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MATHEMATICS

A. D. IOFFE

TRANSFORMATIONS OF WELL-POSED
VARIATIONAL PROBLEMS
(Presented by Academician A. N. Kolmogorov on 27 VIII 1965)

1. Let a differential equation be given

𝑑𝑦/𝑑𝑡 = 𝑓(𝑡, 𝑦, 𝑢) (1)

and a functional

𝐼(𝑦) = ∫
𝑏

𝑎
𝐹(𝑡, 𝑦, 𝑢) 𝑑𝑡.

Here 𝑡 is a scalar; 𝑦 is an 𝑛-dimensional vector; 𝑢 is a point of the metric
compact set 𝑈 (the space of controls). The functions 𝑓(𝑡, 𝑦, 𝑢) and 𝐹(𝑡, 𝑦, 𝑢) are
continuous on [𝑎, 𝑏] × 𝑅𝑛 × 𝑈 and continuously differentiable with respect to 𝑦.
By 𝐷 we denote the set of solutions of (1) passing through the points (𝑎, 𝑦0)
and (𝑏, 𝑦1) (solutions of (1) are defined as in (1)).

Problem A. It is required to find inf𝐷 𝐼(𝑦). It is assumed that 𝐷 ≠ ∅.

We shall say that the control 𝑢(𝑡), 𝑡 ∈ [𝑎, 𝑏], belongs to the class 𝔄(𝜉) if the
corresponding solution of (1), issuing from (𝑎, 𝑦0), passes at 𝑡 = 𝑏 through the
point 𝜉 ∈ 𝑅𝑛. Controls for which there is no solution of (1) defined on [𝑎, 𝑏] will
be assigned to the class 𝔄(∞). If controls are regarded as elements of the space
𝑆 of measurable mappings of [𝑎, 𝑏] into 𝑈 (convergence in 𝑆 is convergence in
measure), then the Hausdorff distance between classes of controls turns the set
of classes into a metric space. The mapping

𝔄(𝜉) → 𝜉 (2)

of this space into 𝑅𝑛 is one-to-one and continuous if 𝜉 ≠ ∞.

Definition 1. We shall say that problem A is posed correctly if the mapping
inverse to (2) is continuous at the point 𝜉 = 𝑦1.
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In what follows it is assumed that problem A is posed correctly.

Let 𝑓(𝑡, 𝑦, 𝑈) be the image of 𝑈 under the mapping 𝑢 → 𝑓(𝑡, 𝑦, 𝑢), and let
𝑄(𝑡, 𝑦) = co 𝑓(𝑡, 𝑦, 𝑈). Let

𝐹(𝑡, 𝑦, 𝑞) = sup((𝑞, 𝑧) + 𝑤)

on the set

{𝑧 ∈ 𝑅𝑛, 𝑤 ∈ 𝑅1 ∶ (𝑧, 𝑓(𝑡, 𝑦, 𝑢)) + 𝑤 − 𝐹(𝑡, 𝑦, 𝑢) ≤ 0, ∀𝑢 ∈ 𝑈}.

Problem B. Determine

inf ∫
𝑏

𝑎
𝐹(𝑡, 𝑦, ̇𝑦) 𝑑𝑡

on the set

𝐷0 = {𝑦(𝑡) ∈ 𝐶𝑛
[𝑎,𝑏], 𝑦(𝑎) = 𝑦0, 𝑦(𝑏) = 𝑦1, ̇𝑦(𝑡) ∈ 𝑄(𝑡, 𝑦)}.

Theorem 1. If problem A is posed correctly, then problems A and B are
equivalent. More precisely, the following assertions are valid:

a) 𝐷0 is the closure of 𝐷 in 𝐶𝑛
[𝑎,𝑏];

b)

inf
𝐷

𝐼(𝑦) = inf
𝐷0

∫
𝑏

𝑎
𝐹(𝑡, 𝑦, ̇𝑦) 𝑑𝑡;

c) if a sequence 𝑦𝑚(𝑡) ∈ 𝐷 minimizes 𝐼(𝑦) in 𝐷, then it also is minimizing
for problem B. Conversely, for any sequence minimizing

