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MATHEMATICS

A. A. POLYANSKII

SOLUTION OF THE HARDY–LITTLEWOOD
PROBLEM AND OF ITS INDEFINITE ANA-
LOGUE IN SECTORS AND CONTOURS
(Presented by Academician Yu. V. Linnik on 5 VIII 1965)

1. The dispersion method, created by Yu. V. Linnik (1) and perfected by B. M.
Bredikhin (3), has proved very effective in the solution of some binary additive
problems.

In particular, by means of the dispersion method Yu. V. Linnik solved (2) the
Hardy–Littlewood problem, which consists in finding an asymptotic formula for
the number of solutions 𝑄(𝑛) of the equation

𝑝 + 𝜉2 + 𝜂2 = 𝑛. (1)

B. M. Bredikhin solved (4) the indefinite analogue of the Hardy–Littlewood
problem, which consists in finding an asymptotic formula for the number of
solutions 𝑆(𝑛) of the equation

𝑝 − 𝜉2 − 𝜂2 = 𝑙. (2)

In equations (1) and (2), 𝜉, 𝜂 independently run through the integers under the
condition 0 < 𝜉2 + 𝜂2 ≤ 𝑛 (in equation (1) this condition is fulfilled automati-
cally), 𝑝 runs through the primes, 𝑙 is a fixed nonzero integer; 𝑛 is a sufficiently
large natural number (the main parameter of the paper).

In this note we consider theorems giving lower estimates for the number of
solutions of equations (1) and (2) in sectors (and contours). The proof is based
on combining the dispersion method with unimodular transformations of the
quadratic form

𝜑(𝜉, 𝜂) = 𝜉2 + 𝜂2.

2. Let 𝑄Δ𝜑(𝑛) be the number of solutions of equation (1) under the condition
that (𝜉, 𝜂) ∈ (Δ𝜑, √𝑛), where (Δ𝜑, √𝑛) is a circular sector of radius

√𝑛 with
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given aperture angle Δ𝜑 = 𝜑2 − 𝜑1, 0 ≤ 𝜑1 < 𝜑2 ≤ 2𝜋; let 𝑆Δ𝜑(𝑛) be the
number of solutions of equation (2) under the same conditions. Let, further, 𝜀
be a given small number, 0 < 𝜀 < (𝜑2 − 𝜑1)/2𝜋; 𝑏 be some integer, relatively
prime to 𝑙 and 𝑛, depending on 𝜀, Δ𝜑, 𝑛, and in the last case 𝑏 = 𝑂((ln 𝑛)𝐾),
where 𝐾 = 𝐾(𝜀, Δ𝜑) is a positive constant.

Theorem 1. As 𝑛 → ∞,

𝑄Δ𝜑(𝑛) ≥ (𝜑2 − 𝜑1
2𝜋 − 𝜀) 1

𝑏 𝑄(𝑛). (3)

Theorem 2. As 𝑛 → ∞,

𝑆Δ𝜑(𝑛) ≥ (𝜑2 − 𝜑1
2𝜋 − 𝜀) 1

𝑏 𝑆(𝑛). (4)

As is known (see (2−4)),

𝑄(𝑛) = 𝜋𝐴0
𝑛

ln 𝑛 ∏
𝑝/𝑛

(𝑝 − 1)(𝑝 − 𝜒4(𝑝))
𝑝2 − 𝑝 + 𝜒4(𝑝) + 𝑅(𝑛), (5)

𝑆(𝑛) = 𝜋𝐴0
𝑛

ln 𝑛 ∏
𝑝/𝑙

(𝑝 − 1)(𝑝 − 𝜒4(𝑝))
𝑝2 − 𝑝 + 𝜒4(𝑝) + 𝑅(𝑛), (6)

where

𝐴0 = ∏
𝑝>2

(1 + 𝜒4(𝑝)
𝑝(𝑝 − 1)) ,

𝜒4(𝑚) is the nonprincipal character modulo 4, and 𝑅(𝑛) = 𝑂(𝑛(ln 𝑛)−1,042).
Let us note the obvious corollaries following from Theorems 1 and 2, which
provide new facts in the theory of prime numbers.

