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Abstract
Full Text
UDC 517.947.3

MATHEMATICS

M. V. MASLENNIKOV

THE MILNE PROBLEM WITH AN ARBI-
TRARY PHASE FUNCTION AND TAKING
ACCOUNT OF THE AZIMUTHAL INHOMO-
GENEITY OF THE SOLUTION
(Presented by Academician M. V. Keldysh on 16 IX 1965)

The problem of the passage of radiation through a semi-infinite plane layer of
matter (with inward normal to the boundary n) leads to the equation

𝑥(𝜏, 𝜔⃗) = ̂𝐴𝑥(𝜏, 𝜔⃗) + ℱ(𝜏, 𝜔⃗), 0 < 𝜏 < ∞, 𝜔⃗ ∈ Ω. (1)

Here 𝑥(𝜏, 𝜔⃗) is the phase density of the radiation at optical depth 𝜏 ∈ (0, ∞),
propagating in the direction 𝜔⃗ ∈ Ω (Ω is the unit sphere of three-dimensional
space). The distribution of radiation sources and the boundary condition at
𝜏 = 0 determine the form of ℱ(𝜏, 𝜔⃗). The definition of the operator ̂𝐴 will be
given below.

We shall assume that the scattering phase function 𝑔(𝜇) satisfies conditions 1)
of (1). In addition, we adopt the notation of the paper (1).

Let 𝜀 be a real number. Denote by 𝐵𝜀 the class of functions 𝑥(𝜏), defined on
(0, ∞) with values in 𝐿2(Ω), such that: a) for 0 < 𝜏1 < ∞

sup
𝜏∈(0,𝜏1)

‖𝑥(𝜏)‖ < ∞;

b) 𝑒−𝜀𝜏𝑥(𝜏) is summable on (0, ∞) in the Bochner sense (2). To distinguish
a function from 𝐵𝜀 from its value 𝑥(𝜏) ∈ 𝐿2(Ω) at the point 𝜏 , we shall
write 𝑥(⋅); 𝑥(𝜏, 𝜔⃗) is the value assumed by the function 𝑥(𝜏) ∈ 𝐿2(Ω) at
the point 𝜔⃗ ∈ Ω. If 𝑥(⋅) ∈ 𝐵𝜀, then 𝑦(𝜏) = ̂𝑔𝑥(𝜏) ∈ 𝐶(Ω) (1), 𝜏 ∈ (0, ∞),
and, as a function of 𝜏 with values in 𝐶(Ω), 𝑦(𝜏) is strongly measurable
(2) on (0, ∞). In particular, for fixed 𝜔⃗, ̂𝑔𝑥(𝜏, 𝜔⃗) ≡ 𝑦(𝜏, 𝜔⃗) is a numerical
Lebesgue-measurable function of 𝜏 ∈ (0, ∞).

Definition. For 𝑥(⋅) ∈ 𝐵1, ̂𝐴𝑥(⋅) = 𝑧(⋅), where, for (𝜏, 𝜔⃗) ∈ (0, ∞) × Ω, 𝑧(𝜏, 𝜔⃗)
is determined by the relations:
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𝑧(𝜏, 𝜔) =

⎧{{{
⎨{{{⎩

1
𝜔⃗n ∫

𝜏

0
exp(−𝜏 − 𝜌

𝜔⃗n ) ̂𝑔𝑥(𝜌, 𝜔⃗) 𝑑𝜌, if 𝜔⃗n > 0;

̂𝑔𝑥(𝜏, 𝜔⃗), if 𝜔⃗n = 0;

1
|𝜔⃗n| ∫

∞

𝜏
exp(−𝜌 − 𝜏

|𝜔⃗n| ) ̂𝑔𝑥(𝜌, 𝜔⃗) 𝑑𝜌, if 𝜔⃗n < 0.

It turns out that, for 𝑥(⋅) ∈ 𝐵1, 𝑧(⋅) = ̂𝐴𝑥(⋅) is an abstract function of 𝜏 ∈ (0, ∞)
with values in 𝐿2(Ω), depending continuously on 𝜏 . For 0 < 𝜏1 < ∞

sup
(𝜏,𝜔⃗)∈(0,𝜏1]×Ω

|𝑧(𝜏, 𝜔⃗)| < ∞.

