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ON THE ESTIMATION OF THE NON-
OSCILLATION INTERVAL OF A DIFFER-
ENCE EQUATION AND DIFFERENCE BOUND-
ARY VALUE PROBLEMS

A. L. TEPTIN

In the present paper we consider the difference equation

Aryh (L AFyl
L) = 2 S B g, 0
k=0

h—
a (M > 2n is an integer); u® = w,(t,), t, = a + ha, v =

0,1,..., M; A% =l Alul = Aul = wh | —ul, ARul = A(AFTul) (K =
1,2,...,n). The coefficients p", (k =0,1,...,n—1) are assumed to be defined on

where h =

b—a
the set g5;_,,: =0,1,...,M —n, for any h = N A solution u of equation

(1) will be considered on the set g,,;:

b—a

=0,1,...,M f h h= .
x R P or eac i

We shall agree to assign to the value uﬁo

h e h b R (. -
woi1> if ug = uy = =wuy = 0; in all other cases we shall assign

=0 (xy € g);) the sign opposite to
the sign of u

to the value ufgo = 0 the sign opposite to the sign of ugrl. We shall say that

u” on the set g,; has a change of sign at the point x*, if z* < M — 1 and the

signs of /. and u”._, are opposite. If, moreover, u/’. # 0 and u/’.; # 0, then
we shall say that u” has a change of sign at the point z* in the narrow sense.

b—a
M
if every nontrivial solution of it for the indicated h has on this set no more
than n — 1 changes of sign. The interval [a,b] will be called an interval of non-
oscillation of equation (1) if this equation is non-oscillatory on the set g,, for

We shall call equation (1) non-oscillatory on the set g,, for a given h =

—a
each h = T < H, where H is some known number.
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Questions of non-oscillation in the theory of difference equations play the same
important role as the analogous questions in the theory of differential equations
(see [1, 2]).

Below we give an estimate of a function defined on the set ¢g,, and having on it
n changes of sign, analogous to the well-known estimate of G. A. Bessmertnykh
and A. Yu. Levin for an n-times differentiable function [3].

On the basis of this estimate, a criterion for the non-oscillation of equation
(1) for fixed h is obtained, as well as an estimate of the length of the non-
oscillation interval of this equation. Next, an existence and uniqueness theorem
for the solution is proved, and theorems on difference inequalities for a nonlinear
difference boundary value problem are proved, and a stability condition for this
problem is obtained.

§ 1. Let E,, be an m-dimensional vector space, X CE,a closed convex
bounded set. A point u € X is called an extreme point of the set X if it is not
an interior point of any segment belonging to X.

A functional f(u), defined on E,,, is called convex if

f(w)g

. [F) + ()]

1
2
for any uy,u, € E,,.

The results of this section are based essentially on the following assertion [4],
which we formulate as a lemma.

Lemma 1. Let X C E,, be a closed bounded set, X its convex closure, X, C X.
If the difference X \ X,, contains no extreme points of the set X, then

max f(u) = max fu)

for any continuous convex functional f(u).
This assertion follows from the Krein—Milman theorem on extreme points [5].

For fixed

consider the space E,, ; of functions u" defined on the set g,;, with norm

h|'

Jug] = max |uf
TEGM
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h

The function «, may be regarded as the vector

w={ul, ub, ... ul}.

Thus, E),,, may be regarded as an (M + 1)-dimensional vector space.

Denote by @ the set of functions u!* € E,,,; satisfying the condition

Ayt

X

= fi (% € g n); max |fy| = 4, (2)

hn TEIM-—n

where fP is a given function, and having on g;, at least n changes of sign,
including zero or a change of sign at the points x =0 and x = M — 1.
Lemma 2. The set QQ is bounded and closed.

Ak h
Proof. By virtue of Corollary 2 of Lemma 4 of [1], Tuw for any u” € Q has

on the set gp;_p, x =0,1,...,M — k, no less-
of it n — k changes of sign (kK = 0,1,...,n — 1). Therefore, for each = € g,,_;
one can indicate the nearest point z to it at which
APyl
hk

has a change of sign. If z; < x, then

k, h k, h k, h z—=1 Ak+1,h
AuI<Aum7AU%: A+u5h<
ne | = | pE hE Z s =
s=x(
M—k—1| Aktl. h k+1, h
ATy U
< Slh<Mh max |——=2 k=0,1,....,.n—1).
- s=0 hF+1 o TEI -1 hk+1 ( Y ’ )

Analogous inequalities are obtained also when x, > . From these inequalities,
in view of (2), it follows that

Jul] < AMTR" = A(b—a)"
for any u € Q.

