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In this note a method is given which makes it possible to obtain the solution
of a broad class of extremal problems for quasiconformal mappings. The follow-
ing general problem is considered, relating the Teichmiiller problem () to an
extremal problem studied by P. P. Belinskii (1).

Problem A. In a given homotopy class « of quasiconformal homeomorphisms
w = f(z) of a closed Riemann surface S of genus g > 1 onto a surface S’, with
maximal dilatation K[f] < ¢, find the maximum of the real functional

F[f] = F(wy,...,w,), w; = f(z;) = u; +ivy,

where F' is a function on the surface S’*.

The indicated class of mappings is denoted by Q(c,q) and is assumed to be
nonempty.

Let the surfaces S and S’ be represented in the form S = U/T", S = U’ /1Y,
where U and U’ are the disks |z| < 1 and |w| < 1, and T’ and I are Fuchsian
groups of the first kind fixed for the corresponding surfaces S and S’. Then
F becomes an automorphic function in the disk U’. We shall assume that the
function F' is continuously differentiable with respect to u.,v,, and that

777
n
D IF, [ >0.
Jj=1 '

By B(I'”) we denote the Banach space of Beltrami differentials pu(w)dw/dw on
S’ with norm

= i wel’ w)|.
lpl gy = vraimax,, ey |p(w)]

Theorem 1. There exists an analytic quadratic differential v, dw? on S’ and a
constant v, 0 < v < 27, such that the quasiconformal mapping w = f,(z) of the
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disk U onto U’ with characteristic of the inverse mapping z = fo1(w), satisfying
the relations

)| =(g—1)/(g+1),  argu(w)=—arg[ey*(w) +po(w)], (1)
where

n /2
v =3 F, 3 AW @

J=1 Aer’ 7

is an extremal mapping for which
max F(wy,...,w,)

is attained in the class Q(a, q).

Proof. By virtue of the compactness of the class Q(c«,q) there exists an ex-
tremal mapping f,(z) € Q(«, q) for which

F = max F(wy,...,w,).
ol = max Py, w,)

Let fy(2;) = wy;. By the Teichmiiller theorem (2-%), there exists, and moreover
a unique, quasiconformal mapping

w = fi(2) € Qa, q)

with the least maximal dilatation K[f;] = K; among all homeomorphisms f :
S — 8’ from the given homotopy class « that carry the points z; into wy;. In
this case the characteristic

* It is assumed that the homeomorphisms f preserve orientation.

of the inverse mapping 2 = f;!(w) is equal to

iy (w) = ky by (w) /[y (w)], ky = (K —1)/(K; + 1), (3)

where 1), dw? is a meromorphic quadratic differential on S”, having at the points
wy; at most simple poles and determined up to a positive constant factor. It is
clear that F[f,] = F[f,].

We shall prove that K; = ¢q. Let P’ be a fixed fundamental polygon of the
group I'V. Denote by L,(U’,T”) the Banach space of all measurable quadratic
differentials ¢ dw? on S’ with finite norm

HzﬂHLl(U/’F/) = // |th(w)| du dv, w=u+ v,
S/

and by A;(U’/T”) the subspace of L,(U’,T") formed by analytic quadratic dif-
ferentials on S”. Since the differential ¢* dw? ¢ A, (U’,T"), the distance from 1*
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to A;(U’,T") is equal to d > 0. There exists a linear functional v, in L, (U’,I")
such that

v(¥) =0 (peA(U,T)); ol =1, v(®) =d. (4)

Here

w(®) = [[ wlwwtw) dude,

where v, (w) is a function measurable in the disk U’, such that

vo(Aw) = vo(w) A’ (w) /A" (w), AT’

and
vraimax |v,(w)| = 1.
wel’

The functional v, determines a mapping w = H(w, €) of the surface S onto itself
(a variation of the surface S’) with characteristic v, (w) 4+ O(g?), representable
by the formula

A”()
w= H(w, :w—l—E v, do(¢) + O(£?), 5
wa=ws s [ w3 S0 o), @

where ¢ is a sufficiently small real parameter (see (5, 6)).

Denoting by p*(w) the characteristic of the mapping z = f;!o H *(w), we shall
have

fi(w) = pH (w(w)) @y, /w, = py (w) — evg(w) + evg(w)pf(w) + O(e?)  (6)

and, consequently, in the case K[f;] < ¢ the variation (5) is admissible for
sufficiently small €. On the other hand, expressing dw; from (5), for ¢ > 0 we
obtain

AF =" [F, duw, + F,, 4] = (22/m) Revg(v) = 2¢d/m >0, (1)
=1

which contradicts the extremality of the mapping f;(z). Therefore one must
have K, = ¢, and then, by virtue of the uniqueness of the extremal Teichmiiller
mapping, all quasiconformal homeomorphisms f : S — S’ from Q(«,q) taking
the points 2, to wy; coincide with f;(z).

