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MATHEMATICS

B. D. ROMM

RESTRICTION OF A REPRESENTATION
OF THE COMPLEMENTARY SERIES OF
THE COMPLEX UNIMODULAR GROUP OF
SECOND ORDER TO A REAL SUBGROUP
(Presented by Academician I. M. Vinogradov, 16 IX 1965)

I. In paper (6), representations of the principal series of the group 𝐺0 of complex
matrices of second order with determinant equal to 1 are considered. If these
representations are restricted to the real subgroup 𝐺, then reducible representa-
tions arise, which there decompose into irreducible ones. In the present article
a similar problem is solved for the complementary series.

As is known (1), a representation of the complementary series is determined by
a parameter 𝜎, 0 < 𝜎 < 2, and is realized in a Hilbert space ℌ𝜎, which is the
closure of the set of functions 𝑓(𝑧) on the complex plane satisfying the condition

(𝑓, 𝑓) = ∫ |𝑧1 − 𝑧2|−2+𝜎𝑓(𝑧1)𝑓(𝑧2) 𝑑𝑧1𝑑𝑧2 < ∞, (1)

where 𝑑𝑧 = 𝑑𝑥 𝑑𝑦, 𝑥 = Re 𝑧, 𝑦 = Im 𝑧. The operators 𝑉𝑎 of the representation
have the form

𝑉𝑎𝑓(𝑧) = |𝛽𝑧 + 𝛿|−2−𝜎𝑓(𝑧 ̃𝑎), (2)

where

𝑎 = (𝛼 𝛽
𝛾 𝛿) , 𝑧 ̃𝑎 = 𝛼𝑧 + 𝛾

𝛽𝑧 + 𝛿 .

For the group 𝐺 the operators 𝑉𝑎 define a certain reducible unitary representa-
tion 𝑑. The problem of the present article is to decompose the representation 𝑑
into irreducible representations.
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II. Consider the subrepresentation 𝑑+ of the representation 𝑑 in the subspace
ℌ+

𝜎 of elements 𝑓 ∈ ℌ𝜎 with support in the upper half-plane 𝑍+. The
decomposition of 𝑑 into irreducible representations reduces to the decom-
position of the representations of the group 𝐺 analogous to 𝑑+. Therefore
we first decompose the representation 𝑑+.

Let ℌ = ℌ+
𝜎 ∩ 𝐿𝜇

2 (𝑍+) ∩ 𝐿𝜇′

1 (𝑍+), where the measures 𝜇(𝑧) and 𝜇′(𝑧) have the
form 𝑑𝜇(𝑧) = (Im 𝑧)𝜎𝑑𝑧, 𝑑𝜇′(𝑧) = (Im 𝑧)𝜎/2−1𝑑𝑧. Put, for 𝑧 = 𝑖 ̃𝑎, 𝑎 ∈ 𝐺,

𝜓(𝑎) = (Im 𝑧)𝜎/2+1𝑓(𝑧). (3)

It is easy to see that for any 𝑎0 ∈ 𝐺

𝜓(𝑎𝑎0) = (Im 𝑧)𝜎/2+1𝑉𝑎0
𝑓(𝑧). (4)

The totality of all matrices 𝑢𝜑

𝑢𝜑 = (cos 𝜑 − sin 𝜑
sin 𝜑 cos 𝜑 ) (5)

forms a subgroup 𝑈 in the group 𝐺. If the subgroup 𝐾 ⊂ 𝐺 consists of matrices

𝑘 = (𝜆 0
𝜇 𝜆−1) , 𝜆 > 0,

then the unique decomposition holds:

𝑎 = 𝑢𝑘, (6)

where 𝑢 ∈ 𝑈 , 𝑘 ∈ 𝐾. For the Haar measure 𝑑𝜇(𝑎) on the group 𝐺 we have

𝑑𝜇(𝑎) = 𝑑𝜑 𝑑𝑧 / 2𝜋(Im 𝑧)2, (7)

where 𝑧 = 𝑖 ̃𝑎 = 𝑖𝑘̃ = 𝑖𝜆2 + 𝜆𝜇.

If 𝑢1 ∈ 𝑈 , then 𝑢̃𝑢1 = 𝑖; therefore from the decomposition (6) it follows that

𝜓(𝑢𝑎) = 𝜓(𝑎) = 𝜓(𝑘).