The boundedness of @) has been proved. Let us prove its closedness. Consider
a sequence {u".} C Q. Let

lim u’, = uzh. (3)
1—00

Then, by virtue of the equality
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[6], we have

hm hn hn }LIEO Z C r+k i

1—00

IS nk K, xh A”uz”
fT; Ontiain =

whence

A"y *h
= lim fh f£ (x € ngn)7

h” i—o0
i.e. u* satisfies condition (2).

Suppose that v has fewer than n changes of sign on g,,. But then, by virtue
of (3), for sufficiently large i, u"; must have fewer than n changes of sign on g,,,
which contradicts the definition of the set Q. Hence u’" has at least n changes
of sign on g,,.

Finally, if we assume that

uhui >0 or wih juih >0, (4)

then, by virtue of (3), for sufficiently large i

h o, h h h
ug;uy; >0 or Upy o Uppi > 0,

i.e. u”, has neither a zero nor a change of sign at the point z =0 or x = M — 1,
Wthh also contradicts the definition of the set ). Hence the relation

(4) is impossible, i.e., u" has a zero or a change of sign at the points z = 0
and x = M — 1.

Thus, u* € Q. Hence the set Q is closed. The lemma is proved.

Consider the subset ), C @, consisting of functions that have no change of sign
on g, in the strict sense and satisfy one of the following conditions:

a) u(}JL = - uilfl = Oa Ung n+i+1 - u}Jt/I =0 (1 < 1 < n— 1); (5)
b) ug =0, uh, == u’](/Fl =0, uh, # 0; (6)

¢) ug=0, UA—n+1 =upy =0, sign(uﬁ/[ n“%) = (=" (7)
d)  ul #0, uh = ... =ul =0, ul, =0; (8)
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fy w=..=ul=0 or WP=..=ul =0,
sign(upult) = (—1)" and Wb, =..=ul, ;=0 or uf,_, ., =..

L=ul, =0, sign(uf,  uh,) = (=1)"; (10)

g ug=uj =0, ult # 0, ulyy #0, “20 == “Zo+n—2 =0
(11)

(I<zyg<M-—n+1)

h)  ul=uhl, =0, ul #+ 0, ul, | #0, uZO =.= u§0+n73 =0,

sign(l _uh )= ()" (I<z<M—n+2).  (12)

Let Q be the convex closure of the set Q.
Lemma 3. The difference Q \ @, contains no extreme points of the set Q.

Proof. It is necessary to prove that any function u? € Q\ @ is not an extreme
point of the set Q. Here the following cases are possible:

1) u! has on g,; a change of sign in the strict sense; in all the following cases
it is assumed that u” has no changes of sign in the strict sense;

2) ul has on g,, fewer than n zeros; in cases 3)—7) we shall assume that u
has on g,, at least n zeros;

3) uh £ 0, up =..=ul =0, wul,, # 0, where either m < n—1, or
m=n—1, sign(ubul, )= (-1)";
4 uh, £0, Wb, =..=ul, =0, ub . | # 0, where either m <

n—1,orm=n—1, sign(ul, . ul)=(-1)";
h
M

N - _ h h :
5 ug = ... =ul y =uy = ... =uy =0, wlF0, wuy . F0, i>

lorm>1, i+m <n;
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6) ul =uh, =0, ub+#0, uh, | +#0,and the remaining zeros are not all
consecutive;

Tl =uly =0, uh£0, uwh, #£0, wh ==l =0(1<x<

M—n+2), sign(uf _juf ,, )= (-1)"">
Construct functions

h _ ,h h h _ ,h h
Zp1 = Uy + €V, Zgpa = Uy — €V,

where € > 0, and the function v” is defined as follows. In cases 1) and 2), when
u” has k < n — 1 zeros on g,,, v" is a solution of the equation

Ayl 1
hk ’

(13)

h

" is a solution

having zeros at the same points as u”. In the remaining cases v
of the equation

n—1,h
ANl

hnfl =1

; (14)

having on the set g,; n — 1 zeros coinciding with the zeros of u". These zeros
are chosen in accordance with the following rules, each of which corresponds to
one of the cases listed above.

