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L. In paper (%), representations of the principal series of the group G|, of complex
matrices of second order with determinant equal to 1 are considered. If these
representations are restricted to the real subgroup G, then reducible representa-
tions arise, which there decompose into irreducible ones. In the present article
a similar problem is solved for the complementary series.

As is known (1), a representation of the complementary series is determined by
a parameter o, 0 < o < 2, and is realized in a Hilbert space §),, which is the
closure of the set of functions f(z) on the complex plane satisfying the condition

(f.f) = / (21 — 2|2 f(21)F(23) diydizy < o, 1)

where dz = drdy, x = Rez, y = Imz. The operators V, of the representation
have the form

Vof(2) = Bz + 0| 7277 f(2d), (2)

where

a= (% B Za_az—i—w
T \y &) Bz 46

For the group G the operators V, define a certain reducible unitary representa-
tion d. The problem of the present article is to decompose the representation d
into irreducible representations.
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II. Consider the subrepresentation d* of the representation d in the subspace
HE of elements f € $, with support in the upper half-plane Z*. The
decomposition of d into irreducible representations reduces to the decom-
position of the representations of the group G analogous to d*. Therefore
we first decompose the representation d*.

Let § = H N LE(Z1T)N L’f/(Z+), where the measures ;(z) and p'(z) have the
form dyu(z) = (Im 2)°dz, dp/(z) = (Im 2)7/> 'dz. Put, for z = ia, a € G,

(a) = (Im 2)7/>+ f(2). 3)

It is easy to see that for any a5 € G

(aag) = (Im 2)7/#H1V, f(2). (4)

The totality of all matrices u,,

u, = (cosgo Singﬁ) (5)

sing cosyp

forms a subgroup U in the group G. If the subgroup K C G consists of matrices

A0
= (2 0). o

then the unique decomposition holds:
a = uk, (6)
where u € U, k € K. For the Haar measure du(a) on the group G we have
du(a) = dpdz / 2m(Im 2)?, (7)

where z = id = ik = iA2 + Ap.

If uy € U, then @u, = i; therefore from the decomposition (6) it follows that

P(ua) = P(a) = (k).

From formulas (3) and (7) it follows that

/ o) duta) = [ 17G)Pm ) ds
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/ (@) dpu(a) = /Z 1Sl z)7 d, (9)

Thus, ¥(a) € L = Ly(G) N Ly(G), where the spaces L,(G) are defined by the
measure du(a), if in (3) f(z) € 9.

Let z = ia, z, =1ia;, where a,a; € G. Denote

ag(a,ay) = |2 — |27 /(Im = Tm z,)7/21, (10)

According to (1), (3), and (7), for f(z) €

(f.f) = / 0t (a0, 1) (a) ) dps(a) dps(ay), (1)

aa(aamalaO) = ao(aval)v ) € G7 (12)

(f.f) = / oy (e,ay) / ()P a) dula) dulay), (13)

where

()

We note that if a sequence of compact sets Q,;, ¢ = 1,2, ..., in G satisfies the
conditions @y C Q5 C -+ and | J, Q; = G, then

n—oo

(f,f) = lim aa(eyal)/iﬁ(a)%/f(ala) dpla) dp(ay), (13a)
Qn

because an analogous equality holds for any summable function ¢(a) on G:

[ @@ = lin [ (@) du(a). (13b)

n—oo
Qn

Conversely, if ¢(a) is a measurable function and the limit in the right-hand side
of (13b) exists, then ¢(a) is summable and (13b) holds.

III. Let a — T, be some irreducible unitary representation of the group G.
Put
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7, = [ v, dulo) (14)
Y(a) € L, because f(z) € $ according to (9); ®(b) = [¥(a)y(ba)du(a). Ac-
cording to (8), ®(buy) = ®(b); therefore Ty, = T,y for any u € U. It is clear
that the inequality Ty # 0 is possible only in the case of a representation of
class 1.

Of the principal series described in the article (2, only the series Cg belongs to
this class. Tt can be realized in the space Ly(—00,00) by the formula (4)

7.t =00+ 50 (S ) a= (S 4)- (15)

The parameter p € (—oo, 00) determines the representation.