From formulas (3) and (7) it follows that

∫ |𝜓(𝑎)|2 𝑑𝜇(𝑎) = ∫
𝑍+

|𝑓(𝑧)|2(Im 𝑧)𝜎 𝑑𝑧,
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∫ |𝜓(𝑎)| 𝑑𝜇(𝑎) = ∫
𝑍+

|𝑓(𝑧)|(Im 𝑧)𝜎/2−1 𝑑𝑧. (9)

Thus, 𝜓(𝑎) ∈ 𝐿 = 𝐿2(𝐺) ∩ 𝐿1(𝐺), where the spaces 𝐿𝑝(𝐺) are defined by the
measure 𝑑𝜇(𝑎), if in (3) 𝑓(𝑧) ∈ ℌ.

Let 𝑧 = 𝑖 ̃𝑎, 𝑧1 = 𝑖 ̃𝑎1, where 𝑎, 𝑎1 ∈ 𝐺. Denote

𝛼𝜎(𝑎, 𝑎1) = |𝑧 − 𝑧1|−2+𝜎/(Im 𝑧 Im 𝑧1)𝜎/2−1. (10)

According to (1), (3), and (7), for 𝑓(𝑧) ∈ ℌ

(𝑓, 𝑓) = ∫ 𝛼𝜎(𝑎, 𝑎1)𝜓(𝑎)𝜓(𝑎1) 𝑑𝜇(𝑎) 𝑑𝜇(𝑎1), (11)

𝛼𝜎(𝑎𝑎0, 𝑎1𝑎0) = 𝛼𝜎(𝑎, 𝑎1), 𝑎0 ∈ 𝐺, (12)

(𝑓, 𝑓) = ∫ 𝛼𝜎(𝑒, 𝑎1) ∫ 𝜓(𝑎)𝜓(𝑎1𝑎) 𝑑𝜇(𝑎) 𝑑𝜇(𝑎1), (13)

where

𝑒 = (1 0
0 1) .

We note that if a sequence of compact sets 𝑄𝑖, 𝑖 = 1, 2, … , in 𝐺 satisfies the
conditions 𝑄1 ⊂ 𝑄2 ⊂ ⋯ and ⋃𝑖 𝑄𝑖 = 𝐺, then

(𝑓, 𝑓) = lim
𝑛→∞

∫
𝑄𝑛

𝛼𝜎(𝑒, 𝑎1) ∫ 𝜓(𝑎)𝜓(𝑎1𝑎) 𝑑𝜇(𝑎) 𝑑𝜇(𝑎1), (13a)

because an analogous equality holds for any summable function 𝜑(𝑎) on 𝐺:

∫ 𝜑(𝑎) 𝑑𝜇(𝑎) = lim
𝑛→∞

∫
𝑄𝑛

𝜑(𝑎) 𝑑𝜇(𝑎). (13b)

Conversely, if 𝜑(𝑎) is a measurable function and the limit in the right-hand side
of (13b) exists, then 𝜑(𝑎) is summable and (13b) holds.

III. Let 𝑎 → 𝑇𝑎 be some irreducible unitary representation of the group 𝐺.
Put
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𝑇𝜓 = ∫ 𝜓(𝑎)𝑇 −1
𝑎 𝑑𝜇(𝑎), (14)

𝜓(𝑎) ∈ 𝐿, because 𝑓(𝑧) ∈ ℌ according to (9); Φ(𝑏) = ∫ 𝜓(𝑎)𝜓(𝑏𝑎) 𝑑𝜇(𝑎). Ac-
cording to (8), Φ(𝑏𝑢1) = Φ(𝑏); therefore 𝑇Φ = 𝑇𝑢𝑇 Φ

for any 𝑢 ∈ 𝑈 . It is clear
that the inequality 𝑇Φ ≠ 0 is possible only in the case of a representation of
class 1.

Of the principal series described in the article (2), only the series 𝐶0
𝑞 belongs to

this class. It can be realized in the space 𝐿2(−∞, ∞) by the formula (4)

𝑇𝑎𝑓(𝑥) = |𝛽𝑥 + 𝛿|𝑖𝜌−1𝑓(𝛼𝑥 + 𝛾
𝛽𝑥 + 𝛿 ) , 𝑎 = (𝛼 𝛽

𝛾 𝛿) . (15)

The parameter 𝜌 ∈ (−∞, ∞) determines the representation.

In 𝐿2(−∞, ∞) there exists, unique up to a numerical factor, a normalized vector
𝑓0(𝑥) satisfying the condition

𝑇𝑢𝑓0 = 𝑓0. (16)

for all 𝑢 ∈ 𝑈 (see (2), §5). In view of the one-dimensionality of the operator 𝑇Φ
in the case of the series 𝐶0

𝑞 ,

Sp 𝑇Φ = (𝑇Φ𝑓0, 𝑓0)1, (17)

where (𝑓, 𝑓1)1 is the scalar product in 𝐿2(−∞, ∞), and has the form:

(𝑓, 𝑓1)1 = ∫
∞

−∞
𝑓(𝑥)𝑓1(𝑥) 𝑑𝑥.