1) If u" has more than n — 1 zeros on g,,, then n — 1 of them are chosen
arbitrarily, except for the case when u = 0 or ul = 0 (u?, = 0 or
ul, | =0). In this case the point z =0orx =1 (zx=Mor x = M — 1)

is included among the chosen ones.

2) If sign(uful ;) = (—1)™ (m < n —1), then the points z = 1,...,m — 1
and x = M or x+ = M — 1 are included among the chosen zeros of the
function w”. If, however, sign(uffu” ;) = (—1)™*! (m < n —1), then

e

x = m is added to the points just listed.

3) The n— 1 chosen zeros of the function u” include the points * = M —m +
1,...,M —1and z =0 or x = 1, and in the case

sign(ufy_, ) = (~1)™1 (m<n—1)

the point x = M — m is added to these points.

4) In this case u has at least n—i—m zeros on the set * = i+1,..., M—m—1.
Let z be such a point of this set that

ul :...:ugo+k71:0 (i+1<zy<M-m—£k k>1),
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h h
UIO,1 7& 0, uwo+k 7& 0.
Suppose further that
sign(u;‘rlu’;ﬁk) = (=1)k+1,

If Kk < n—1i—m, then the n — 1 chosen zeros of the function u include the
points

r=0,1, ..., 1—2, o, 29+ 1, ..., 2o +k—1,

M—-m+1, ..., M fori>1

or

r=0,1, ..., i—1, g, 2o+ 1, .., 2o +k—1,

M—-—m+2, ..., M form>1.

h

If k—(n—14i—m) > 0 is even, then the following n — 1 zeros of the function w;’

are chosen:

z=0,1, ..., 1—2, 2o, o +1, ..., Zg+n—1—m—1,
M—-—m+1, ..., M fori>1 (15)
or
z=0,1, ..., 1—1, g, 2o +1, ..., Zg+n—0—m—1,

(16)
M—-—m+2, ..., M form>1.

If k— (n—i—m) > 0is odd, then the zeros of u"* are chosen at the points

z=0,1, ..., 1—1, o, g +1, ..., Zg+n—1—m —2,

(17)
M—m+1, .., M.

Let now sign(u}y _jul ;) = (=1)*. If & < n —i—m, then among the chosen
n—1 zeros of u” are included the points x = 0, 1, ..., i—1, 7y, To+1, ..., o+
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k—2, M—m+1, .., M. If k— (n—i—m) > 0 is even, then n — 1 zeros of
ul are taken at the points (17). If k— (n —i—m) > 0 is odd, then the zeros of

u” are chosen at the points (15) or (16).

6) In this case u has at least n — 2 zeros on the set z = 2, 3, ..., M — 2,

and not all of them are consecutive.
: hoo— o] _

Let zy € gpy be such a point that uy = =wuy 4 1 =0 2<zy<M-—k-—
1, k> 1), uZFl + 0, “ZOM # 0. Here the zeros of u” are chosen at the points
x=0, xy, xg+1, ..., g +p—1, M and n —p — 3 arbitrary zeros on the set
=23, ..., 20—2, xg+k+1, ..., M —2, where p is the number defined as
follows.

If sign(u2071u20+k) = (—=1)**1, then

k, for k<n—3,
p=<n—3, fork—(n—3)>0 even,
n—4, fork—(n—3)>0odd.

If, however, sign(ugo_luzﬁk) = (—1)¥, then

k—1, fork<mn-—2,
p=4qn—3, fork—(n—2)>0even,
n—4, fork—(n—2)>0 odd.
7) The zeros of u” are chosen at the points x = 0, z, To+1, ..., zo+n—4, M.

By virtue of the results of [1], the equation

is non-oscillatory on the whole axis for any k. Therefore the solution of equation
(14) ((13)) having n — 1 (k) zeros on the set g,, exists and is unique.

In each of the cases 1)—7) it is easy to show that, for sufficiently small ¢, the
functions z;‘j (j = 1,2) each have at least n sign changes on the set g, including
a zero or a sign change at the points x = 0 and x = M — 1. It is also obvious
that z;‘j (j = 1,2) satisfy condition (2). Thus, z;’j € Q (j=1,2). Finally,

T
Zr1 T 2o n

2 v

This means that any function u” € Q \ Q, is an interior point of some interval

belonging to @, i.e., u" is not an extreme point of Q. The lemma is proved.