For fixed 𝜏 ∈ (0, ∞), 𝑧(𝜏, 𝜔⃗) is continuous in the second argument at all points
𝜔⃗ ∈ Ω for which 𝜔⃗n ≠ 0. If 𝛿 > 0, 𝜏1 ∈ (0, ∞), then uniformly with respect to
all those 𝜔⃗ ∈ Ω for which |𝜔⃗n| ≥ 𝛿,

lim 𝑧(𝜏, 𝜔⃗) =

= 𝑧(𝜏1, 𝜔⃗).
Put

𝑧0(𝜔⃗) = 1
|𝜔⃗𝑛⃗| ∫

∞

0
exp (− 𝜌

|𝜔⃗𝑛⃗|) ̂𝑔𝑥(0, 𝜔⃗) 𝑑𝜌

for 𝜔⃗𝑛⃗ < 0, and 𝑧0(𝜔⃗) = 0 for 𝜔⃗𝑛⃗ ⩾ 0. Then, uniformly with respect to all
𝜔⃗ ∈ Ω, |𝜔⃗𝑛⃗| ⩾ 𝛿,

lim
𝜏=0+0

𝑧(𝜏, 𝜔⃗) = 𝑧0(𝜔⃗);

sup
𝜔⃗∈Ω

|𝑧0(𝜔⃗)| < ∞;

𝑧0(𝜔⃗) is continuous at every point 𝜔⃗ ∈ Ω for which 𝜔⃗𝑛⃗ ≠ 0; 𝑧0 ∈ 𝐿2(Ω);

lim
𝜏=0+0

‖𝑧(𝜏) − 𝑧0‖ = 0.

If 𝜏0 ∈ (0, ∞) is a point of strong continuity of 𝑥(⋅), then 𝑧(𝜏0) ∈ 𝐶(Ω), and
uniformly with respect to all 𝜔⃗ ∈ Ω

lim
𝜏=𝜏0

𝑧(𝜏, 𝜔⃗) = 𝑧(𝜏0, 𝜔⃗).

If there exists the limit

lim
𝜏=0+0

𝑥(𝜏) = 𝑥0 ∈ 𝐿2(Ω),
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then let 𝑧00(𝜔⃗) = 𝑧0(𝜔⃗) for 𝜔⃗𝑛⃗ ≠ 0, and = ̂𝑔𝑥0(𝜔⃗) for 𝜔⃗𝑛⃗ = 0. Then 𝑧00(𝜔⃗) is
continuous on the closed hemisphere

Ω− = {𝜔⃗ ∣ 𝜔⃗ ∈ Ω, 𝜔⃗𝑛⃗ ⩽ 0},

and, uniformly with respect to 𝜔⃗ ∈ Ω−,

lim
𝜏=0+0

𝑧(𝜏, 𝜔⃗) = 𝑧00(𝜔⃗).

Theorem 1. For 𝜀 ∈ (−1, 1), ̂𝐴(𝐵𝜀) ⊂ 𝐵𝜀; ̂𝐴(𝐵1) ⊂ 𝐵1. If 𝑥(⋅) ∈ 𝐵𝜀,
𝜀 ∈ (−1, 1), then there exist constants 𝑘3,4, 0 < 𝑘3,4 < ∞, such that

‖ ̂𝐴3𝑥(𝜏)‖ ⩽ 𝑘3𝑒𝜀𝜏 , | ̂𝐴4𝑥(𝜏, 𝜔⃗)| ⩽ 𝑘4𝑒𝜀𝜏

for all 𝜏 ∈ (0, ∞) and (𝜏, 𝜔⃗) ∈ (0, ∞) × Ω, respectively.

Let 𝑌 (𝜉) = 0 for 𝜉 ⩽ 0, 𝑌 (𝜉) = 1 for 𝜉 > 0;

1(𝜏, 𝜔⃗) ≡ 1,

𝑝0(𝜏, 𝜔⃗) = 𝑌 (𝜔⃗𝑛⃗) exp(−𝜏/𝜔⃗𝑛⃗)
for (𝜏, 𝜔⃗) ∈ (0, ∞) × Ω, and let 𝐹 be an arbitrary bounded closed subset of the
set (0, ∞).
Theorem 2. Uniformly with respect to all (𝜏, 𝜔⃗) ∈ 𝐹 × Ω,

lim
𝑛=∞

𝑔−𝑛
0 ̂𝐴𝑛1(𝜏, 𝜔⃗) = 0,

∞
∑
𝜈=0

𝑔−𝜈
0 ̂𝐴𝜈𝑝0(𝜏, 𝜔⃗) = 1.