According to the results of the article (4)

∫ 𝜓(𝑎)𝜓(𝑎1𝑎) 𝑑𝜇(𝑎) = 1
32𝜋2 ∫

∞

0
𝜌 th 𝜋𝜌

2 (𝑇 ∗
𝜓𝑇𝜓𝑓0, 𝑇𝑎1

𝑓0)1 𝑑𝜌 =

= 1
32𝜋2 ∫

∞

0
𝜌 th 𝜋𝜌

2 (𝑇𝜓𝑓0, 𝑇𝜓𝑓0)1(𝑓0, 𝑇𝑎𝑓0)1 𝑑𝜌, (18)

because the space of vectors 𝑓0 satisfying condition (16) is one-dimensional, so
that from equalities (8) and (14) it follows that 𝑇 ∗

𝜓𝑓0 = 𝑇 ∗
𝑢𝑇 𝜓

𝑓0 = 𝜈𝑓0, where
𝜈 = const, and the asterisk denotes passage to the adjoint operator.
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The integral with respect to 𝜌 in (18) converges uniformly in 𝑎1; therefore from
equality (13a) we obtain

(𝑓, 𝑓) = lim
𝑛→∞

1
32𝜋2 ∫

∞

0
∫

𝑄𝑛

𝛼𝜎(𝑒, 𝑎)(𝑓0, 𝑇𝑎𝑓0)1 𝑑𝜇(𝑎) 𝜌 th 𝜋𝜌
2 (𝑇𝜓𝑓0, 𝑇𝜓𝑓0)1 𝑑𝜌.

(19)

IV. For almost all 𝑎 ∈ 𝐺 there is a decomposition

𝑎 = 𝑢𝜑𝜀𝑢𝜑1
, (20)

where 𝑢𝜑 is determined by formula (5), and

𝜀 = (𝑒𝑡 0
0 𝑒−𝑡)

with 𝑡 > 0 ((4), appendix). 𝑎 uniquely determines 𝑡, 𝜑, and 𝜑1, if 𝑎 ≠ 𝑒,
𝜑, 𝜑1 ∈ [0, 𝜋). In view of (16), 𝜈(𝑎) = 𝜈(𝜀), where 𝜈(𝑎) = (𝑓0, 𝑇𝑎𝑓0).
It is easy to show (5) that

𝜈(𝜀) = 1
2 [𝑃(−𝑖𝜌−1)/2(ch 2𝑡) + 𝑃(𝑖𝜌−1)/2(ch 2𝑡)] , (21)

where 𝑃𝜈(𝑧) is the spherical Legendre function of the 1st kind.

From equalities (12) and (20) it follows that 𝛼𝜎(𝑒, 𝑎) = |2 sh 𝑡|−2+𝜎. If we put
𝑦 = ch 2𝑡, then equality (19) may be written in the form

(𝑓, 𝑓) = lim
𝑛→∞

2𝜎/2−7

𝜋 ∫
∞

0
∫

𝑄𝑛

(𝑦 − 1)−1+𝜎/2 [𝑃(𝑖𝜌−1)/2(𝑦) + 𝑃(−𝑖𝜌−1)/2(𝑦)] 𝑑𝑦 𝜌×

× th 𝜋𝜌
2 ∫ ℎ(𝑥, 𝜌)ℎ(𝑥, 𝜌) 𝑑𝑥 𝑑𝜌, (22)

where, according to (8) and (15), ℎ(𝑥, 𝜌) = 𝑇𝜑𝑓0, 𝑄𝑛 = {𝑦 ∶ 𝑦 = ch 2𝑡, 𝑎 ∈ 𝑄𝑛}.

If we put

𝐾(𝑧, 𝑥, 𝜌) = 1√𝜋 (Im 𝑧)(𝜎−1−𝑖𝜌)/2 |𝑖(𝑥 − Re 𝑧) − Im 𝑧|𝑖𝜌−1 ,

then, according to (3) (𝐾 is the integral operator with kernel 𝐾(𝑧, 𝑥, 𝜌)),
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ℎ(𝑥, 𝜌) = ∫
𝑍+

𝐾(𝑧, 𝑥, 𝜌)𝑓(𝑧) 𝑑𝑧 = 𝐾𝑓(𝑧), 𝑓(𝑧) ∈ ℌ. (23)

