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AUTOMORPHISMS OF ALGEBRAIC GROUPS
(Presented by Academician A. I. Mal’cev on 11 X 1965)

Following Borel—Serre—Mostow, we shall call a solvable linear group 𝐺 su-
persolvable, or an 𝑀𝑃 -group, if 𝐺/𝐺0 (𝐺0 is the connected component of
the identity in the Zariski topology) is a finite supersolvable group, i.e. has an
invariant series with cyclic factors.

First in (1) (see also (3), Ch. 20) for compact Lie algebras, and then in (2) for
finite-dimensional Lie algebras over an arbitrary field of characteristic zero, it
was proved that a supersolvable group of semisimple automorphisms of a Lie
algebra has an invariant Cartan subalgebra. For Lie algebras over an arbitrary
field the question remains open. Apparently, its solution is connected with the
solution of the well-known problem on Lie algebras with a regular automorphism
(see (4)).
In what follows, by an algebraic group over a field 𝑄 we mean a subgroup of
𝐺𝐿(𝑛, 𝑄) closed in the Zariski topology.

One of the main results of this paper consists in establishing a global analogue
of the Borel—Mostow theorem for algebraic groups over an algebraically closed
field.

Theorem 1. A supersolvable subgroup of semisimple matrices of an algebraic
group 𝐺 belongs to the normalizer of some Cartan subgroup of the group 𝐺0.

Theorem 1 is derived from the following stronger theorem:

Theorem 2 (first invariance theorem). A finite supersolvable group Φ of ratio-
nal automorphisms of a connected algebraic group 𝐺 has an invariant Cartan
subgroup, provided that the order of Φ is not divisible by the characteristic 𝑞 of
the ground field 𝑄 when 𝑞 > 0.

Corollary 1. A finite 𝑝-group (𝑝 ≠ 𝑞) of rational automorphisms of a connected
algebraic group Γ has nontrivial fixed points, provided that Γ is not unipotent.

We shall call a maximal connected unipotent subgroup of an algebraic group
𝐺 a unipotent Borel subgroup. For the unipotent case, opposite to that
considered in Theorems 1 and 2, the following assertions are valid:
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Theorem 3 (second invariance theorem). A finite 𝑞-group (0 < 𝑞 is the charac-
teristic of the field) Ψ of rational automorphisms of a connected algebraic group
𝐺 has an invariant unipotent Borel subgroup.

Theorem 4. Every unipotent subgroup of an algebraic group is contained in
the normalizer of some unipotent Borel subgroup.

Corollary 2. A finite 𝑞-group of rational automorphisms of a connected alge-
braic group Γ has nontrivial fixed points, provided that Γ is not a torus.

Corollary 3. Every unipotent subgroup of a connected algebraic group Γ belongs
to some unipotent Borel subgroup. In particular, the Sylow 𝑞-subgroups of Γ are
conjugate.

The results presented, apart from their independent significance, play an impor-
tant role in solving the problem of conjugacy of Sylow 𝑝-subgroups in algebraic
groups (see (5,6)).
The proofs of the invariance theorems rely, in addition to the basic results on
algebraic groups (7), on results of Thompson (8) and Hertzig (9) on finite and
algebraic groups with a regular automorphism. Of greatest importance are the
well-known results of Chevalley (7) on semisimple algebraic groups.

To illustrate the method, we give a detailed outline of the proof of Theorem 2.

Lemma 1. A finite 𝑝-group (𝑝 ≠ 𝑞) of automorphisms of an algebraic torus
has nontrivial fixed points of order 𝑝.

Lemma 2. Let Γ be a finite supersolvable group of order 2𝛼3𝛽; let 𝑆2, 𝑆3 be
respectively its Sylow 2- and 3-subgroups. If 𝑆2

2 is the subgroup of 𝑆2 generated
by the squares of elements, then 𝐻 = 𝑆2

2𝑆3 is a nilpotent invariant subgroup of
Γ. If 𝑆2

2 ≠ (𝑒), then Γ has central 2-elements.

From Theorem 6 in (5) there follows directly

Theorem 5. If Φ is a finite solvable group of rational automorphisms of a
connected solvable algebraic group Δ, and (𝑜(Φ), 𝑞) = 1, then in Δ there exists
a Φ-invariant maximal torus.

Outline of the proof of Theorem 2. First of all, note that since a Cartan
subgroup of the group is the centralizer of a maximal torus, it suffices to prove
the existence of a Φ-invariant maximal torus.