Lemma 4.
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AFyh

Ak
W

X

hk

max max
uheQ | T€IMm—k

}

= max max
} uheqQ, { TEINM—k

(k=0,1,...,n—1).
Proof. It is easy to see that

Akl
hE

f(ul) = max

Y
z xeg

where g C g¢,,_; is any subset, is a continuous convex functional defined on
Ejr.1- Then the assertion of the present lemma follows immediately from Lem-
mas 1-3.

Let @; C @ be the set consisting of functions satisfying one of the following
conditions:

W= =l =y =0 19
uf ==l | =uh, =0, (19)
uf = =up oy =ul; =0, sign(uguy_y) = (—1)""h (20)

@y C @, is a subset consisting of only two functions, one of which satisfies
condition (18), the other condition (19); @, is the convex closure of Q;.

Lemma 5.

Aku’;
hF

Akuﬁ
hE

max max
uheQ, reyg

} (k=0,1,..,n—1),

= max { max
uheq, Teyg
where g C g,,_; is any subset.

Proof. Repeating the reasoning given in the proof of Lemma 2, we see that the
set ), is bounded and closed. Further, analogously to how this was done in the
proof of Lemma 3 (case 2), one can show that the difference @Q; \ @, contains
no extreme points of the set @1. To complete the proof it remains to refer to
Lemma 1.

Denote by 2(®) the generalized power [6], i.e.,

W =gz —1)(z—k+1).
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Lemma 6. If the function u” € Q, satisfies conditions (18) or

ug = “}z(@mz == “lzlw =0, (21)
then
Akug Ak(M — k) n—kpn—k
’ o ) (x€gy_r; k=1,2,...,n—1), (22)

where equality is possible only when

n, h
Al

=4A
hn +

andx=0orax=M —k.

Proof. Let u” satisfy conditions (18). u” may be regarded as the solution of
the boundary—value problem

A"ug
hn = 3}01’ Ug == szz = U7v1 =0. (23)

By virtue of the results of [1], the solution of problem (23) exists and is unique
for any f. Hence there exists the Green’ s function of this problem [7], i.e. a
function G _, which, for any fixed s € g), ,,, satisfies with respect to  the
boundary conditions (18) and the equation

AnG}EL S 5$ S
T’z h (0, s=0forz#s, 0,,=1).
And then
M—n
Z Gt fhh 17,
whence
Akt A Ang s
= Z " ' (k=1,..,n—1), (24)
s=0
where
A}LG};,s = A.LG]II,é = Gx+1 s Gft,l s AI;GZ,s = Al(AﬁilGZ‘s)
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For the Green’s function of problem (23), one easily finds the analytic expression

((E —s— 1)(n71)M(n71) _ (M —s— 1)(n71)1.(n71)

™l forz > s+ 1,

o (=D M D
o (M —s—1)nLg-1)
_ T hn 1 for z < s,
(25)
with the aid of which, without particular difficulty, one can verify that
A];G}ml s A]CC:}I:/[fk s
‘ 5 xhk 2 (k=1,..,n—2) (26)

forany x € gp;py x F M —k, s € gppp-

From equality (24), by virtue of (2), (25), (26), and the summation formulas
for generalized powers [6], we obtain estimate (22); moreover it is obvious that
equality in it is possible only in the case f? = +A for x = M — k, and for
k=mn—1 also for x = 0.

If u" satisfies conditions (21), then to prove the lemma it is enough to introduce
the new variable " = M — z and use the result established above.

Remark. By means of the change of variable ' = x — r, it is easy to see that
Lemma 6 remains valid also on the set x = r,r+1,..., M (r < M any integer),
if in the statement of the lemma one replaces (M — k)™ % by (M — k —r)»=*)
andx=0byz=r.

