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PERTURBATION OF EIGENVALUES

AND EIGENELEMENTS OF LINEAR OPER-
ATORS

(Presented by Academician I. G. Petrovskii, 22 VI 1965)

Let )\, be an eigenvalue of a closed linear unbounded operator A in a complex
Banach space E with domain D(A) dense in E; let {y;}} be a basis of the eigen-
subspace E™, n > 1, corresponding to A,. Introduce B = A—\jI. Suppose that
one of the following conditions holds: either 1° the nonhomogeneous equation
By = h is solvable for every h € E, or 2° there exists a system {1, }7, m > 1,
of linearly independent bounded linear functionals such that, for solvability of
the nonhomogeneous equation, it is necessary and sufficient that (¢, h) = 0,
k=1,2,...,m.

Let {v;}} be a system of bounded linear functionals in F, biorthogonal to the
system {¢;}7, and {z;}7" a system of elements of E, biorthogonal to the system

{4, }7*. Introduce the projectors

P=

NgE

_ (Yis )i

K3

Il
—

and

Q= (Vg )2
k=

1

The operator B maps one-to-one E*°~" = (I — P)E N D(A) onto E in case 17,
and onto B ,, = (I —Q)E in case 2°; moreover, the corresponding restriction
of B in both cases has a bounded inverse operator, which we denote by the same
letter T.

Consider the perturbed linear operator A(e) = A+ H(e), where ¢ is a small pa-
rameter from a complex Banach space . Let H(0) = 0, the domain D(H(¢g)) D
D(A), and let H(e) be subordinate to A in the following sense: I'H(¢) in case
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19, and respectively I'(I — Q)H (¢) in case 2°, are bounded linear operators de-
pending continuously on & (|¢| < p) in the uniform operator topology. Put
further H'(0) = H,. The problem of perturbation theory is to find eigenvalues
A = Ag + p(e) of the operator A(e) such that p — 0 as [le] — 0, as well as
eigenelements corresponding to these eigenvalues (see, for example, (1), where
an extensive bibliography is given). To find the eigenvalues and eigenvectors y,
we have the equation

By = —H(e)y + py- (1)

Case 1°. m = 0. Put in (1)

n
y=u+ Z{iwi, where u € F*7",
i=1

& = (74, y); we obtain

Bu = —H(©u-+ pu+ > &—H(E)pi + il 2)

Applying the operator I' to both sides, we obtain

U= Z@W(&M% where w; = (I +T'H(e) — Nl—‘)ilP(_H(E)% +pp;)- (3)

Theorem 1. If m = 0, then every number A\; + u, where p is sufficiently
small, is an eigenvalue of the operator A(e); the corresponding eigenspace is
n-dimensional, with basis elements ¢, +u;(e, p), ¢ = 1,...,n. As p one may take
any functional p(e), continuous for |e|| < p;, such that p(0) = 0.

Case 2. m > 1. As above, we arrive at (2). Applying to it the projectors I —Q
and @, we obtain the system

(I~ QBu=(I-Q) {H<s>u+uu+§jsi[H<5m +um}, ()

1=

0=Q {—H(EW‘FMU‘FXR:@[—H(E)% "‘ﬂ%‘]} .

=1

From the first equation we find that u(e, 1) is determined by formulas (3). Sub-
stituting u(e, ) into the second equation (4), we arrive at the numerical homo-
geneous linear system of m equations with n unknowns
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n

Z(djk? {_H<5) + /J'I}{(pi + ui(‘gaﬂ)})gi =0, k=12,..,m (5)

i=1

Theorem 2. There exists p; < p such that, for |g| < p;, the formula A\(e) =
Ao + p(e) and formulas (3) establish a one-to-one correspondence between the
continuously e-dependent eigenvalues A(e), A(0) = 0, and their corresponding
eigenvectors y(e), and between the solutions u(g), & (), ..., &, (g) of system (5)
that are continuous in €.

We note that for m < n the result of Theorem 1 is the most characteristic one,
while for m > n, generally speaking, A(e) has no eigenvalues tending to A, as
e —0.

Everywhere below m = n, and & is the complex plane.

Lemma 1. The linear operator §, defined for y € D(A) by the formula

By=By+ Y (v.9)z

i=1

has a bounded inverse operator E’l, which is an extension of the operator I’
from E__, to E.