I. Suppose first that Φ is a 𝑝-group, where 𝑝 is a prime distinct from 𝑞. We
apply induction on 𝑘 = 𝑜(Φ) + dim 𝐺. Let, in addition, the group 𝐺 be strongly
semisimple, i.e. contain no nontrivial normal unipotents; let 𝜑 be a nontrivial
central element of Φ, 𝜑𝑝 = 1;

𝑋𝜑 = (𝑥 ∈ 𝐺 ∣ 𝜑(𝑥) = 𝑥).
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By Theorem 3′ of (9), in this case 𝑋𝜑 ≠ (𝑒). The set 𝑋𝜑 is an algebraic group
in view of the rationality of 𝜑. Since for every 𝑓 ∈ Φ, 𝑓𝜑 = 𝜑𝑓 , it follows that
𝑋𝜑 is invariant with respect to Φ.

We shall distinguish two cases.

I1. 𝑋𝜑
0 ≠ (𝑒); then dim 𝑋𝜑

0 < dim 𝐺, and, by the induction hypothesis, the
theorem is true for 𝑋𝜑

0 . Let 𝐴 be a Φ-invariant maximal torus of 𝑋𝜑
0 . If 𝐴 ≠ (𝑒),

then the normalizer 𝑁𝐺(𝐴) ≠ 𝐺 and 𝑁𝐺(𝐴) is Φ-invariant. Since 𝐴 is contained
in some maximal torus of the group 𝐺, the maximal tori of 𝑁0

𝐺(𝐴), in view of
their conjugacy, are maximal in 𝐺. But dim 𝑁0

𝐺(𝐴) < dim 𝐺, and therefore
one can use the induction hypothesis. If, however, 𝐴 = (𝑒), then we apply the
following device, which may be called a normalizer lifting. Since for 𝐴 = (𝑒),
𝑋𝜑

0 is unipotent, 𝑋𝜑
0 ⊆ 𝐵𝑢, where 𝐵𝑢 is some unipotent Borel subgroup. In

view of the nilpotency of 𝐵𝑢, every proper subgroup of it is different from its
normalizer; moreover,

𝑁0
𝐵𝑢

(𝑋𝜑
0 ) ≠ 𝑋𝜑

0 ,

if 𝐵𝑢 ≠ 𝑋𝜑
0 . Indeed, if 𝑍𝑖, 𝑖 = 0, 1, 2, … , 𝑟, are the terms of the lower central

series of the group 𝐵𝑢, where 𝑍0 = 𝐵𝑢, 𝑍𝑟 = (𝑒), then let 𝑍𝑗 be such a term
with the greatest 𝑗 for which

𝑍𝑗 ∩ 𝑋𝜑
0 ≠ 𝑍𝑗;

then

𝑍𝑗 ⊂ 𝑁0
𝐵𝑢

(𝑋𝜑
0 ).

The group 𝑁𝐺(𝑋𝜑
0 ) is Φ-invariant. If 𝑁0

𝐺(𝑋𝜑
0 ) contains nontrivial semisimple el-

ements, then it also contains nontrivial tori, and we obtain the situation already
considered above. In the opposite case 𝑁0

𝐺(𝑋𝜑
0 ) is unipotent and

𝑁0
𝐺(𝑋𝜑

0 ) ≠ 𝑋𝜑
0 .

Since an increasing sequence of connected closed subsets of 𝐺 stabilizes, by
considering the sequence

𝑋𝜑
0 ⊂ 𝑁0

𝐺(𝑋𝜑
0 ) ⊂ 𝑁0

𝐺(𝑁0
𝐺(𝑋𝜑

0 )) ⊂ ⋯ ,

at some final step we obtain a Φ-invariant torus. In fact, there can be only
finitely many unipotent terms in the sequence. If 𝑈 is the maximal one among
them, then 𝑁0

