem remains valid if 𝜆𝑖 = 𝜆𝑖(𝑛) are nonnegative sequences bounded as
𝑛 → ∞.

Theorem 2. Let 𝜆 be a fixed positive number, 𝑚 a fixed nonnegative integer.
As 𝑛 → ∞, the following asymptotic expansion holds:

𝑚
∑
𝑖=0

𝐶𝑖
𝑛 (𝜆

𝑛)
𝑖
(1 − 𝜆

𝑛)
𝑛−𝑖

= 𝐹(𝑚) +
∞

∑
𝑗=1

𝑉𝑗(𝑚, 𝜆)
𝑛𝑗 ,

where

𝐹(𝑥) =
⎧{
⎨{⎩

𝑚
∑
𝑖=0

𝜆𝑖𝑒−𝜆

𝑖! , 𝑥 = 𝑚,

0, 𝑥 < 0;

* In the sense that the remainder term of the series in the exponent has the
order of the first omitted term.

𝑉𝑗(𝑚, 𝜆) =
2𝑗

∑
𝜈=0

𝜆𝜈

𝜈! 𝐹(𝑚 − 𝜈)
𝜈

∑
𝜇=0

(−1)𝜇𝐶𝜇
𝜈 𝑀𝑗(𝜈 − 𝜇, 𝜆).

Theorem 3. As 𝜆 → ∞, the following asymptotic expansion is valid uniformly*
with respect to 𝑦 in any finite interval 𝑎 ≤ 𝑦 ≤ 𝑏:

𝜆𝑚𝑒−𝜆

𝑚! = 𝑒−𝑦2/2
√

2𝜋𝜆
exp[

∞
∑
𝑗=1

𝑊𝑗(𝑦)
(
√

𝜆)𝑗 ] ,

where
𝑦 = (𝑚 − 𝜆 + 𝜃)/

√
𝜆,

𝜃 is an arbitrary real (as are all other quantities in this paper) fixed number,

𝑊𝑗(𝑦) = (−1)𝑗+1
1+[𝑗/2]
∑
𝜈=0

𝐶𝜈
𝑗−𝜈+2𝑦 𝑗−2𝜈+2𝐵𝜈(𝜃)

(𝑗 − 𝜈 + 1)(𝑗 − 𝜈 + 2) .

Theorem 4. Let 𝑝1, … , 𝑝𝑘 be fixed positive numbers, with 𝑝1 + ⋯ + 𝑝𝑘 = 1; let
𝑚1, … , 𝑚𝑘 be positive integers, 𝑚1 + ⋯ + 𝑚𝑘 = 𝑛. Define 𝑦𝑖 by the formula

𝑦𝑖 = (𝑚𝑖 − 𝑛𝑝𝑖)/√𝑛𝑝𝑖𝑞𝑖,
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𝑞𝑖 = 1 − 𝑝𝑖, 𝑖 = 1, … , 𝑘.
Then, uniformly for all 𝑚𝑖 for which the 𝑦𝑖 lie in arbitrary finite intervals 𝑎𝑖 ≤
𝑦𝑖 ≤ 𝑏𝑖, the following asymptotic expansion is valid as 𝑛 → ∞:

𝑛!
𝑚1! ⋯ 𝑚𝑘! 𝑝𝑚1

1 ⋯ 𝑝𝑚𝑘
𝑘 =

exp [− 1
2 ∑𝑘

𝑖=1 𝑞𝑖𝑦2
𝑖 ]

(
√

2𝜋𝑛)𝑘−1√𝑝1 ⋯ 𝑝𝑘
exp[

∞
∑
𝑗=1

𝑘
∑
𝑖=1

𝐺𝑗𝑖
(√𝑛𝑝𝑖)𝑗 ] ,

where

𝐺𝑗𝑖 =

⎧{{{
⎨{{{⎩

(−1)𝑗+1
[(𝑗+1)/2]

∑
𝜈=0

𝐵𝜈𝐶𝜈
𝑗−𝜈+2(𝑦𝑖

√𝑞𝑖) 𝑗−2𝜈+2

(𝑗 − 𝜈 + 1)(𝑗 − 𝜈 + 2) , 𝑗 ≠ 4𝜇 − 2,

−
2𝜇−1
∑
𝜈=0

𝐵𝜈𝐶𝜈
4𝜇−𝜈(𝑦𝑖

√𝑞𝑖)4𝜇−2𝜈

(4𝜇 − 𝜈 − 1)(4𝜇 − 𝜈) − (1 − 𝑝2𝜇
𝑖 )

2𝜇(2𝜇 − 1) 𝐵2𝜇, 𝑗 = 4𝜇 − 2.