We shall therefore denote B~1 = T'. It is further assumed that TH(e) is a
bounded linear operator, analytic in . We write (5) in the form

Zaki(5>ﬂ>£z‘ =0, k=12,...,n (6)
=1

In order that system (6) have a nontrivial solution, it is necessary and sufficient
that Det |a;| = 0. This equation can be written in the form

Z L&?ems =0. (7)

r+s>n

We shall call (7) the branching equation of the eigenvalue A,. We now apply
to our problem the Newton diagram method (5), using the explicit formulas we

have obtained for the coefficients L(r?.

Theorem 3. Let m = n. If all Lgfsl) = 0, then the result of Theorem 1 holds. If

e # 0, then all eigenvalues A(e) of the operator A(g), continuous in &, such
that A(0) = Ay, can be represented for ||| < p; in the form of convergent series
in fractional powers of €.

For such results under stronger restrictions see (1).
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Let C be an unbounded linear operator in £, D(C) D D(A), and I'C' bounded.

Definition 1 (see (2)). We shall say that an element f € E™ has a Jordan
chain of length p with respect to the operators B, C, if there exist p linearly
independent elements f) = f, f2) . f®) satisfying the relations Bf*) =
Cf*=1Y k=2, ..., p, while the equation By = C'f?) is unsolvable. The length
of the Jordan chain of f with respect to B, C will be denoted by J(f, B,C).

Definition 2. We shall call the system {¢;}7, n > 1, C-optimal if p; =
J(p;, B, C) < 400 and

Det |(1;, C(TC)Ps~1p,)|| # 0.

In the case C = I, optimality means that from the elements of the Jordan chains
generated by the elements of the system {p,}7, one can choose a basis in the
maximal invariant subspace of the operator A corresponding to A.

Theorem 4. Let m =n =1, J(p;,B,I) = p < +00; then there exist exactly
p, counted with multiplicity, eigenvalues of the operator A(e). If, moreover,
J(¢y, B, Hy) = 1, then all these eigenvalues are distinct and are representable
in the form

)\ = )\O + Zﬂkgk
k=1

(the principal value of '/? is taken).

Theorem 5. Let m=n =1, J(¢{,B,I) =p < 400, L<111) +0; J(pq, ,f[l) =
q < +o0; then p — 1 eigenvalues of A(e) can be found in the form

)\O + Z uksk/<p71>7
k=1

and one—in the form

o0
Ao+ D> T2,
=

Theorem 6. Let m = n > 1 and let {y;}} be I-optimal, J(p,,B,I) =1, i =
1, ..., n; then there exist n eigenvalues of the operator A(e) such that A(0) = A,
and all of them can be expanded into convergent series in fractional powers of
e. If, moreover, {¢,}7 is Hy-optimal and J(p;, B,H;) =1,i=1,2,...,n, and
all roots of the algebraic equation
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S LW =0

r+s=n

are distinct, then A(e) can be found in the form

o0
Ao + Z fue®,
=1

where p, are the indicated roots.

Let us pass to the more general case (cf. (2), addendum 1). An I-optimal system
{@;}? may be regarded as arranged in the following order. Let

D1 <py << p

be the lengths of the Jordan chains of the elements ¢; with respect to B, I.
Suppose the first ¢; elements ¢, have a Jordan chain of length p,, the next ¢,
elements have a Jordan chain of length p,, and so on; finally, the last ¢; elements
have a Jordan chain of length p;,. Put

q + gy =7(8), QP+ qgps = t(s).

Theorem 7. Let {y,;}7 be [-optimal and ordered in the manner indicated
above; then there exist t(I) eigenvalues A(e) of the operator A(e) such that
A(0) = Ay, and all of them are representable by convergent series in fractional
powers of €.

I.f, moreover, {¢,}7 is Hy-optimal, J(¢;, B,H;) =1,i=1,...,n; L. wa—j # 0,
j=1,...,1, and the following [ algebraic equations have distinct roots:

> L =0,

the summation being taken over i, j satisfying the relation

j—r(s)=[t(l—s) —i]/pi_si1s s=1,2,...,1

Then all eigenvalues A(e) of the operator A(e) such that A(0) = A, can be found
in the form

/\:)\OJrZukek/ps, s=1,2,...,L
=1
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Conclusions analogous to those made in Theorems 4-7 are also valid for eigen-
vectors.

The indicated method gives a complete solution of the problem and makes it
possible to investigate each concrete case to the end. As applications, we note
eigenvalue problems for matrices, Fredholm integral equations of the second
kind, singular integral equations, and partial differential equations of elliptic
type. We have also considered the real case.

The author expresses deep gratitude to L. A. Lyusternik for posing the problem
and for useful discussion of the results.
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