In Ly(—00, 00) there exists, unique up to a numerical factor, a normalized vector
fo(x) satisfying the condition

Tufo = f0~ (16)

for all u € U (see (2), §5). In view of the one-dimensionality of the operator Ty,
in the case of the series C’g,

SpT<I> = (T<I>f07f0)17 (17)

where (f, f1); is the scalar product in L,(—00, 00), and has the form:
o0 [
(1= [ f@F@de

According to the results of the article (%)

Pla)y(a,a)dp(a)

o ﬂ'p .
= 3952 / Pth7<T¢wa0aTalf0)1 dp =
0

= 3272/0 P th% (Ty fo, Tpfo)1(fos Tufo)r dps (18)

because the space of vectors f, satisfying condition (16) is one-dimensional, so
that from equalities (8) and (14) it follows that T} f, = Tor, fo = vy, where
v = const, and the asterisk denotes passage to the adjoint operator.
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The integral with respect to p in (18) converges uniformly in aq; therefore from
equality (13a) we obtain

(f, f)*nlgTolo 32#2/ / (e,a)(fo, afO) dp(a )pth%p(T¢f0,wa0)1dp
(19)

IV. For almost all a € G there is a decomposition
a = U,EU, (20)
where u,, is determined by formula (5), and
(et 0
= o et

with ¢ > 0 ((*), appendix). a uniquely determines ¢, ¢, and ¢, if a # e,
¢, 1 €[0,7). In view of (16), v(a) = v(g), where v(a) = (fy, T, ;0).

It is easy to show (°) that

1
v(e) = [P ip1yo(ch2t) + P,y o(ch2t)] (21)

where P, (z) is the spherical Legendre function of the 1st kind.

From equalities (12) and (20) it follows that a,(e,a) = |2sht|~2. If we put
y = ch 2¢, then equality (19) may be written in the form

90/2=7

(f,f) = lim

n—oo s

(oo}
/0 /N (y — 1)_1+0/2 [P(ipfl)/2(y) + P(7¢p71)/2(y)] dy px

n

th—/h z, p)h(z, p) dz dp, (22)

where, according to (8) and (15), h(z,p) =T, fo, n=1y: y=ch2t,acQ,}.
If we put

K(z,2,p) = — (Im 2)@1#)/2 |i(z — Rez) — Tm 2[* ",

N

then, according to (3) (K is the integral operator with kernel K(z,z, p)),
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Wz, p) = /Z Ko f)ds=KiG), S en. (23)

From the decomposition (20) it follows that a® 4+ 2 +~2 + §2 = 2ch 2¢, so that

~ a* + B> +~> +6°
Qn={y=y= 27 7a€Qn}~ (24)
The inversion formula has the form
10 = gz [ [ o LK C g drdp. (29
z = 51n2 mz 700/) 9 zZ,x,p)h(x,p)drdp.

In view of (4) and (14), from the relation h = T, f it follows that h(z, p) passes
into T, h(z,p) when f(z) passes into V, f(z).

Theorem 1. Let $, denote the Hilbert space obtained by completing, in the
scalar product

) 20’/277 o B .
[hy ], = lim — /O /{5 (y— 1752 [Pl o) + Py ) o)) dyp

X th%p/h(rﬂ,p)hl(w,p) dx dp

the set of all measurable functions h(z, p) for which

(bt = [ 1nGe. )P 07 dodp < o0

and the limit on the right-hand side of equality (22) exists. Then §), is isometric
to £}, and the isometry formula (22) is the Plancherel formula for the repre-

sentation d. (23) and (25) are mutually inverse formulas, which hold when

f(z) € 9.
V. Let now f(z) € 9,. Put (2) = (f(2) + f(2))/2, ¢1(2) = (f(2) = f(2))/2.

Theorem 2. Let $($;) be the Hilbert space obtained by completing, in the
scalar product [k, hq] ([h, hq];),

20/276
[h,hy] = lim

n—00 T

/ ) [ lo= 0772 4 o 17577 [Pl
0 Q

n
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) —_—
+ Plipyew)] dyp thj/h(%p)hl(%p) dz dp,

n—00 T

) 20’/276 o0 B B
[h, hy]y = lim / /N [(y —1) LHo/2 (y+1) HU/Q] I:P(ipfl)/2(y>+
0 Q

n

7T J—
R ipayaw)] dup th [ b, pGe e dp

the set M (M) of all measurable functions h(z, p) for which (h, h) < oo, [h, h] <
00, ((h,h) < 00, [h,h]; < c0). Then the Plancherel formula for the representa-
tion d holds:

(fa f) - [hah] + [hlvhlha

where h(z, p) = Ko(z), hi(z, p) = K¢,(2), and ¢(z) and ¢, (2) belong to certain
dense sets, which are defined analogously to . There is an inversion formula
of the form (25).
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