Lemma 7. If the function u” € @ satisfies conditions (19) or (20) (the condi-
tions

h_ . h _ _ . h h _ .k _ . _ . h
Uy =Upp g = =uy ;=0 or ug=up ,.,=-=uy =0 (27)

sign(uly ., uhy) = (=1)"1),

then

~ ARM — k)" Bt
- n(n — k)!

k, h
‘A i (k=1,..,n—1) (28)

hk

fore=1,2,... M—k (x=0,1,...,.M —k—1),
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A(n—1)(M —n +2)h

Anfluh
‘ | < - (29)
ANy | A= DM —n +2)h
A1 - n ’

Equalities here are possible only in the case

APyl
=44
hn +4,

and in (28) only for x = 0 and z = M — k, while in (29) only for n = 2.
Proof. If u” satisfies conditions (19), then, applying Lemma 6 on the set
x=1,2,..., M, we obtain

o ARM —k — 1)(n=k)pn-k
- n(n —k)!

(30)

AFyh
%

(z=1,2,... M —k; k=1,...,n—1),

and equality is possible only when

n, h
Ay

= A

At the point z = 0,

An—lug An—lu? A"’U,g' L
hn—1 - hn—1 - hn ’

whence, by virtue of (2) and (30),

APL u'f
hnfl

h <

hnfl

APL ug
hn

S ‘

n, h
‘Auo

An =DM —mh A= 1)(M —n+2h

n

<

It is clear that equality here is possible only when
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n=2.

If u” satisfies conditions (20), then the validity of the present lemma follows, by
virtue of Lemma 5, from the preceding part of the proof and Lemma 6.

Finally, if u" satisfies conditions (27), then to prove the lemma it suffices to
introduce the new variable 2" = M — x and use the preceding results.

Remark. Obviously, Lemma 7, with the corresponding corrections, is also valid
ontheset zx =7, r+1,...,M (r < M is any integer).

Lemma 8. If the function u” € @, satisfies one of the conditions (6)—(12),
then

Ak(M — k)R pnk
=12,...,n—1).
< Y p—_Y (€ gpp E=1,2,...,n—1)

k,h
APy
hk

Proof. Consider the case when u satisfies condition (8) or (9). In this case
Lemma 6 is applicable to u” on the set z = 1,2,..., M, by virtue of which the
estimate (30) is valid.

From (8) and (9) it follows that

Aku'f A”’lug A"’lu’f
W =0 (k=0,1,...,n—2), e <0
Therefore
Akl Akyl ARyl ARyl
’ NG h (k=0,1,...,n—2),
ArLyh - An—lyh _A"’lug B Amryl B
hn—1 — hn—1 hnfl - hn .
Hence, by virtue of (2),
Ak h
’ hffo < ApmF (k=0,1,..,n—1). (31)

But for M > 2n,

Therefore from (31) we obtain
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Ak(M — k —1)(nPpn—k
- n(n —k)!

k, h
’A ali (k=1,..,n—1),

hk

and (30) together with the last inequality proves the lemma in the case (8) or
(9). In the remaining cases the proof is carried out in an analogous manner, and
in case (12) Lemma 7 is used.

Lemma 9. For any function u” € Q, the estimate

A(n— 1)» ' M p"

is valid, with equality possible only when
Ayl M
hn z = :|:147 Xr = ?7 n=2
Proof. u” may be regarded as the solution of the n-point boundary-value

problem for the equation

h
Ay _fh
pn e
with zero boundary conditions. By virtue of the results of [1], for the problem
mentioned there exists a Green’ s function G” _, and therefore

x,s)

M-—n
h _ E h h
u:x: - Gz,sfs h
s=0

It also follows from the results of [1] that, for each z € g, G;LVS, as a function
of s, does not change sign on the set g, ,,. Hence, taking into account the

inequality |f"| < A (x € gp;_,,), we obtain

M-—n M—n M—n
| < DGR |2 < Y |Gh AR =Y Gt Ah|. (32)
s=0 s=0 s=0
But
M—n
vh =" Gh Ah (33)
s=0

is a polynomial of degree n, whose zeros coincide with the zeros of u”. If

ho_ o h
ug = uy; = 0, then
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vt = P(t,), (34)

where
Py~ Alt=a)t—ay) (=0, )t —b)
n!
a;=a+hx, (i=1,..,n—2),
and 4, ..., 7, _o are the zeros of u” between the points z = 0 and z = M. For

the polynomial P(t) the following estimate is known (see, for example, [3]):

A(n—1)" (b —a)"

n"n!

|P(®)] <

(t € [a,b]). (35)

Equality here is possible only when all «; (¢ = 1,...,n — 2) coincide with the
point a or with the point . But in the present case a < oy < -+ < o5 < b,

b
and therefore inequality (35) is strict for all n and ¢, except for n = 2, t = a4 ;_ .
From (32)—(35) and the remark on inequality (35), the validity of the present

lemma follows in the case when ul = u?, = 0, i.e., when u/ satisfies one of the

conditions (5), (11), (12).