∫
𝑏

𝑎
𝐹(𝑡, 𝑦, ̇𝑦) 𝑑𝑡

in 𝐷0, there exists a sequence confinal with it in 𝐶𝑛
[𝑎,𝑏] that minimizes 𝐼(𝑦) in

𝐷.

d) if 𝐷 is compact in 𝐶𝑛
[𝑎,𝑏], then inf ∫𝑏

𝑎 𝐹(𝑡, 𝑦, ̇𝑦) 𝑑𝑡 is attained at some ̄𝑦(𝑡) ∈
𝐷0, and in 𝐷 there exists a sequence 𝑦𝑚(𝑡) → 𝑦(𝑡) such that
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lim
𝑚→∞

𝐼(𝑦𝑚) = ∫
𝑏

𝑎
𝐹(𝑡, ̄𝑦(𝑡), ̇̄𝑦(𝑡)) 𝑑𝑡.

2. Let us consider two examples.

1) Let 𝜓(𝑥) be defined on some set 𝑋 ⊂ 𝑅𝑛. We shall say that 𝜑(𝑥) is
the convex envelope for 𝜓(𝑥) on 𝑋, if 𝜑(𝑥) is defined on co 𝑋, is convex,
𝜑(𝑥) ≤ 𝜓(𝑥) on 𝑋, and any function having these properties does not
exceed 𝜑(𝑥).

Let 𝑈 ⊂ 𝑅𝑛 and 𝑓(𝑡, 𝑦, 𝑢) ≡ 𝑢; then 𝑄(𝑡, 𝑦) = co 𝑈 and 𝐹(𝑡, 𝑦, 𝑢) is the convex
envelope for 𝐹(𝑡, 𝑦, 𝑢) on 𝑈 . Indeed, let 𝜑(𝑡, 𝑦, 𝑞) be defined on 𝑄, convex in
𝑞, and 𝜑(𝑡, 𝑦, 𝑢) ≤ 𝐹(𝑡, 𝑦, 𝑢) on 𝑈 . (𝑧, 𝑢) + 𝑤 is a hyperplane defined by the
conditions: (𝑧, 𝑞) + 𝑤 = 𝜑(𝑡, 𝑦, 𝑞), (𝑧, 𝑢) + 𝑤 ≤ 𝜑(𝑡, 𝑦, 𝑢), 𝑢, 𝑞 ∈ 𝑄. Then

𝜑(𝑡, 𝑦, 𝑞) ≤ sup
𝑧,𝑤

{(𝑧, 𝑞) + 𝑤} = 𝐹(𝑡, 𝑦, 𝑞).

Let us note that a similar result can be obtained otherwise from (2):

2) Let 𝑛 = 1, 𝑈 = [−1, 1], 𝐹(𝑡, 𝑦, 𝑢) = 𝑀(𝑡, 𝑦)𝑢 + 𝑃(𝑡, 𝑦), 𝑀(𝑡, 𝑦) > 0,
𝑄(𝑡, 𝑦) = co 𝑓(𝑡, 𝑦, 𝑈) = [𝛼(𝑡, 𝑦), 𝛽(𝑡, 𝑦)]; 𝜑(𝑡, 𝑦, 𝑢) and 𝜓(𝑡, 𝑦, 𝑢) are the
convex and concave envelopes for 𝑓(𝑡, 𝑦, 𝑢) on 𝑈 . Suppose that for some
𝑡, 𝑦, 𝜑′

𝑢(𝑡, 𝑦, −1) < 0, 𝜓′
𝑢(𝑡, 𝑦, −1) > 0. [−1, 𝛾] and [−1, 𝛿] are intervals on

which 𝜑 and 𝜓 are monotone. Then

[𝛼(𝑡, 𝑦), 𝑓(𝑡, 𝑦, −1)] = 𝜑(𝑡, 𝑦, [−1, 𝛾]); [𝑓(𝑡, 𝑦, −1), 𝛽(𝑡, 𝑦)] = 𝜓(𝑡, 𝑦, [−1, 𝛿])

and

𝐹(𝑡, 𝑦, 𝑞) = {𝑀(𝑡, 𝑦)𝜓−1(𝑡, 𝑦, 𝑞) + 𝑃(𝑡, 𝑦), 𝑓(𝑡, 𝑦, −1) ≤ 𝑞 ≤ 𝛽(𝑡, 𝑦),
𝑀(𝑡, 𝑦)𝜑−1(𝑡, 𝑦, 𝑞) + 𝑃(𝑡, 𝑦), 𝛼(𝑡, 𝑦) ≤ 𝑞 ≤ 𝑓(𝑡, 𝑦, −1).

