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CYBERNETICS
AND CONTROL THEORY
I. I. Pyatetskii-Shapiro, V. A. Volkonskii, L. V. Levina,
A. Pomanskii

ON AN ITERATIVE METHOD FOR SOLVING
INTEGER PROGRAMMING PROBLEMS
(Presented by Academician L. V. Kantorovich, December 7, 1965)

1°. As is well known, many practical problems of optimal control (in partic-
ular, of economic planning) reduce to problems of integer linear programming
(1). Existing methods of integer programming (Gomory’s method and its mod-
ifications (2)) make it possible to solve problems of relatively small size. For
large-scale problems, the convergence rate of these methods, even when modern
computers are used, proves insufficient. Therefore one has to introduce simplify-
ing assumptions,* which often impoverish the solution itself. In this connection,
it is of interest to study various heuristic devices that make it possible to obtain
acceptable approximate solutions, in particular the modeling of real planning
and control processes in the economy (see § 3°).

The method of solution set forth below is regarded by the authors only as the
beginning of an investigation. It deliberately uses only the most general and
simple devices. The method was suggested by ideas from the theory of games
of automata (3,4 ).
By the proposed method, several variants of the problem of choosing optimal
construction times and the distribution of capital investments in a branch pro-
ducing equipment for oil extraction were computed. Mathematically, the prob-
lem reduces to an ordinary integer programming problem: it is required to
maximize the linear functional

𝑛
∑
𝑗=1

𝑐𝑗𝑥𝑗 (1)

subject to the conditions
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𝑛
∑
𝑗=1

𝑎𝑖𝑗𝑥𝑗 ⩽ 𝑏𝑖, 𝑖 = 1, … , 𝑚, (2)

where the unknowns 𝑥𝑗 (𝑗 = 1, … , 𝑛) take the values 0 or 1. All coefficients
𝑎𝑖𝑗, 𝑐𝑗, 𝑏𝑖 are nonnegative.

The solution is sought as follows.

2°. Fix 𝑏0 and solve the system of 𝑚 + 1 inequalities

𝑛
∑
𝑗=1

𝑐𝑗𝑥𝑗 ⩾ 𝑏0,
𝑛

∑
𝑗=1

𝑎𝑖𝑗𝑥𝑗 ⩽ 𝑏𝑖, 𝑖 = 1, … , 𝑚, (3)

𝑥𝑗 = 0, 1 (𝑗 = 1, … , 𝑛)

* For example, in the problem of choosing an optimal variant of capital in-
vestments, the only constraint usually adopted is the total volume of capital
investments (in monetary form), without taking into account restrictions on
available resources, the possibilities of performing particular kinds of work, the
dynamics of these restrictions during the planning period, and the construction
time.

by the iteration method that will be described below. Then, increasing 𝑏0,
we obtain the solution of a new system, closer to the solution of the original
problem. The process terminates when the system of inequalities ceases to be
solved within a fixed number of iterations.

Let us proceed to the description of the iteration method. We choose the initial
set 𝑥0

𝑗 arbitrarily. Suppose that at the 𝑘-th step the set 𝑥(𝑘)
𝑗 (𝑗 = 1, … , 𝑛) has

been obtained. We compute

Δ0 = max((𝑏0 −
𝑛

∑
𝑗=1

𝑐𝑖𝑥(𝑘)
𝑗 ) /𝑏0, 0) , Δ𝑖 = max((

𝑛
∑
𝑗=1

𝑎𝑖𝑗𝑥(𝑘)
𝑗 − 𝑏𝑖) /𝑏𝑖, 0) ,

𝑖 = 1, … , 𝑚.

Then, using random choice, independently of one another we change the com-
ponents of the vector 𝑥𝑘

𝑗 with one and the same probability 𝑝, equal to

𝑝 = min(𝑐, max
0≤𝑖≤𝑚

Δ𝑖) .
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In the computations carried out, 𝑐 = 1/2 was adopted. In this way we obtain
a new set 𝑥(𝑘+1) (𝑗 = 1, … , 𝑛) and carry out the next iteration. When all Δ𝑖
become 0, the solution has been found.

The described solution process may be represented as a random walk correspond-
ing to a certain Markov chain. The states of this Markov chain are all possible
sets (𝑥1, … , 𝑥𝑛), 𝑥𝑗 = 0, 1 (𝑗 = 1, … , 𝑛).
The states corresponding to solutions of system (3) are absorbing states. As is
known, the probability of reaching, from any state of a finite irreducible Markov
chain, an absorbing state in a finite number of steps is equal to one. This proves
the theoretical convergence of the method used.

However, from the point of view of the laboriousness of the computational
method, the principal interest is the number of steps (iterations) before reaching
the solution region. The mathematical expectation of this quantity may natu-
rally be regarded as an indicator of the efficiency of the algorithm. For example
3 (see item 4°), a table is given of the ratio of the number of steps under the
method used to that under complete enumeration (equal to the average number
of steps in a purely random walk: 𝑝 = 1/2). A certain gain in laboriousness is
apparently explained mainly by the“length of the iteration step”—the average
number of components of the vector 𝑥 changing during one iteration, which is
set at different levels in different examples.