Theorem 3. Let 𝜓 ∈ 𝐿2(Ω); 𝜓 ≠ 𝜗; let 𝜆 and 𝑠 be complex numbers, 𝜆1 ≡
Re 𝜆 < 1, 𝜆 ∈ 𝑍0, |𝑠| ⩾ 𝑔0, and

𝑠(1 + 𝜆𝜔⃗𝑛⃗)𝜓(𝜔⃗) = ̂𝑔𝜓(𝜔⃗), 𝜔⃗ ∈ Ω.

This means that 𝜓 ∈ 𝐶(Ω) and

𝜓+ = sup
𝜔⃗∈Ω

|𝜓(𝜔⃗)| < ∞.

Put
𝑥(𝜏, 𝜔⃗) = 𝑒𝜆𝜏𝜓(𝜔⃗), 𝑝(𝜏, 𝜔⃗) = 𝜓(𝜔⃗)𝑝0(𝜏, 𝜔⃗).

Then 𝑥(⋅) ∈ 𝐵𝜀 for 𝜀 > 𝜆1, 𝑝(⋅) ∈ 𝐵𝜀 for 𝜀 > −1.

I. Uniformly with respect to (𝜏, 𝜔⃗) ∈ 𝐹 × Ω, there exists the limit

̄𝑥(𝜏 , 𝜔⃗) = lim
𝑛=∞

𝑠−𝑛 ̂𝐴𝑛𝑥(𝜏, 𝜔⃗).
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Moreover
̄𝑥(𝜏 , 𝜔⃗) = 𝑥(𝜏, 𝜔⃗) −

∞
∑
𝜈=0

𝑠−𝜈 ̂𝐴𝜈𝑝(𝜏, 𝜔⃗).

The series on the right converges absolutely and uniformly with respect to
(𝜏, 𝜔⃗) ∈ 𝐹 × Ω;

| ̄𝑥(𝜏, 𝜔⃗) − 𝑥(𝜏, 𝜔⃗)| ⩽ 𝜓+

for all (𝜏, 𝜔⃗) ∈ (0, ∞) × Ω.

II. ̄𝑥(𝜏 , 𝜔⃗) is a continuous function of (𝜏, 𝜔⃗) ∈ (0, ∞)×Ω; ̄𝑥(⋅) ∈ 𝐵𝜀 for 𝜀 > 𝜆1.

III. If 𝜆1 > 0, then there exists 𝜏1 > 0 such that ̄𝑥(𝜏) ≠ 𝜗 for 𝜏 > 𝜏1. If 𝜆1 ⩽ 0,
then ̄𝑥(𝜏) ≡ 𝜗 for 𝜏 ∈ (0, ∞).

IV. ̂𝐴 ̄𝑥(𝜏) = 𝑠 ̄𝑥(𝜏), 𝜏 ∈ (0, ∞).
Theorem 4. Let ℎ1 and ℎ2 be constants and, for (𝜏, 𝜔⃗) ∈ (0, ∞) × Ω,

𝑦(𝜏, 𝜔⃗) = 𝜏 + ℎ1 + ℎ2𝜔⃗𝑛⃗.
Then 𝑦(⋅) ∈ 𝐵𝜀 for 𝜀 > 0.