If 𝜑′
𝑢(𝑡, 𝑦, −1) ≥ 0 for all 𝑡, 𝑦, then 𝐹(𝑡, 𝑦, 𝑞) = 𝑀(𝑡, 𝑦)𝜓−1(𝑡, 𝑦, 𝑞) + 𝑃(𝑡, 𝑦), and

problem 𝐴 can be reduced to the form

min ∫
𝑏

𝑎
𝐹(𝑡, 𝑦, 𝑢) 𝑑𝑡, 𝑦(𝑎) = 𝑦0, 𝑦(𝑏) = 𝑦1, ̇𝑦 = 𝜓(𝑡, 𝑦, 𝑢).

3. The main idea of the proof of Theorem 1 is the following. We shall call 𝑦(𝑡) a
generalized solution of equation (1) if there exists a sequence of solutions of
(1) converging uniformly to 𝑦(𝑡). The totality of generalized solutions passing
through (𝑎, 𝑦0) and (𝑏, 𝑦1) will be denoted by 𝐵. Let 𝑦(𝑡) ∈ 𝐵, and let 𝑦𝑚(𝑡) →
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𝑦(𝑡) be a sequence of solutions of (1), and let 𝐴(𝑦) be the set of such sequences.
Define on 𝐵 the functional

𝐽(𝑦) = inf
𝐴(𝑦)

lim
𝑚→∞

𝐼(𝑦𝑚). (3)

The well-posedness of problem 𝐴 ensures the validity of assertions a), b), c) of
Theorem 1 if 𝐷0 is replaced by 𝐵, and ∫𝑏

𝑎 𝐹(𝑡, 𝑦, ̇𝑦) 𝑑𝑡 by 𝐽(𝑦). It turns out that
always

𝐵 = 𝐷0, 𝐽(𝑦) = ∫
𝑏

𝑎
𝐹(𝑡, 𝑦, ̇𝑦) 𝑑𝑡. (4)

𝐽(𝑦) is lower semicontinuous on 𝐵. Therefore, if 𝐷 is compact, then the lower
bound (3) is attained, and from (4) the validity of d) follows.

4. The proof of the equalities (4) rests on certain facts of measure theory, which
may be of independent interest.

Let 𝑈 be a metric compactum, 𝐺 a bounded domain in 𝑅𝑛; let 𝑆𝑈 and 𝑆𝐺 be,
respectively, the 𝜎-algebras of Borel subsets of 𝑈 and measurable subsets of 𝐺,
and let 𝑉 (𝑈) be the space of measures defined on 𝑆𝑈 .

Definition 2. 𝜈(𝑥) is a regular mapping 𝐺 → 𝑉 (𝑈) if it is defined on a set
of full measure in 𝐺 and

𝜈(𝑥)(𝐸) ≥ 0

for all 𝐸 ∈ 𝑆𝑈 and almost all 𝑥 ∈ 𝐺,

𝜈(𝑥)(𝑈) = 1

almost everywhere on 𝐺,

𝜈(𝑥)(𝐸)

is measurable as a function of 𝑥 for any 𝐸 ∈ 𝑆𝑈 .

Let 𝑢(𝑥) be a measurable mapping 𝐺 → 𝑈 . Denote

𝜂(𝐸Δ) = 𝜇{𝑥 ∈ Δ, 𝑢(𝑥) ∈ 𝐸},

where 𝜇 is Lebesgue measure on 𝐺, Δ ∈ 𝑆𝐺.

Theorem 2. For any regular mapping 𝜈(𝑥), 𝐺 → 𝑉 (𝑈), there exists a sequence
of measurable mappings 𝑢𝑚(𝑥), 𝐺 → 𝑈 , such that:
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a)

lim
𝑚→∞

𝜂𝑚(𝐸Δ) = ∫
Δ

𝜈(𝑥)(𝐸) 𝑑𝑥

for all 𝐸 ∈ 𝑆𝑈 , Δ ∈ 𝑆𝐺;

b) if 𝑓(𝑥, 𝑢) is measurable, continuous in 𝑢, |𝑓(𝑥, 𝑢)| ≤ 𝜑(𝑥) ∈ 𝐿2(𝐺), then
𝑓(𝑥, 𝑢𝑚(𝑥)) converge weakly in 𝐿2(𝐺) to

∫
𝑈

𝑓(𝑥, 𝑢)𝜈(𝑥)(𝑑𝑢).

