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Branched chains of diatomic molecules may be of two types (see Fig. 1).
Fig. 1. Branched chains of diatomic molecules

We choose the coordinate system in such a way that the x-axis is parallel to
the chain. The y-axis is perpendicular to the z-axis and lies in the plane of the
chain, and the z-axis is perpendicular to the z- and y-axes. The components of
the displacements of atoms from their positions of stable equilibrium along the
x-axis are U,,, along the y-axis V,,, and along the z-axis W,,.

Small free vibrations can be divided into two groups: 1) vibrations in which
the atoms do not leave the plane of the chain; 2) vibrations in which the atoms
leave the plane of the chain. The equations of motion for small free vibrations
of the U,, components of a branched chain of the first type (Fig. 1a) have the
form

MlUl = 51(U2 - U1)7
MyUy = ay(Uy — Us) + B1(Uy — Us) — aqUs,

M1U3 = ﬁl(U4 - U3)7

MIUQnJrl = 51(U2n+2 - U2n+1)7
M2U2n+2 = a2(U2n+4 + U, — 2U2n+2> + 51(U2n+1 - U2n+2)’

M1UN—1 = ﬁl(UN - UN—l)a
MyUy = ay(Uy o —Uy) + B1(Un_; —Uy) — aUy.
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We seek the solution of system (1) in the form

U’!L = |U7l |eiwt °

For the vibration frequencies we obtain the equation

a —f; O 0 0 0 0
—B1  ay 0 —a, O 0 0
0 0 a —B 0 0 0
0 —a, —B; ay 0 —oy 0
0 0 0 0 a,  —p; 0
0 0 0 —ay —f; ay 0 0, (2
0 aa —p 0 0
0 —B a 0 —ay
0 0 0 a; B1
0 0 —ay =B ay
where
a; = —Myw® + By, ay = —Myw? + 20y + f;.
The polynomials %n y (ay, a,, By, as) satisfy the recurrence relations
“ny — (ayay = B7)*ny_y +aia3’ny_4 =0, 3)

therefore they can be represented in the form of functions of the chain parame-
ters (1)

sh(N + 2)y
*ny = (%%)N/QW (4)

for ayay — 2 = 2a,a4 ch 2.

From (2) we obtain the following values of the vibration frequencies of the chain:

2
(M, + M,)B, +4M, iy sin® krr /(N + 2) — 40, B, sin? _N

2M, M, N-

2 (M, + My)B, + 4M, oy sin® kr /(N + 2) N
N 2M, M,

N
k=1,2,., = 5
y <= 72 ()
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The frequencies of the free vibrations making up V,, and W,, are obtained from
(5) by replacing ay, 8; by By, aq and by S5, f;, respectively.

The frequencies of the free vibrations of a chain of the second type (Fig. 1b)
are determined from the equation

4”]\[(@1,&27&37&4761,041,51,041) =

a, —B, 0O 0 0 0 0
—B1  ay 0 —a; O 0 0
0 0 a5 —B 0 0 0
0 —ap =B ay 0 - 0
0O 0 0 0 a B 0
0o 0 0 —a, -8 a 0 |=0. (6)
0 aq -5 0 O
0 =B ay 0 —o
0 0 0 a5 —B
0 0 —a —f q
In equation (6) it is assumed that
a; = —Myw? + By, ay = —Myw® + 20, + By,
as = —Myw? + 3, ay = —Myw? + 204 + 5. (7)

The polynomials *n satisfy a recurrence relation of the form

*ny — [(ayay — B7)(azay — B7) — 2010307 *ny 4 + afa3atiny g =0.  (8)

If

(ayay — B7)(agay — A7) — 2a1a307 = 2a,a307 chdy, )

then

4

N/428h(N+2)'y ch27.

1
sh 4y (10)

Ny = (a1a3a%)

From (6) the following values for  are obtained:
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v = kmi/(N + 2), k=1,2,...,N/4. (11)

Knowing ~, from equation (8) one can determine the values of the frequencies.
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