I. Uniformly with respect to (𝜏, 𝜔⃗) ∈ 𝐹 × Ω, there exists the limit

̄𝑦(𝜏 , 𝜔⃗) = lim
𝑛=∞

𝑔−𝑛
0 ̂𝐴𝑛𝑦(𝜏, 𝜔⃗);

̄𝑦(𝜏 , 𝜔⃗) does not depend on the choice of ℎ1,2 and

̄𝑦(𝜏 , 𝜔⃗) = 𝜏 + 𝑔0
1 − 𝜔⃗n
𝑔0 − 𝑔1

−
∞

∑
𝜈=0

𝑔−𝜈
0 ̂𝐴𝜈𝑞(𝜏, 𝜔⃗), 2𝜕𝑒 𝑞(𝜏, 𝜔⃗) = 𝑔0(𝑔0 − 𝑔1)−1×

× (1 − 𝜔⃗n)𝑝0(𝜏, 𝜔⃗).
The series on the right converges uniformly with respect to (𝜏, 𝜔⃗) ∈ 𝐹 × Ω, and
for all (𝜏, 𝜔⃗) ∈ (0, ∞) × Ω

0 ⩽
∞

∑
𝜈=0

𝑔−𝜈
0 ̂𝐴𝜈𝑞(𝜏, 𝜔⃗) ⩽ 𝑔0(𝑔0 − 𝑔1)−1.

II. ̄𝑦(𝜏 , 𝜔⃗) is continuous in (𝜏, 𝜔⃗) and nonnegative on (0, ∞) × Ω, ̄𝑦(⋅) ∈ 𝐵𝜀
for 𝜀 > 0.

III. ̂𝐴 ̄𝑦(𝜏) = 𝑔0 ̄𝑦(𝜏), 𝜏 > 0.

Theorem 5. Let 𝑔0 < 1, 𝜀 ∈ (−𝜆0, 𝜆0) (respectively 𝑔0 ⩽ 1, 𝜀 ∈ (−1, 0]),
𝑥(⋅) ∈ 𝐵𝜀. Then:

I. The series
𝑠(𝜏, 𝜔⃗) =

∞
∑
𝑛=0

̂𝐴𝑛𝑥(𝜏, 𝜔⃗)

converges uniformly on 𝐹 × Ω.
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II. 𝑠(𝜏) = 𝑥1(𝜏) + 𝑢(𝜏), 𝜏 > 0, where 𝑥1(⋅) ∈ 𝐵𝜀, 𝑢(𝜏, 𝜔⃗) is continuous in
(𝜏, 𝜔⃗) on (0, ∞) × Ω;

sup{𝑒−𝜀𝜏 |𝑢(𝜏, 𝜔⃗)| ∣ (𝜏 , 𝜔⃗) ∈ (0, ∞) × Ω} < ∞

(respectively, for every 𝜀′ ∈ (𝜀, 0] ∩ [−𝜆0, 0],

sup{𝑒−𝜀′𝜏 |𝑢(𝜏, 𝜔⃗)| ∣ (𝜏 , 𝜔⃗) ∈ (0, ∞) × Ω} < ∞).

III. 𝑠(⋅) ∈ 𝐵𝜀′ for 𝜀′ > 𝜀 (respectively, for 𝜀′ > max{𝜀, −𝜆0}).

IV. 𝑠(𝜏) = ̂𝐴𝑠(𝜏) + 𝑥(𝜏), 𝜏 > 0.

Let 𝑘 ∈ ℜ, 𝑘 > 0 (1). Put in Theorem 3 𝜆 = 𝑘, 𝑠 = 1, 𝜓 = 𝜓𝑘𝑝, 𝑥𝑘𝑝(𝜏) = 𝑒𝑘𝜏𝜓𝑘𝑝.
Theorem 3 assigns to the function 𝑥(⋅) = 𝑥𝑘𝑝(⋅) the function ̄𝑥𝑘𝑝(⋅) = ̄𝑥(⋅). In
the same way we define, for 𝑔0 = 1,

̄𝑦0(⋅) = ̄𝑦(⋅),

where ̄𝑦(⋅) is the function from Theorem 4. Let

𝑋 = { ̄𝑥𝑘𝑝(⋅) ∣ 𝑘 ∈ ℜ, 𝑘 > 0, 𝑝 = 1, 2, … , 𝑝𝑘}

and, for 𝑔0 = 1,
𝑋1 = 𝑋 ∪ { ̄𝑦0(⋅)}.