Theorem 3. From any sequence of measurable mappings 𝐺 → 𝑈 one can
choose a subsequence related by condition b) of the preceding theorem to some
regular mapping 𝐺 → 𝑉 (𝑈).
The proof of these theorems uses the following two lemmas.

Lemma 1. Let 𝜆 be a nonnegative finite measure on 𝑆𝑈 . There exists a
measurable mapping 𝑢(𝑥), 𝐺 → 𝑈 , such that for any 𝐸 ∈ 𝑆𝑈

𝜆𝐸
𝜆𝑈 = 𝜇{𝑥 ∈ 𝐺, 𝑢(𝑥) ∈ 𝐸}

𝜇𝐺 .

Lemma 2. Let 𝑃 be an arbitrary countable subset of 𝑆𝑈 . From any sequence
of measurable mappings 𝐺 → 𝑈 one can choose a subsequence 𝑢𝑚𝑘

(𝑥) in such
a way that everywhere on 𝑃 × 𝑆𝐺 there exists the limit

𝜉(𝐸Δ) = lim
𝑘→∞

𝜂𝑚𝑘
(𝐸Δ).

The function 𝜉(𝐸Δ) is finitely additive for each Δ, countably additive and
absolutely continuous with respect to 𝜇 for each 𝐸.

5. Theorems 2 and 3 make it possible, instead of sequences of solutions of
(1), to consider regular mappings [𝑎, 𝑏] → 𝑉 (𝑈).

Theorem 4. In order that 𝑦(𝑡) (𝑦(𝑎) = 𝑦0, 𝑦(𝑏) = 𝑦1) be contained in 𝐵, it is
necessary and sufficient that there exist a regular mapping 𝜈(𝑡), [𝑎, 𝑏] → 𝑉 (𝑈),
for which 𝑦(𝑡) is a solution of the equation

𝑑𝑦
𝑑𝑡 = ∫

𝑈
𝑓(𝑡, 𝑦, 𝑢)𝜈(𝑡)(𝑑𝑢). (5)

If 𝑦(𝑡) ∈ 𝐵, then
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𝐽(𝑦) = min ∫
𝑏

𝑎
∫

𝑈
𝐹(𝑡, 𝑦(𝑡), 𝑢)𝜈(𝑡)(𝑑𝑢) 𝑑𝑡. (6)

The minimum is taken over all 𝜈(𝑡) satisfying (5) for 𝑦 = 𝑦(𝑡).
If there exists at least one 𝜈(𝑡) satisfying, for 𝑦 = 𝑦(𝑡), (5), (6) and concentrated
on a set of full measure at a single point, then 𝑦(𝑡) ∈ 𝐷 and 𝐼(𝑦) = 𝐽(𝑦). In
the opposite case a sliding regime is realized along 𝑦(𝑡). A sufficient condition
for the absence of a sliding regime is contained in the following

Corollary. If the image of 𝑈 in 𝑅𝑛+1 under the mapping

𝑢 → {𝑓(𝑡, 𝑦, 𝑢),
𝐹 (𝑡, 𝑦, 𝑢)

is convex for all 𝑡, 𝑦, then 𝐷 = 𝐵, and any minimum for 𝐽(𝑦) in 𝐵 is a minimum
for 𝐼(𝑦) in 𝐷.

For 𝑈 ⊂ 𝑅𝑘 this result was obtained by A. F. Filippov (3).
Denote by

Φ(𝑡, 𝑦, 𝑞) = inf ∫
𝑈

𝐹(𝑡, 𝑦, 𝑢)𝜆(𝑑𝑢)

over the set of nonnegative Borel measures 𝜆 for which the equalities

∫
𝑈

𝑓(𝑡, 𝑦, 𝑢)𝜆(𝑑𝑢) = 𝑞, 𝜆(𝑈) = 1. (7)

hold.