For 𝑘 = 2 we obtain

𝐶𝑚
𝑛 𝑝𝑚𝑞 𝑛−𝑚 = 𝑒−𝑦2/2

√2𝜋𝑛𝑝𝑞 exp[
∞

∑
𝑗=1

𝐺𝑗(𝑦)
(√𝑛𝑝𝑞)𝑗 ]

= 𝑒−𝑦2/2
√2𝜋𝑛𝑝𝑞 [1 +

∞
∑
𝑗=1

𝑇𝑗(𝑦)
(√𝑛𝑝𝑞)𝑗 ] ,

where
𝑦 = (𝑚 − 𝑛𝑝)/√𝑛𝑝𝑞,

𝐺𝑗(𝑦) =

⎧{{{{
⎨{{{{⎩

−
[(𝑗+1)/2]

∑
𝜈=0

𝐵𝜈𝐶𝜈
𝑗−𝜈+2𝑦 𝑗−2𝜈+2

(𝑗 − 𝜈 + 1)(𝑗 − 𝜈 + 2) [𝑝 𝑗−𝜈+1 + (−1)𝑗𝑞 𝑗−𝜈+1] , 𝑗 ≠ 4𝜇 − 2,

−
2𝜇−1
∑
𝜈=0

𝐵𝜈𝐶𝜈
4𝜇−𝜈𝑦 4𝜇−2𝜈 (𝑝 4𝜇−𝜈−1 + 𝑞 4𝜇−𝜈−1)

(4𝜇 − 𝜈 − 1)(4𝜇 − 𝜈)
− 𝐵2𝜇

2𝜇(2𝜇 − 1) [𝑝 2𝜇−1 + 𝑞 2𝜇−1 − (𝑝𝑞)2𝜇−1] , 𝑗 = 4𝜇 − 2,

𝑇𝑗(𝑦) = ∑
𝐺𝜈1

1 (𝑦) ⋯ 𝐺𝜈𝑗
𝑗 (𝑦)

𝜈1! ⋯ 𝜈𝑗!
is a polynomial of degree 3𝑗, whose parity coincides with the parity of 𝑗.
Theorem 5. As 𝑛 → ∞, the asymptotic expansion holds

* Uniformity refers to the choice of the constant in the 𝑂-estimates.

for arbitrary fixed 𝜃, uniformly with respect to 𝑎 ⩽ 𝑦1 ⩽ 𝑦2 ⩽ 𝑏,
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𝜇+𝑚
∑

𝑖=𝜇+1
𝐶𝑖

𝑛𝑝𝑖𝑞𝑛−𝑖 = ∫
𝑦2

𝑦1

𝜑(𝑦) 𝑑𝑦 +
∞

∑
𝑗=1

𝑄𝑗
(√𝑛𝑝𝑞)𝑗 ,

where

𝑄𝑗 = −𝐵𝑗(𝜃)
𝑗! 𝐻𝑗−1(𝑦)𝜑(𝑦)∣

𝑦2

𝑦1
+ ∫

𝑦2

𝑦1

𝜑(𝑦)𝑇𝑗(𝑦) 𝑑𝑦+

+
𝑗−1
∑
𝜈=1

(−1)𝜈𝐵𝜈(𝜃)
𝜈!

𝑑𝜈−1

𝑑𝑦𝜈−1 𝜑(𝑦)𝑇𝑗−𝜈(𝑦)∣
𝑦2

𝑦1
,

𝑦1 = (𝜇 + 𝜃 − 𝑛𝑝)/√𝑛𝑝𝑞, 𝑦2 = (𝜇 + 𝑚 + 𝜃 − 𝑛𝑝)/√𝑛𝑝𝑞,

𝜑(𝑦) = 𝑒−𝑦2/2/
√

2𝜋.

𝐻𝑗−1(𝑦) is the Hermite polynomial of degree 𝑗 − 1:

𝐻𝑗−1(𝑦) = (−1)𝑗−1𝑒𝑦2/2 × 𝑑𝑗−1

𝑑𝑦𝑗−1 𝑒−𝑦2/2.

Theorem 6. Uniformly with respect to 𝑦 in any finite interval 𝑎 ⩽ 𝑦 ⩽ 𝑏, the
following asymptotic expansion holds as 𝑛 → ∞:

Γ((𝑛 + 1)/2)√𝜋𝑛Γ(𝑛/2) (1 + 𝑦2/𝑛)− 𝑛+1
2 = 𝜑(𝑦) exp[

∞
∑
𝑗=1

𝐾𝑗(𝑦)
𝑛𝑗 ] =

= 𝜑(𝑦) [1 +
∞

∑
𝑗=1

𝑃𝑗(𝑦)
𝑛𝑗 ] ,

where

𝐾𝑗(𝑦) = (−1)𝑗

2 (𝑦2𝑗

𝑗 − 𝑦2𝑗+2

𝑗 + 1 ) − 2𝑗+1 − 1
𝑗(𝑗 + 1) 𝐵𝑗+1,

𝑃𝑗(𝑦) = ∑
𝐾𝜈1

1 (𝑦) ⋯ 𝐾𝜈𝑗
𝑗 (𝑦)

𝜈1! ⋯ 𝜈𝑗!

is an even polynomial of degree 4𝑗.
Received
7 V 1965

sovietrxiv.org/items/ru-196601.56533 Machine Translation

https://sovietrxiv.org/items/ru-196601.56533


References Cited
1. S. N. Bernstein, Izv. AN SSSR, ser. matem., 7, No. 1, 3 (1943).

2. A. N. Kolmogorov, Tr. Matem. inst. im. V. A. Steklova AN SSSR, 12
(1945).

3. Yu. V. Prokhorov, UMN, 8, issue 3, 136 (1953).

4. J. V. Uspensky, Introduction to Mathematical Probability, N. Y., 1937.

5. W. Feller, Ann. Math. Statistics, 16, No. 4, 319 (1945).

6. W. Wasow, Proc. Symposia in Appl. Math., 6, 1956.

Note: Figure translations are in progress. See original paper for figures.
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