3°. The described algorithm was applied to the following problem. Suppose
there are 𝑛 objects of possible construction. The choice of a specific construc-
tion program is characterized by the vector 𝑥 = (𝑥1, … , 𝑥𝑛), where 𝑥𝑗 takes the
value 1 or 0 depending on whether the 𝑗-th object is included in the construc-
tion program in the given year. To each object there corresponds a vector of
expenditures and output of various resources, or of one and the same resource
in different years. Consider a matrix 𝐴 of size 𝑚 × 𝑛, whose columns are these
vectors. Then the system of inequalities can be written in the form

𝐴𝑥 ≤ 𝑏, (4)

where 𝑏 is the vector limiting the expenditures of various resources and the
requirements for the output produced. In addition, there is some formula for
calculating the total loss from violating these constraints

𝜑 = 𝜑(Δ1, Δ2, … , Δ𝑚).

One can imagine a more complex algorithm for solving such problems, using the
idea of modeling the price–profit mechanism by analogy with iterative methods
in ordinary convex programming [5]. For this purpose we introduce the vector
𝑝 = (𝑝1, … , 𝑝𝑛), where 𝑝𝑗 is the probability of the event 𝑥𝑗 = 1, and the vector
of estimates of constraints (4) 𝑣 = (𝑣1, … , 𝑣𝑚).
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The solution algorithm may consist of the following. Let 𝑝𝑡 and 𝑣𝑡 be the vectors
𝑝 and 𝑣 obtained at the 𝑡-th iteration. Using a random-selection mechanism, we
find a realization of the vector 𝑥𝑡, assuming its components 𝑥𝑡

𝑗 to be independent
and equal to one with probability 𝑝𝑡

𝑗. Then, according to some rule, we correct
the estimates 𝑣𝑡 in accordance with the residuals 𝐴𝑥𝑡 − 𝑏; for example, we
increase the estimates corresponding to positive components of the residual
vector and decrease the rest. We denote the resulting vector by 𝑣𝑡+1 and use
it to correct the probabilities 𝑝𝑡

𝑗 in accordance with the “profits”(𝑣𝑡+1𝐴)𝑗 and
the total amount of loss 𝜑𝑡. We obtain a new vector 𝑝𝑡+1. After this the next
iteration begins. Experiments with such an algorithm have not yet been carried
out.

Table 1

𝑏 𝑏0 𝑏0 𝑏0 𝑏0 𝑏0 𝑏0

𝑀 − 5 𝑀 − 4 𝑀 − 3 𝑀 − 2 𝑀 − 1 𝑀
10 — 4 1, 4 3, 4 2, 2 —
9 1 3 — 13 19 51
8 2 12 32 260 8 55
7 6 13 194 33 7 —
6 — — 7 — — —

Such heuristic methods can yield good results mainly for those practical prob-
lems whose specific features are taken into account by the modeled solution
process. It is therefore not surprising if such an algorithm proves ineffective for
a number of problems that are relatively easy to solve by other methods.

The results obtained in this work allow us to hope for sufficient effectiveness of
computational methods that model economic processes of regulation.

4∘. Examples of the following orders were computed:

15 15 17 17 17 30 50
𝑚 2 3 3 4 8 2 3
Number of examples 1 1 1 3 1 1 6

In three examples the solutions obtained can be compared with the optimal
ones.

Example 1. 𝑛 = 17, 𝑚 = 3. The exact value of the maximum is 14.91.

𝑏0 13.88 14.76
Number of steps (iterations) 14 166
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Example 2. 𝑛 = 30, 𝑚 = 2. The exact value of the maximum is 20.

𝑏0 15 16 17 18 19
Number of steps 3 253 1777 1335 2317

Example 3. To assess the effectiveness of the algorithm, an experiment was
carried out with an example of the following simple structure (𝑁 = 50, 𝑚 = 3):

50
∑
𝑗=1

𝑥𝑗 → max,
50

∑
𝑗=31

𝑥𝑗 ≤ 𝑏,
20

∑
𝑗=1

𝑥𝑗 ≤ 𝑏,
10

∑
𝑗=1

𝑥𝑗 +
50

∑
𝑗=41

𝑥𝑗 ≤ 𝑏.

For this example it is not difficult to compute the total number of solutions of
system (3) with fixed 𝑏0. As an indicator of the effectiveness of the method in
comparison with complete enumeration one may use the quantity

𝑅 = 250/𝑇 𝑁,

where 𝑁 is the number of steps in which the solution of system (3) was obtained
with the given value of 𝑏0; 𝑇 is the number of points in the solution region.

The values of 𝑅 are given in Table 1 (𝑀 = max∑50
𝑙=1 𝑥𝑗).

The authors express their gratitude to A. D. Shapiro for participating in the
construction of the examples and for discussing the results.
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