If u! satisfies condition (8) or (9), then the preceding arguments remain valid
on the set x = 1,..., M. Therefore,

Aln—1)" (M —1)"h"

lul| < o (x=1,...,M). (36)
And at the point = 0, by virtue of (31),
lul| < AR™. (37)
Since for M > 2n
(n _ 1) nfan
n"n! > 1

then from (37) it follows that

A(n— 1)\ M "

h
[ug] < n"n!
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This inequality, together with (36), proves the lemma in cases (8) and (9). The
proof is carried out analogously also when u” satisfies one of the conditions (6),

(7), (10).
The lemma is proved.

We now give the main theorems of this paragraph.

Theorem 1. If the function u” € E,,, has at least n changes of sign on the
set g,, including zero or a change of sign at the points ¢ = 0 and v = M — 1,

then

A(n— 1)\ M"p"

n"n!

Aryl
hn

lul| < (xEQM, A= max

TEIM-—n

and equality is possible only when

Ayl
hn

M
=+A, n=2, m:?.

Proof. Denote

hno

The function u” belongs to the set Q corresponding to this f*. The validity of
the theorem now follows directly from Lemmas 4 and 9.

Theorem 2. If the function u” € E,,,, has at least n changes of sign on the
set gas, including zero or a change of sign at the points x =0 and x = M — 1,
then

Ak(M — k)
n(n —k)!

Akl
%

(a:Eng; k=1,...,n—1;, A= max

and equality is possible only when

n, h
Ay
hn

= +4A, k=n-—1, r=0and x =M — k.

Proof. Again denote
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The function u” belongs to the set ) corresponding to this f?. We define the
subset )y C @ as before.

Let n = 2. Then Lemma 6 or 8 is applicable to any function y” € Q,. By the
cited lemma,

(J? € gM—l)a

=+4A, r=0o0rx=

= M — 1. Hence, by Lemma 4, the assertion of the present theorem follows for
n = 2.

Suppose that the theorem is true for some n = m > 2, and consider the case

n=m+ 1.

Let y® € Q,. If y» satisfies condition (5) for i = 1 or i = n — 1, or one of
conditions (6)—(12), then, by Lemmas 6 and 8, estimate (22) is valid for y”,
equality being possible only when

A"yﬁ
hn

=+4A, xr=0 or z=M—k.
Since, for k <n —1,

(M — k) < (M — k)",
it follows from (22) that

AR(M — k)nkpnt
= n(n —k)!

(mengk; kil,?a"'anil)v (38)

Akyh
Xz

where equality is possible only when

Anh

=4A, r=0 or z=M—k, k=n—1.

If, however, y? € Q, satisfies condition (5) for 2 < i < n —2 = m — 1, then
consider the function

h
o = Ay
It is easy to see that
v =l =0
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By Corollary 1 of Lemma 4 of [1], v" has at least n — 1 = m changes of sign on

the set g;,;_;. Finally,

Aryp
hn

Amyh

x:
hm

=A.

max
TEIM-m—1

max
TEIM-—n

Thus v on the set g,, ; satisfies the conditions of the present theorem for
n = m. And since for n = m the theorem is assumed to be true, we have

Akfl h Ak — 1)(M — m—k+1p m—k+1

pk=1 | = m(m—k+1)!

Hence, for n =m + 1,

(x €gppp; k=2,...,n—1).

Akyh < Ak —1)(M — k)"FpnF
‘ Rk | (n—1)(n—k)!

Since
k—1 k

n—1 n
for all 0 < k < n, from the last inequality we obtain

Ak‘(M _ /f) n—kh n—k
n(n —k)!

(x €gprep; k=2,...,n—1).

Atyl
hEk

Finally, by Theorem 1,
A(m — 1) Y (M —1)mp™

ok < L (¢ € gar).
or
Ayﬁ A(n—2)"2(M — 1) tpn1
< .
‘ h |~ (n—1)""1(n—1)! (@ € grra)

Hence, by virtue of the inequality

it follows that

AM —1)"thn !
n(n —1)!