Then 𝑋 ⊂ 𝐵̄ = ⋃𝜀<1 𝐵𝜀 and, for 𝑔0 = 1, 𝑋1 ⊂ 𝐵̄. It is obvious that 𝑋
(and for 𝑔0 = 1, 𝑋1) is a linearly independent system of functions. The only
sign-constant function from 𝑋 (for 𝑔0 = 1, from 𝑋1) is ̄𝑥𝜆01(⋅) (respectively

̄𝑦0(⋅)).
We shall call problem A problem (1) with

ℱ(𝜏, 𝜔⃗) = 𝐵(𝜔⃗) exp(−𝜏/𝜔⃗n),

where 𝐵 ∈ 𝐿2(Ω), 𝐵(𝜔⃗) = 0 for 𝜔⃗n ⩽ 0. Problem A is the problem of the diffu-
sion of radiation through a semi-infinite layer, on whose boundary an externally
incident flux is distributed according to the law 𝐵(𝜔⃗). If 𝐵 = 0, then problem
A becomes homogeneous.

Theorem 6. In the class of functions 𝑥(⋅) ∈ 𝐵̄, each of which satisfies one of
the conditions: a) 𝑥(⋅) ∈ 𝐵𝜀 for some 𝜀 ∈ (−1, 𝜆0) ∪ (−1, 0] or b)

sup
𝜏>0

‖𝑥(𝜏)‖ < ∞,

there exists exactly one solution of problem A. This solution ̄𝑠(𝜏) is represented
by the Neumann series

̄𝑠(𝜏 , 𝜔⃗) =
∞

∑
𝑛=0

̂𝐴𝑛ℱ(𝜏, 𝜔⃗),
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converging uniformly on 𝐹 × Ω.

sup
𝜏>0

‖ ̄𝑠(𝜏)‖ < ∞; ̄𝑠(⋅) ∈ 𝐵𝜀′

for 𝜀′ ∈ (−𝜆0, 1).
Let 𝑥(⋅) ∈ 𝐵𝜀. Then for Re 𝑘 > 𝜀 the function

̃𝑥(𝑘) = ∫
∞

0
𝑒−𝑘𝜏𝑥(𝜏) 𝑑𝜏

is defined and holomorphic, with values in 𝐿2(Ω). The inversion formulas for
this Laplace–Bochner integral depend on additional properties of 𝑥(⋅). Such
properties are possessed by 𝑥(⋅) if it is a solution of problem A.

Theorem 7. Let 𝜀 ∈ (−1, 1), 𝑥(⋅) ∈ 𝐵𝜀, and let 𝑥(⋅) be a solution of problem
A. Then

sup
𝜏>0

𝑒−𝜀𝜏‖𝑥(𝜏)‖ < ∞;

there exists the limit
lim

𝜏=0+0
𝑥(𝜏) =

= 𝑥0 ∈ 𝐿2(Ω), 𝑥0(𝜔⃗) = 𝐵(𝜔⃗) for 𝜔⃗𝑛⃗ > 0; the Laplace transform ̃𝑥(𝑘), for
Re 𝑘 > 𝜀, satisfies the equation

(1 + 𝑘𝜔⃗𝑛⃗) ̃𝑥(𝑘) = 𝑔 ̃𝑥(𝑘) + (𝜔⃗𝑛⃗)𝑥0.

Relying on (1), we can now analytically continue ̃𝑥(𝑘) to 𝑍0. The singularities
of ̃𝑥(𝑘) are the points ℜ ⊂ (−1, 1). It can be shown that for large | Im 𝑘|,

‖ ̃𝑥(𝑘)‖ ≤ const ⋅ | Im 𝑘|−1.

This last circumstance makes it possible, using a suitable inversion formula for
the Laplace integral, to obtain the following representations of 𝑥(𝜏). Let

𝑠 ∈ (−1, min{0, 𝜀}) ∖ ℜ.

Then: a) for 𝑔0 < 1 and for 𝑔0 = 1, 𝜀 < 0,

𝑥(𝜏) = − ∑
𝜆∈ℜ∩(𝑠,𝜀]

𝑒𝜆𝜏 sgn 𝜆
𝑝𝜆

∑
𝑝=1

(𝑥0, (𝜔⃗𝑛⃗)𝜓𝜆𝑝)𝜓𝜆𝑝 + 𝑒𝑠𝜏𝑟𝑠(𝜏) =

= − ∑
𝜆∈ℜ∩(0,𝜀]