Denote by Q the subspace of L;(U’,T") formed by elements of the form ¢’ =
Ap* + 1), where ¢ € A, (U’,T”), A = const, and let
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sup
YeQ, [¢)=1

//P (@) dude

We shall prove that k] = k;, i.e. ¢; € Q. Suppose that k] < ky, and choose a
number ¢ so that 0 < t < k; — k}. Then the norm of the functional

— K. (8)

o= = oy = [ latw) — eyt dude (9)

on the subspace Q satisfies the inequality |pllq < k) +t =k, < k;.

By the Hahn-Banach theorem, in L, (U’,I") there is a linear functional m, (1))
such that m,(¢) = i, (¢) for ¢ € @ and |m,| 1) =k, Here

() = [ mwyotw) duds (10)

where m,(w) is measurable in U’, is such that m,(Aw) = m,(w)A’ (w)/ A’ (w),
A €T, and vraimax,,c, |m,(w)| = k,. Then the Beltrami differential
v (w) = py (w) = my (w)

defines in L, (U’,I") a linear functional v, satisfying the conditions

v () =0, e AU, T); v (Y*) = td > 0. (11)

Consequently, v,(w) defines the corresponding variation w = H(w,e) of the
surface S’ with characteristic ev,(w)+O(?). The mapping H (w, €) is expressed
by formula (5) with vy (w) replaced by v,(w). Denoting the characteristic of the
mapping z = f;! o H 1 (w) by fi(w), we obtain

fi(w) = i (w(w)) wy, /wg = py (w) — evy(w) + evy(w)pf(w) + O(2).  (6)

Applying (8)-(10) and (6”), we obtain that for £ > 0 the inequality

//P fitwyptw) dudy

holds, i.e. the variation with characteristic ev,(w) is admissible. On the other
hand, from (5) and (11) we shall have

< ky (12)

sup
"¢HL1(U/ ,r‘/):l
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dr = Zn: [F, dw; +F,, dw;] = (¢/7) 20,(¢") = 2etd/m >0,  (13)
j=1

which contradicts the extremality of the mapping w = f;(z). Thus it is proved
that 1, dw? € 2, whence the second relation in (1) follows.

The theorem is completely proved.

This method is also applicable to the solution of the Teichmiiller problem [2-4]
on finding min K[f] in a given homotopy class of homeomorphisms f : S — S’,
and gives a new solution of this problem.*

Let us indicate possible generalizations of Problem A. One may consider not only
closed Riemann surfaces, but also compact surfaces bounded by a finite number
of analytic curves, and require that the quasiconformal homeomorphisms under
consideration take prescribed values at a finite number of prescribed points.
Similarly to the Teichmiiller problem (see (3)), this more general case is reduced
to the case of closed surfaces studied above by constructing the double and
introducing suitable two-sheeted and four-sheeted covering surfaces.

In particular, if Problem A is solved in the class of quasiconformal mappings
w = f(z) of the disk |z| < 1 onto the disk |w| < 1 with maximal dilatation
K|[f] < q, carrying prescribed points z1,...,2™, m > 2, to prescribed points
wl,...,w™, then the following holds.**

Theorem 2. There exist constants v, 0 < v < 27, and a function ), (w),
analytic in the disk |w| < 1 for w # w’, i = 1,...,n, and having, in general,
simple poles at the points w!,...,w™, such that the quasiconformal mapping
w = fy(z) of the disk |z| < 1 onto the disk |w| < 1, with characteristic of the
inverse mapping z = f;!(w), satisfies the relations:

lu(w)l = (¢—1)/(g+1),  argu(w)=—arg[e"y*(w) + vo(w)],  (14)
* This solution was found in a work of the author which will be published
elsewhere.
** For m = 2, at least one of the points 2!, 22 must lie inside the disk |z| < 1.
where

n FwA
) = (15)

j=1

is the extremal mapping for which the maximum of the real functional
F(wy, ... w,), w; = f(2;), is attained in the class of quasiconformal mappings
w = f(z) of the disk |z| < 1 onto the disk |w| < 1, with maximal dilatation
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K|[f] < q, taking prescribed values w!,...,w™ at prescribed points 2!, ..., 2™.

In addition, the quadratic differential e*7t)*(d) dw? + ¢y (w) dw> must take real
values on the circle |w| = 1.

If the number of fixed points z* is equal to three when passing to the double of
the disk |z| < 1, then the set of admissible variations is enlarged, and in this
case, as shown in (1), the function 9,(w) and the constant v can be expressed

through wy, ..., w,.
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