T

h

Ayh
‘ (T € gpr1)-

Thus, we have established that for n = m + 1 estimate (38) is valid for any
function y" € Q,. But then, by Lemma 4, it is also valid, for this n, for any
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function u” € Q. Hence the validity of the theorem for arbitrary n follows by
induction.

It is easy to see that Theorems 1 and 2, with the corresponding modifications,
are also valid on the set x = r,r + 1, ..., M for any integer r < M — 2n.

§ 2. The preceding theorems make it possible to prove easily the following
criterion for the non-oscillation of difference equations.

Theorem 3. If, for a given h, the coefficients of equation (1) satisfy the
inequalities

Iph <Lt (k=0,1,...,n—1; 2 € gpy_p)s

§ LZ]C(M—]C) nfkhnfk N Lg(n_ l)n—anhn

<
n(n —k)! n"n! =1

: (39)
k=1

then, for this h, equation (1) is non-oscillatory on the set g,;.

Proof. If all p", =0 (k= 0,1,...,n—1; € gp;_,), then by Theorem 1 of
[1] equation (1) is non-oscillatory on the entire axis. This is also easy to see
directly. In what follows we shall assume that at least one of the coeflicients of
equation (1) is different from zero and, consequently, LZ #+ 0 for at least one k
0<k<n-—1).

Suppose that, for the given h, there exists a nontrivial solution ug of equation

(1) having n changes of sign on the set g,,;. Let 2, and z5 (0 < 27 < 25 < M —1)
be the first and the last of the points at which u” has changes of sign.

Set

n,h
ATyl

hn

A, = max
T=Tq,...,To—n+1

Since u” has n changes of sign, it cannot be a polynomial of degree lower than n.
Therefore A;, > 0. Since g,;_,,, for fixed h, contains a finite number of points,
the maximum

n, h
Ayl
hn

max
T=T1,...,Lo—N+1

is attained at one of the points x* of the set © = x,...,25 —n +1, i.e.

Ayl
A, = z
[
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If

AT
hn

+A,

then as x* we choose any point of the set

$2+x1+1

T = Zy,...,Ty —n + 1, distinct from x; and 5

then, by Theorems 1 and 2,

Mry—2 +1 > 2n,

Apln = D)™ My — 2y + 1) _ Ay(n— 1" MA"

h
|l nn! n"n! ’
ARyl < Apk(rg — 2y —k+ 1) kpnk < Apk(M — k)nkpnk
h¥ n(n —k)! - n(n —k)!

(k=1,...,n—1).

It is easy to see that when x5 — 2, + 1 < 2n the inequalities

X

A k(M — k)n—kpn-k
wE | S

h
| < n(n —k)!

Ay(n— 1) LM pn ‘Aku’u

n"n!

are also valid.

Since L} # 0 for at least one k (0 < k < n — 1), from equation (1), in view of
the inequalities given above, we obtain

ko h
AR
hE

An

h
U g
hn

—1
< Z ’p:}clk
k=0

)nflchnfk Ah(n— 1)n71Mnhn

h
+ Lo nmn!

n—1
A k(M — k
<y Lpt
; n(n — k)!

Hence

n—1 rp n—kpn—k h n—1lprnpn
LYk(M —k h L —1 M
E k ( ) 0 (n ) h > 17

Pt n(n —k)! n"n!

which contradicts condition (39).
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Thus, for the given h, a nontrivial solution of equation (1) cannot have n changes
of sign on the set g,,;.

The theorem is proved.
Corollary. If there exist constants L,, independent of h, (k = 0,1,...,n — 1),

bh—
such that for every h = Ta < H (H is a known number) the inequalities
‘p2k| ng (k:O,l,,n*L xeglﬂ—n)v

= Lik(b—a)"*  Ly(n—1)""L(b—a)"
Z knin—k))! i ! i"n'( :

<1, (40)
k=1

hold, then [a, b] is a non-oscillation interval of equation (1).

Proof. Since Mh=b—a, (M —k)h<b—a (k=1,..,n—1), it follows from
inequality (40) that inequality (39) holds for L} = L, (k= 0,1,...,n — 1) and
any h < H, whence the present assertion follows.