Corollary 1. Every sufficiently large number 𝑛 is representable in the form

𝑛 = 𝑝 + 𝜉2 + 𝜂2,

where (𝜉, 𝜂) belongs to the angle of aperture Δ𝜑.

Corollary 2. There exist infinitely many prime numbers of the form

𝑝 = 𝜉2 + 𝜂2 + 𝑙,

where (𝜉, 𝜂) belongs to the angle of aperture Δ𝜑.

sovietrxiv.org/items/ru-196601.56230 Machine Translation

https://sovietrxiv.org/items/ru-196601.56230


We shall precede the proof of the theorems by a number of lemmas.

3. Consider a generalization of equations (1) and (2):

𝑝 + 𝑏(𝜉2 + 𝜂2) = 𝑛, (7)

𝑝 − 𝑏(𝜉2 + 𝜂2) = 𝑙, (8)

where (𝑏, 𝑛) = 1, (𝑏, 𝑙) = 1, 𝑏(𝜉2 + 𝜂2) ≤ 𝑛, and

𝑏 = 𝑂((ln 𝑛)𝐾), (9)

𝐾 > 0 being a constant.

Let 𝑄𝑏(𝑛) denote the number of solutions of equation (7), and 𝑆𝑏(𝑛) the number
of solutions of equation (8).

Lemma 1. As 𝑛 → ∞,

𝑄𝑏(𝑛) = 1
𝑏

⎡
⎢⎢
⎣

𝑄(𝑛) ∏
𝑝/𝑏

𝑝×2𝑛

𝑝2

𝑝2 − 𝑝 + 𝜒4(𝑝) + 𝑅(𝑛)
⎤
⎥⎥
⎦

. (10)

Lemma 2. As 𝑛 → ∞,

𝑆𝑏(𝑛) = 1
𝑏

⎡
⎢⎢
⎣

𝑆(𝑛) ∏
𝑝/𝑏

𝑝×2𝑙

𝑝2

𝑝2 − 𝑝 + 𝜒4(𝑝) + 𝑅(𝑛)
⎤
⎥⎥
⎦

. (11)

The proof of Lemma 1 is carried out by a variant of the dispersion method,
based on the use of constructions of the expected number of solutions of certain
auxiliary equations, and is obtained as a certain modification of the arguments
from paper (3).

The proof of Lemma 2 is carried out by a variant of the dispersion method, based
on the use of cotangent numbers, and is obtained as a certain modification of
the arguments from paper (5).

The passage from the given binary equations (1) and (2) (in sectors) to equations
(7) and (8) is based on the following lemma.

Lemma 3. Whatever the prescribed 𝜀0 (a small positive number) and an integer
𝑚 = 𝑂(𝑛) may be, there exists a sector (𝛿𝜑0, √𝑛) of the angle 𝛿𝜑0 = 𝜑 − 𝜑0,
where 0 < 𝜑 ≤ 𝜀0, 𝜑0 = 0. Moreover, cos 𝜑 = 𝑎/𝑐, sin 𝜑 = 𝑏/𝑐, where 𝑎, 𝑏, 𝑐2

are positive integers, (𝑐2, 𝑚) = 1, and 𝑐 = 𝑂(ln 𝑛).
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For the proof it is sufficient to consider the sector (𝛿𝜀0, ln 𝑛), where 𝛿𝜀0 = 𝜀0 −0,
in which, as follows from the results of I. P. Kubilyus (6), there is at least one
Gaussian prime number 𝔭 with norm 𝑁(𝔭) = 𝑎2 + 𝑏2 = 𝑐2, where 𝑎, 𝑏, 𝑐 will
satisfy the requirements of the lemma for 𝜑 = arg 𝔭.