𝑝𝜆

∑
𝑝=1

(𝑥0, (𝜔⃗𝑛⃗)𝜓𝜆𝑝) ̄𝑥𝜆𝑝(𝜏) + ̄𝑠(𝜏);
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b) for 𝑔0 = 1, 𝜀 ≥ 0,

𝑥(𝜏) = − 3
4𝜋 (1 − 𝑔1)(𝑥0, 𝜔⃗𝑛⃗)𝜏 + 3

4𝜋 [(𝑥0, 𝜔⃗𝑛⃗)𝜔⃗𝑛⃗ + (𝑥0, (𝜔⃗𝑛⃗)2)]−

− ∑
𝜆∈ℜ∩(𝑠,𝜀]

𝜆≠0

𝑒𝜆𝜏 sgn 𝜆
𝑝𝜆

∑
𝑝=1

(𝑥0, (𝜔⃗𝑛⃗)𝜓𝜆𝑝)𝜓𝜆𝑝 + 𝑒𝑠𝜏𝑟𝑠(𝜏) =

= − ∑
𝜆∈ℜ∩(0,𝜀]

𝑝𝜆

∑
𝑝=1

(𝑥0, (𝜔⃗𝑛⃗)𝜓𝜆𝑝) ̄𝑥𝜆𝑝(𝜏) − 3
4𝜋 (1 − 𝑔1)(𝑥0, 𝜔⃗𝑛⃗) ̄𝑦0(𝜏) + ̄𝑠(𝜏).

In both cases
sup
𝜏>0

‖𝑟𝑠(𝜏)‖ < ∞.

Theorem 8. Let 𝑥(⋅) ∈ 𝐵̄. 𝑥(⋅) is a solution of the homogeneous problem A if
and only if 𝑥(⋅) is a linear combination of a finite number of functions from the
system 𝑋 (for 𝑔0 < 1) or 𝑋1 (for 𝑔0 = 1). 𝑥(⋅) is a solution of the inhomogeneous
problem A if and only if

𝑥(𝜏) = 𝑥1(𝜏) + ̄𝑠(𝜏),
where 𝑥1(⋅) ∈ 𝐵̄, and 𝑥1(⋅) is a solution of the homogeneous problem A.

In order that problem A admit nonnegative solutions, it is necessary and suffi-
cient that

𝐵(𝜔⃗) ≥ 0 for 𝜔⃗ ∈ Ω.
If this condition is fulfilled, then Theorem 9 is true.

Theorem 9. Let 𝑥1(⋅) ∈ 𝐵̄, and let 𝑥1(⋅) be a nonnegative solution of problem
A. Then

𝑥1(𝜏) = 𝑥(𝜏) + ̄𝑠(𝜏),
where 𝑥(⋅) ∈ 𝐵̄, and 𝑥(⋅) is a nonnegative solution of the homogeneous problem
A. Moreover: a) if 𝑔0 < 1, then (cf. (1))

𝑥(𝜏) = 𝐶 ̄𝑥𝜆01(𝜏) =
(𝑥0, (𝜔⃗𝑛⃗)Φ𝜆0

)
(𝜔⃗𝑛⃗, Φ2

𝜆0
) 𝑒𝜆0𝜏Φ𝜆0

−
(𝑥0, (𝜔⃗𝑛⃗)Φ−𝜆0

)
(𝜔⃗𝑛⃗, Φ2

𝜆0
) 𝑒−𝜆0𝜏Φ−𝜆0

+𝑒−𝜆1𝜏𝜌(𝜏);

b) if 𝑔0 = 1, then

𝑥(𝜏) = 𝐶 ̄𝑦0(𝜏) = − 3
4𝜋 (1 − 𝑔1)(𝑥0, 𝜔⃗𝑛⃗)𝜏+

+ 3
4𝜋 [(𝑥0, 𝜔⃗𝑛⃗)𝜔⃗𝑛⃗ + (𝑥0, (𝜔⃗𝑛⃗)2)] + 𝑒−𝜆1𝜏𝜌(𝜏).
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In both cases
0 ≤ 𝐶 = const < ∞, sup

𝜏>0
‖𝜌(𝜏)‖ < ∞,

𝜆1 = min(ℜ0 ∖ {𝜆0}) (cf. (1)),
if ℜ0 contains more than one point, and 𝜆1 is an arbitrary number from (𝜆0, 1)
otherwise.
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