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The following assertion generalizes A. F. Timan’s theorem on the approximation
of a function given on a finite interval by algebraic polynomials (1), to the case of
simultaneous approximation of a function and its derivatives. It also strengthens
the corresponding results of G. Freud (?) and A. O. Gelfond (3).

Theorem. For every function f(x) having a continuous r-th derivative on the
finite interval [—1,1], and for every natural number n > r, one can indicate
an algebraic polynomial Q,,(x) of degree not exceeding n such that, for all s =
0,1,2,....,m; —1 <z <1,

‘f<s>(x)_Q§j>(x)‘gCT[ (m%)fl[ (mﬁ)]

1 1

n n
where w(8) = w(f");8); 6 € [0,00) is the modulus of continuity of ) (x); C, is
a constant depending only on .

The polynomial Q,,(x) can be written explicitly. To this end, consider the
kernels Uy ((t) (s =0,1,2,...,7; N=1,2,...)

Uy ()= L (SN2 2o
Nt wg\? Nsint/2 ’
where
T . 2s5+4
1/)(5> _ / sin Nt/2 it
N |\ Nsint/2
Next put
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Py (f;2) = /7r f(cost) Uy ((t —arccosx) dt.

Let E be the identity operator, N = [(n —r)/(r +2)] + 1. Then

Q) = f(2) — (E— Py.,) ( JRCE e

([ ([ P o)) ).

The main role in the proof of the theorem is played by the following

Lemma. Let the function f(x) have a continuous first derivative on the interval
[—1,1], and suppose that

1 AN 1
o 3 ) (7 )
n n n n
w(d) is some modulus of continuity, v is a natural number). Then for —1 <
x < 1 the inequalities

- rtso <, [} (A= D] o} ()]

1—22+
(s) 1 1\17° 1 1
’Pn,y(f§$)’§Ky *(W—Ff w 7\/@4‘*
n n n n
(s=1,2,...,v).
Omitting the proof of this lemma because of its bulkiness, we pass to the proof
of the theorem.
Since for all n > r

1

1 n 1
N n Tr o Sy

it is enough to verify the relations

poaitol <[ (i ] o[y (a7 )

(s=0,1,2,...,7; —1<z<1).
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First note that, by virtue of the assertion proved in (1),
|(E — Py o)(f \<Aw[ (\/1—x2+ )}

where w(8) = w(f");§) and A is an absolute constant. The function

B(0) = [ (B Pyo)(f7itde
0
has on the interval [—1,1] a continuous first derivative, and moreover

1@ (2 )\<Aw[ (m+ )}

By the lemma,

[(E — Py 1) (®;2)| < AM, {% (m—F%)]w{% (m+%)]

IP&,1(<I>1;x)|<AK1w[ (m+ )}

Hence, for s = 0,1,

1-s

LE-pesa|<aly (VitEe )] o[y (ViEE )]

Now put
By (x) = / (E — Py 1)(®y:1) di.
0

Analogously to the preceding, referring to the lemma, we obtain
L (i, > i L
|<E—PN72)(¢’2;1‘)‘§01M2 N 1—=z +N w N 1—2x +N )

and for s = 1,2

2—s

Piagn] <o [ L (vimm s D)) L[ (i L],

Hence, for s =0,1,2,

2—s

(B P @) <G [ (VImat+ )]

o[ (= 5))

Continuing this process, each time setting
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B, (x) = / (B~ Py, 1)(®, 1:t)dt,

we finally obtain

b re@n| <[ (Ve 5)] ek (ViR )]

(s=0,1,2,...,7).

It remains to note that

(E— Py, )(®:2) = f(z) = Qpu().
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