If this set is nonempty, then the infimum is attained.

Let 𝑦(𝑡) ∈ 𝐵 be fixed, and let 𝜈(𝑡) satisfy (5) together with 𝑦(𝑡).
Theorem 5. In order that

∫
𝑏

𝑎
∫

𝑈
𝐹(𝑡, 𝑦, 𝑢)𝜈(𝑡)(𝑑𝑢) 𝑑𝑡 = 𝐽(𝑦),

it is necessary and sufficient that, for almost all 𝑡,

∫
𝑈

𝐹(𝑡, 𝑦(𝑡), 𝑢)𝜈(𝑡)(𝑑𝑢) = Φ(𝑡, 𝑦(𝑡), ̇𝑦(𝑡)).

The determination of Φ(𝑡, 𝑦, 𝑞) under conditions (7) is, as is easy to see, a linear
programming problem over a space of measures.

The dual problem is: find

̃𝐹 (𝑡, 𝑦, 𝑞) = sup((𝑞, 𝑧) + 𝑤) (8)
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subject to the condition

(𝑧, 𝑓(𝑡, 𝑦, 𝑢)) + 𝑤 − 𝐹(𝑡, 𝑦, 𝑢) ≤ 0

for all 𝑢 ∈ 𝑈 .

Let
𝑄(𝑡, 𝑦) = {𝑞 ∈ 𝑅𝑛, ̃𝐹 (𝑡, 𝑦, 𝑞) < ∞}

be the set of those 𝑞 for which problem (8) is solvable. If 𝑞 ∈ 𝑄(𝑡, 𝑦), then
̃𝐹 (𝑡, 𝑦, 𝑞) = Φ(𝑡, 𝑦, 𝑞). It is not hard to see that 𝑄(𝑡, 𝑦) is closed and that
̃𝐹 (𝑡, 𝑦, 𝑞) is continuous in its domain of definition. Moreover, since

((𝛼𝑞1+(1−𝛼)𝑞2), 𝑧)+𝑤 = 𝛼((𝑞1, 𝑧)+𝑤)+((𝑞2, 𝑧)+𝑤)(1−𝛼) ≤ 𝛼 ̃𝐹 (𝑡, 𝑦, 𝑞1)+(1−𝛼) ̃𝐹 (𝑡, 𝑦, 𝑞2),

𝑄(𝑡, 𝑦) is convex and ̃𝐹 (𝑡, 𝑦, 𝑞) is convex in 𝑞.

Obviously, 𝑓(𝑡, 𝑦, 𝑈) ⊂ 𝑄(𝑡, 𝑦), and therefore also co 𝑓(𝑡, 𝑦, 𝑈) ⊂ 𝑄(𝑡, 𝑦). The
reverse inclusion is easily obtained with the aid of the Hahn—Banach theorem,
which completes the proof of Theorem 1.

6. If problem A is posed incorrectly, then Theorem 1 is false. Let us consider
an example. Let

𝐼(𝑦) = ∫
1

0
(𝑦1)2 𝑑𝑡, 𝑑𝑦1

𝑑𝑡 = 𝑢, 𝑑𝑦2

𝑑𝑡 = (𝑦1)2−𝑢2 (1 + (𝑦1)4

𝜀2 ) , (9)

𝑈 = [−1, 1], 𝑦(0) = (0, 0), 𝑦(1) = (0, −1).
It is clear that if 𝑦(𝑡) ∈ 𝐷, then

‖𝑦1‖𝐶 ≥ 𝜀. (10)

On the other hand, there exists a solution of (9) passing through the points
(0, 0, 0) and (1, 0, −1 + 𝛿) and such that ‖𝑦1‖𝐶 is arbitrarily small. The problem
is posed incorrectly. By virtue of (10),

inf
𝐷

𝐼(𝑦) ≥ 𝜀3.

Further, 𝑦(𝑡) = (0, −𝑡) ∈ 𝐷0, and therefore

inf
𝐷

𝐼(𝑦) = 0.

In particular, V. F. Krotov’s optimality principle (4) is inapplicable to incorrectly
posed problems.

I take this opportunity to express my deep gratitude to V. M. Tikhomirov for
numerous discussions and helpful advice.
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