From the decomposition (20) it follows that 𝑎2 + 𝛽2 + 𝛾2 + 𝛿2 = 2 ch 2𝑡, so that

𝑄𝑛 = {𝑦 ∶ 𝑦 = 𝑎2 + 𝛽2 + 𝛾2 + 𝛿2

2 , 𝑎 ∈ 𝑄𝑛} . (24)

The inversion formula has the form

𝑓(𝑧) = 1
64𝜋2 (Im 𝑧)−𝜎 ∫∫

∞

−∞
𝜌 th 𝜋𝜌

2 𝐾(𝑧, 𝑥, 𝜌) ℎ(𝑥, 𝜌) 𝑑𝑥 𝑑𝜌. (25)

In view of (4) and (14), from the relation ℎ = 𝑇𝜓𝑓0 it follows that ℎ(𝑥, 𝜌) passes
into 𝑇𝑎0

ℎ(𝑥, 𝜌) when 𝑓(𝑧) passes into 𝑉𝑎0
𝑓(𝑧).

Theorem 1. Let ℌ+ denote the Hilbert space obtained by completing, in the
scalar product

[ℎ, ℎ1]+ = lim
𝑛→∞

2𝜎/2−7

𝜋 ∫
∞

0
∫

𝑄𝑛

(𝑦 − 1)−1+𝜎/2 [𝑃(𝑖𝜌−1)/2(𝑦) + 𝑃 ∗
(−𝑖𝜌−1)/2(𝑦)] 𝑑𝑦 𝜌

× th 𝜋𝜌
2 ∫ ℎ(𝑥, 𝜌)ℎ1(𝑥, 𝜌) 𝑑𝑥 𝑑𝜌

the set of all measurable functions ℎ(𝑥, 𝜌) for which

(ℎ, ℎ) = ∬ |ℎ(𝑥, 𝜌)|2𝜌 th 𝜋𝜌
2 𝑑𝑥 𝑑𝜌 < ∞

and the limit on the right-hand side of equality (22) exists. Then ℌ+ is isometric
to ℌ+

𝜎 , and the isometry formula (22) is the Plancherel formula for the repre-
sentation 𝑑+. (23) and (25) are mutually inverse formulas, which hold when
𝑓(𝑧) ∈ ℌ.

V. Let now 𝑓(𝑧) ∈ ℌ𝜎. Put 𝜑(𝑧) = (𝑓(𝑧) + 𝑓( ̄𝑧))/2, 𝜑1(𝑧) = (𝑓(𝑧) − 𝑓( ̄𝑧))/2.

Theorem 2. Let ℌ(ℌ1) be the Hilbert space obtained by completing, in the
scalar product [ℎ, ℎ1] ([ℎ, ℎ1]1),

[ℎ, ℎ1] = lim
𝑛→∞

2𝜎/2−6

𝜋 ∫
∞

0
∫

𝑄𝑛

[(𝑦 − 1)−1+𝜎/2 + (𝑦 + 1)−1+𝜎/2] [𝑃(𝑖𝜌−1)/2(𝑦)+
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+ 𝑃(−𝑖𝜌−1)/2(𝑦)] 𝑑𝑦 𝜌 th 𝜋𝜌
2 ∫ ℎ(𝑥, 𝜌)ℎ1(𝑥, 𝜌) 𝑑𝑥 𝑑𝜌,

[ℎ, ℎ1]1 = lim
𝑛→∞

2𝜎/2−6

𝜋 ∫
∞

0
∫

𝑄𝑛

[(𝑦 − 1)−1+𝜎/2 − (𝑦 + 1)−1+𝜎/2] [𝑃(𝑖𝜌−1)/2(𝑦)+

+ 𝑃(−𝑖𝜌−1)/2(𝑦)] 𝑑𝑦 𝜌 th 𝜋𝜌
2 ∫ ℎ(𝑥, 𝜌)ℎ1(𝑥, 𝜌) 𝑑𝑥 𝑑𝜌

the set 𝑀(𝑀1) of all measurable functions ℎ(𝑥, 𝜌) for which (ℎ, ℎ) < ∞, [ℎ, ℎ] <
∞, ((ℎ, ℎ) < ∞, [ℎ, ℎ]1 < ∞). Then the Plancherel formula for the representa-
tion 𝑑 holds:

(𝑓, 𝑓) = [ℎ, ℎ] + [ℎ1, ℎ1]1,

where ℎ(𝑥, 𝜌) = 𝐾𝜑(𝑧), ℎ1(𝑥, 𝜌) = 𝐾𝜑1(𝑧), and 𝜑(𝑧) and 𝜑1(𝑧) belong to certain
dense sets, which are defined analogously to ℌ. There is an inversion formula
of the form (25).
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