𝐺(𝑈) is not unipotent.
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𝐼2. 𝑋𝜑
0 = (𝑒). In this case 𝑋Φ is a finite group. Let Φ𝑝 be a maximal subgroup

of Φ containing 𝜑. Then Φ𝑝 is invariant in Φ and [Φ ∶ Φ𝑝] = 𝑝. By the induction
hypothesis, the group Φ𝑝 has an invariant maximal torus 𝑇 ⊂ 𝐺. It follows from
Lemma 1 that 𝑋Φ𝑝 contains nontrivial fixed points of order 𝑝. The group 𝑋Φ𝑝 is
finite and Φ-invariant. The group Φ induces on 𝑋Φ𝑝 a group of automorphisms
Φ̃ of order 𝑝: Φ̃ = {𝜑}, 𝜑𝑝 = 1. The automorphism 𝜑 of the group 𝑋Φ𝑝 cannot
be regular; otherwise the group 𝑋Φ𝑝 is nilpotent by Thompson’s theorem (8)
and has 𝑝-elements by construction; consequently, 𝜑 acts regularly on a Sylow
𝑝-subgroup of 𝑋Φ𝑝 , which is impossible. Thus 𝜑, and hence the whole group
Φ, has fixed points. Let 𝑒 ≠ 𝑔 ∈ 𝑋Φ, 𝑔 = 𝑔𝑠𝑔𝑢 be the Jordan decomposition.
Since Φ(𝑔) = 𝑔, it follows from the uniqueness of the decomposition and the
rationality of the automorphisms Φ that Φ(𝑔𝑠) = 𝑔𝑠, Φ(𝑔𝑢) = 𝑔𝑢. Since 𝑔𝑠 is
contained in some maximal torus, and 𝑔𝑢 in a unipotent Borel subgroup, the
normalizer lifting can be applied.

𝐼3. In the case of an arbitrary group 𝐺, denote by 𝑅 its solvable radical. Since
𝑅 is a Φ-invariant group, Φ induces on 𝐺∗ = 𝐺/𝑅 a group of rational au-
tomorphisms Φ∗. In view of the strong semisimplicity of 𝐺∗, there exists a
Φ∗-invariant maximal torus 𝑇 ∗ ⊂ 𝐺∗. If 𝐷 is its natural preimage in 𝐺, then 𝐷
is a Φ-invariant solvable subgroup of 𝐺, whose maximal tori are maximal in 𝐺.
It remains to apply Theorem 5.

𝐼𝐼. Now let Φ be supersolvable, 𝑜(Φ) = 𝑝𝛼1
1 𝑝𝛼2

2 … 𝑝𝛼𝑘
𝑘 , where 𝑝𝑘 > 𝑝𝑘−1 > … >

𝑝1. We apply the analogous induction process first to the strongly semisimple
group 𝐺. If 𝑘 = 1, then this case has already been considered above.

𝐼𝐼1. Suppose that 𝑜(Φ) = 2𝛼13𝛼2 . Denote by 𝑃 some simple component of 𝐺.
Let 𝑓 be an arbitrary rational automorphism of the group 𝑃 . As Chevalley
showed (see (7), communications 18–24), 𝑓 is represented in the form 𝑓 = 𝜑𝜔,
where 𝜔 is inner and 𝜑 is an outer automorphism of 𝑃 ; moreover, 𝜑2 = 1 for
𝑃 of type 𝐴𝑛, 𝐷𝑛, 𝐸6, or 𝜑3 = 1 for 𝑃 of type 𝐷4. The group Φ has a cyclic
normal divisor Σ = {𝜎}, 𝜎3 = 1.

a) 𝜎(𝑃) ≠ 𝑃 . Then 𝑃 , 𝜎(𝑃), 𝜎2(𝑃 ) are distinct simple components, and
ℎ = 𝑥𝜎(𝑥)𝜎2(𝑥), where 𝑥 ∈ 𝑃 , is contained in 𝑋𝜎, i.e. 𝑋𝜎 is an infinite
set. This case has already been analyzed above.

b) 𝜎(𝑃) = 𝑃 . Let 𝑆2 be a Sylow 2-subgroup of Φ.

𝑏1) 𝑆2
2 ≠ (𝑒). By Lemma 2, the group Φ has such a central element 𝛿 that 𝛿2 = 1.

If 𝛿(𝑃 ) ≠ 𝑃 , then it is easy to see that 𝑋𝛿 is infinite, and the further arguments
are analogous to I. If 𝛿(𝑃 ) = 𝑃 , then from Chevalley’s results it follows that
either 𝜎 or 𝛿 is an inner automorphism, i.e. either 𝑋𝜎 or 𝑋𝛿 is infinite. Thus
we again have the already studied situation.