4. Proof of Theorem 1. Choose 𝜀0 sufficiently small in comparison with Δ𝜑.
Using Lemma 3, cover the circle of radius

√𝑛, without overlap, by sectors of the
form (𝛿𝜑𝑖;

√𝑛), where 𝛿𝜑𝑖 = 𝜑′
𝑖+1 −𝜑′

𝑖 = 𝜑, 𝜑′
0 = 0, 𝜑′

1 = 𝜑, 𝑖 = 0, 1, 2, … , 𝑁 −1,
𝑁 = [2𝜋/𝜑]+ 1. The last sector may be incomplete. The given sector (Δ𝜑, √𝑛)
is thereby divided po-

covered by 𝑚 = [Δ𝜑/𝜑] + 𝜃, 0 ≤ 𝜃 ≤ 1, partial sectors, where the two extreme
sectors may be incomplete.

It is not difficult to see that cos 𝜑′
𝑖 = 𝑎𝑖/𝑐𝑖+1, sin 𝜑′

𝑖 = 𝑏𝑖/𝑐𝑖+1. In equation (7)
put 𝑏 = 𝑐4𝑁 ; then condition (9) will be satisfied.

Consider the number of solutions of equation (7) in the sector (𝛿𝜑𝑖,
√𝑛), 𝑖 =

0, 1, … , 𝑁 − 1, i.e., under the condition (𝜉, 𝜂) ∈ (𝛿𝜑𝑖,
√𝑛). In at least one of

these sectors, whose number we denote by 𝑠, there will be no fewer than 1
𝑁 𝑄𝑏(𝑛)

solutions.

The point of the sector (𝛿𝜑𝑠, √𝑛), by means of a unimodular transformation of
the form

𝑆𝑗 = (𝑎𝑗 −𝑏𝑗
𝑏𝑗 𝑎𝑗

) (12)

will be successively transformed into 𝑚 partial sectors of the given sector
(Δ𝜑, √𝑛). In (12) the matrix elements are determined from the conditions

cos(𝜑𝑠 − 𝜑𝑖) = 𝑎𝑗/𝑐𝑗, sin(𝜑𝑠 − 𝜑𝑖) = 𝑏𝑗/𝑐𝑗,

where 𝑖 runs through the numbers of the indicated 𝑚 partial sectors. We then
obtain:

1
𝑁 𝑄𝑏(𝑛) ≤ ∑

𝑝+𝑏(𝜉2+𝜂2)=𝑛
(𝜉,𝜂)∈(𝛿𝜑𝑠,√𝑛)

1 = ∑
𝑝+𝑏(𝑥2+𝑦2)=𝑛
(𝑥,𝑦)∈(𝛿𝜑𝑖,√𝑛)

1. (13)

Note that in (13) integral (𝜉, 𝜂) do not necessarily correspond to integral (𝑥, 𝑦).
From (13) it follows that

1
𝑁 𝑄𝑏(𝑛) ≤ ∑

𝑝+𝑥2+𝑦2=𝑛
(𝑥,𝑦)∈(𝛿𝜑𝑖,√𝑛)

1, (14)

where (𝑥, 𝑦) now run over the integral points of the partial sector.
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Summing (14) over all partial sectors and neglecting the extreme ones, we obtain

𝑚 − 2
𝑁 𝑄𝑏(𝑛) ≤ 𝑄Δ𝜑(𝑛). (15)

From (10) and (15), (3) follows. Thus the theorem is proved.

Analogously, with the aid of Lemmas 2 and 3, Theorem 2 is proved.

We note that the quantity 𝜀 in Theorems 1 and 2 is not necessary and, upon
refining the arguments, may be eliminated, but this will entail an increase in 𝑏.

5. Using considerations of I. P. Kubilius (6), Theorems 1 and 2 can be applied
to obtain lower estimates for the number of solutions of equations (1) and
(2) in homothetically expanding contours. Of interest here are piecewise-
smooth convex contours passing through the origin and having the form

𝐶 ∶ 𝑟 = 𝑓(𝜑), 𝜑1 ≤ 𝜑 ≤ 𝜑2; 0 < 𝜑2 − 𝜑1 < 𝜋/2; 𝑓(𝜑) ≥ 0.

In conclusion I express my deep gratitude to Yu. V. Linnik for valuable advice
and attention to my work.

Kuibyshev State
Pedagogical Institute
named after V. V. Kuibyshev

Received
2 VIII 1965
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