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1. Let U and F be two functional spaces. Consider the problem R of determin-
ing a solution u € U of the equation

Au=f (1)

for a given function f € F, where A[U] — F and the equality Au; = Au, holds
only in the case u; = u,.

Definition. If the problem R has a solution and, for every given function
fs € F,0<|f— fs|lp <36, one can indicate at least one function f5 € F such
that: a) the equation Aw = f(; has a solution w; = R[f(;]; b) for every € > 0
one can indicate §; = Jy(g) > 0 such that for all §, 0 < § < §y(e), the inequality
|Ws — ul; < e holds, then we shall say that the problem R admits a stable
solution.

We note that a well-posed problem always admits a stable solution. An algo-
rithm (method) realizing a stable solution of problem (1) will be called stable.

The following theorem establishes the connection between the concept of a stable
method for solving problem (1) and the concept of a regularizing algorithm ().

Theorem 1. In order that problem (1) admit a stable solution, it is necessary
and sufficient that it be reqularizable.

We next make the spaces U and F more concrete. Let H be a Hilbert space
and let L be a certain positive definite self-adjoint operator with domain of
definition D; C H. Denote by H; (%) the completion of D, in the sense of the
scalar product

(v,w);, = (Lv,w), v,w € Dy.

Then F = H, U = H;. The mapping A[H;] — H will be assumed linear.
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2. Consider the following variational problem: find a function @® € H; deliv-
ering the minimum value of the functional

°[w; f] = [Aw— fI? +afw|?,  we Hy, (2)

where e > 0 is a parameter.

We note that functionals of the indicated form were considered earlier in the
works (1377).

Theorem 2. For any function f € H, the solution of problem (2) exists and is
unique for every a > 0.

The proof of this theorem is based on the identity

r_ 1 - 1 -
o [ 0] = et + gaetus - o0 |

u/+u//. -
2 b

S

u,u” € Hy,

and is carried out as in (°).

Theorem 3. Let w® be the solution of problem (2) for f = f, and w™° the
solution of the same problem for f = f;.

Then the a priori estimate is valid

[w™? —ul, <wlasu) +6/vay 3)

where w(a;u) = |lu —w®|;, — 0, as a — 0.

3. Theorems 2 and 3 show the fundamental possibility of obtaining a suffi-
ciently accurate approximation to the solution of equation (1) in the form
of a solution of problem (2) for a suitably chosen value of the parameter
.

We shall next consider and prove the possibility of choosing such values of the
parameter by the magnitude of the residual

psla) = |Aw™? — f4]*.

Lemma. Let 0 < § < | f|/2 and let the constant ¢ be such that

1<e<(Ifl—9)%/6%

Then there exists a unique value of the parameter o = «, for which ps(a,.) = ¢62.
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Theorem 4. If § — 0, then w® = w®% — v in H;.

Indeed, for any a > 0 we have

P w™; f5] < ©[u; f5] < 02 + afull?.

Putting here oo = «,, we have

cd? + a Juw’lf < 0% + aul?,

whence we obtain

lwl7 < Jullz. (4)

On the other hand,
lim |Aw® — f|? = lim ||Aw® — f5|? = lim ¢6? =
lim [Aw® — f|* = lim | Aw® — f5|® = lim c6* = 0

and, consequently, w’ has a unique weak limit point, which is the function u.

From this fact and estimate (4) it follows that lims o |w’|, = |u|. It remains
to note that in Hilbert space weak convergence together with convergence of the
norms implies strong convergence. Theorem 4 is proved.

4. The results obtained are applicable to a sufficiently broad class of ill-posed
problems. As an example we indicate the class of problems described by
integral equations of the form

Alu] = Alxyu(z) + / K(r.6u(©)de = f(x), a<z<b (5

where f € Lyla,b]; K(x,£) is a function continuous in the square a < z <
b, a < ¢ <b; A(x) is a continuous function that vanishes on some nonempty set
E = {z; A(x) = 0}. For A(x) =0, equation (5) was considered in papers (1,3).
Let u € W™ [a,b] (%) be a solution of equation (5), where the norm in W™ [a, b]
is defined by the relation

b
||u“12/l/§”>[a,b] = / (u™)2 + qu?) dz,

where ¢(z) > 0 is a continuous function.

Define the operator L on the class of 2n-times differentiable functions by the
relation
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Then |w|; = ||w||Wén)[ and, according to what has been proved, one can

a,b]’
obtain a solution of problem (2) close to the solution of equation (5) in Wz(") [a, b].

5. Let u € H;, and let the functions f5 € H be such that ||u — f;5]| < 0. It is
required to give an algorithm R such that: a) us = R[fs] € Hy; b) for any
prescribed & > 0 one can find &, = §,(¢) such that |us —u|, < e for all §,
0 < < 9y. We shall call this problem the reconstruction problem.

Define the functional

@ [w; fs] = |w—f5|* +awli,  weH,L, (6)

and let W, 5 be the solution of problem (6), defined by the discrepancy principle.

Theorem 5. The algorithm R for determining W, s is a stable method for
solving the reconstruction problem.

Theorem 5 makes it possible to construct a generalized scheme of the least-
squares method ?, frequently used in the processing of experimental informa-
tion, which is more stable computationally than the usual one and gives an
approximation, on the average, not only to the function itself but also to its
derivatives.

If f5 € H is given in the form of a Fourier series in the eigenfunctions of the
operator L, then Theorem 5 yields a stable method of summing this series in
HL.

Among results close to the one formulated, we note 1°.
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