𝑏2) 𝑆2
2 = (𝑒). Let 𝐴3 be a Sylow 3-subgroup of Φ. Then it follows from Lemma

2 that Φ/𝐴3 is an elementary 2-group. In view of the semisimplicity of the
group 𝐴3, by Lemma 1 it has nontrivial fixed points. It is obvious that 𝑋𝐴3

is Φ-invariant. We may suppose that 𝑋𝐴3 is finite, since the infinite case has
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already been analyzed earlier. Among the subgroups of the group Φ containing
𝐴3 and having fixed points in 𝐺, choose some maximal subgroup 𝑀 . If 𝑀 = Φ,
then the group Φ has a fixed point, and the normalizer lifting is then applied.
If 𝑀 ≠ Φ, then 𝑋𝑀 is nilpotent by Thompson’s theorem; indeed, Φ = 𝑀𝐶,
where 𝐶 is a nontrivial elementary 2-group, and every automorphism of 𝐶 acts
regularly on 𝑋𝑀 by the choice of 𝑀 . If 𝑧 is a nontrivial central element of 𝑋𝑀 ,
then 𝑐(𝑧) = 𝑧−1 for every 𝑐 ∈ 𝐶, and the normalizer lifting can be used.

II2. Let 𝑝𝑘 > 3. Then the group Φ has a cyclic normal divisor Σ𝑘 = {𝜎𝑘},
𝜎𝑝𝑘

𝑘 = 1. If 𝜎𝑘(𝑃 ) ≠ 𝑃 , then, as above, 𝑋Σ𝑘 is infinite. If 𝜎𝑘(𝑃 ) = 𝑃 , then 𝜎𝑘
is an inner automorphism of 𝑃 , since (𝑝𝑘, 𝜎) = 1. Consequently, 𝑋Σ𝑘 is again
infinite.

II3. The passage from a supersolvable group 𝐺 to the general case is made in
the same way as in item I.

Remark. Corollary 1, generally speaking, admits no strengthening and is not
true even for finite cyclic groups of automorphisms that are not 𝑝-groups. In
this connection we note the erroneousness of one result of Hertzig from (9). In
(9) it is asserted (Theorems 1′, 3′) that a connected algebraic group 𝐺 with a
rational regular automorphism 𝜑 of finite order 𝑚 is unipotent when (𝑚, 𝑞) = 1.
We indicate a minimal counterexample (𝑚 = 6, dim 𝐺 = 2). Let 𝑄 be an
algebraically closed field of characteristic 𝑞 ≠ 2, 3;

𝐺 = {(𝛼, 𝛽, 𝛾) ∣ 𝛼𝛽𝛾 = 1, 𝛼, 𝛽, 𝛾 ∈ 𝑄}.

𝜑(𝛼, 𝛽, 𝛾) = (𝛾−1, 𝛼−1, 𝛽−1). Obviously, 𝜑 is a rational automorphism and 𝜑6 =
1. At the same time it is easily verified that 𝜑 acts regularly on 𝐺.

For fields 𝑄 of zero characteristic the following question naturally arises: let 𝐺
be a connected algebraic group over 𝑄 with a rational automorphism 𝑓 , and let
𝑑𝑓 be the corresponding automorphism of the Lie algebra 𝐿(𝐺) (see (10), Ch.
2, § 9); how does the regularity of one of these automorphisms affect the other?

It is not hard to show that the regularity of 𝑑𝑓 does not imply the regularity of
𝑓 . At the same time the converse assertion is true:

Theorem 6. A rational automorphism 𝑓 of the group 𝐺 has an infinite set of
fixed points if and only if 𝑑𝑓 is not regular on 𝐿(𝐺).
Corollary 4. A connected algebraic group Γ over 𝑄 possessing a rational regular
automorphism is solvable.

Thus, Hertzig’s theorem on the solvability of a connected algebraic group over
an algebraically closed field with a rational regular automorphism is true for
arbitrary fields of zero characteristic. The question arises of the possibility of
extending it to arbitrary fields (see (11), Problem 72). We show that in the
general case the answer is negative.

sovietrxiv.org/items/ru-196601.55390 Machine Translation

https://sovietrxiv.org/items/ru-196601.55390


Example. Let 𝑄 be the field of rational functions in 𝑥 over the field with
two elements. Consider the simple algebraic group 𝑆𝐿(2, 𝑄). For 𝑔 ∈ 𝑆𝐿(2, 𝑄)
define 𝜑(𝑔) = (𝑔′)−1, 𝜓(𝑔) = 𝑎𝑔𝑎−1, where

𝑎 = [𝑥 0
0 1] .

It is easy to verify that then 𝑓 = 𝜓𝜑 is a rational regular automorphism of
𝑆𝐿(2, 𝑄).
Belorussian State University
named after V. I. Lenin
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