Remark. It is interesting to note the following difference between the non-
oscillatory properties of differential and difference equations. Namely, for a
linear differential equation, under the usual conditions guaranteeing existence
and uniqueness of the solution of the initial-value problem, there always exists
an interval of non-oscillation (the Vallee-Poussin theorem), whereas a difference
equation, under the condition of existence and uniqueness of the solution of the
initial-value problem—consisting in the fact that the coefficients of this equation

b—a
have finite values for every = € g,,_,, and every h = ———may fail to have an

interval of non-oscillation. Indeed, the equation

A2yl n

p

where p = const > 0, has the solution

t—a v ph
ul = (1+ ph) 2w sin{ar(:tghp(tx —a)},

which, for sufficiently small h, changes sign twice in any interval. Thus, equation
(41) has no interval of non-oscillation.

From the corollary to Theorem 3 it is clear that a sufficient condition for the
existence of an interval of non-oscillation of equation (1) consists in the uniform
boundedness, with respect to h, of its coefficients. However, this condition is
not necessary. As shown in [1], for the equation
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A%yl Aul 2K
[ER +<q_7>“2:0

with K > 0, the interval of non-oscillation is the whole axis, although

i <_%)__
o \1 7 ) T T

Let us now consider the n-point difference boundary-value problem

ANR T Aul A1yl
hl — h
Nyluy] = hnx f (tx,uw, h”,..., hnl”) =0, (42)
uh = A, (v, €gy;i=1,..,m 0=2, < <m, =M). (43)

i

In the form (43), in particular, one may write the boundary conditions

—L = Bjkj, (z; €gps kj=0,1,.,m;,— 1

m
ji=1,..,m; er:n; Ty << xy,).

j=1

Let the function f(t,yq, ..., y,_1) be defined in the domain D : a <t < b, |y,| <
C, (k=0,1,...,n—1), and let it satisfy there, with respect to yg, ..., y,,_1, the
Lipschitz condition with constants L, ..., L,,_;, respectively.

For problem (42), (43), when h is small, the results of [1, 2] may be inapplicable,
since in those works the non-oscillation of certain

auxiliary linear equations, whereas in the case under consideration these equa-
tions may have no interval of non-oscillation. However, using the preceding
results, for the boundary-value problem (42), (43) one can prove the following
theorems.

Theorem 4. Suppose C;, = oo (k=0,1,...,n—1). If, for the given h,

n—1 n—k1, n—k n—1 n

L k(M —k h Ly(n—1 Mnh
= ( ) , 1 Loln l <, (44)
e n(n —k)! n"n!

then, for this h, the boundary-value problem (42), (43) has a unique solution.

The proof of this theorem is carried out in complete analogy with the proof of
Theorem 2 of [3].
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In the following theorem no assumptions are made concerning C, (k =
0,1,...,n—1).

Theorem 5. Suppose that, for the given h,

n—1 _ n—kpn—k _ n—1 n
Z Lik(M — k)" "h n Ly(n—1)""tMnh <1 (45)

et n(n —k)! n"n!

If there exists a solution u” of the problem (42), (43) and a function 2" satisfying
the boundary conditions (43) and the inequalities

<C, (k=0,1,...,n—1; x € gpy_),

Nh[zfcl] 2 0 (g 0)7 T e IM—n>

then

sign [ —ul] = (=) (=)L) (i=1,..,n—1; x € gy)

T, <r<T; 1

everywhere where 2 # ul.

Proof. Define, on the set g;,_,,, the functions p;‘k (k=0,1,...,n—1) as follows:

k=1, h Ak, h n—1_h
[f(tm,ug,...,A i Az A Z)

RE—1 T pk 0 pne1
h ARyl ARFL R APTIZENT AR ARyD
, —f{terugs s Rk 0 pktl 0T pn—l ) Lk pk ’
Do =
’ szg Aku;‘

for those x for which

TR

Ak h Ak h
0 for those x for which h:“C = h::c

It is easy to see that

\pgk\ <L, (k=0,1,...n—1; x €gp_n)-

Therefore, by virtue of (45) and Theorem 3, the equation
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=0 (46)

Anh (L AFyh
Lh[/U:}CL} = hn 7Zp24k hk
k=0

is non-oscillatory on the set g,,.

Denote N, [2"] = . Subtracting (42) term by term from this equality and
denoting 2! — u® =1, we obtain

Lyt =t >0(<0), 7t =0 (i=1,..,n).

Hence, by virtue of the non-oscillation of equation (46) and the results of [1], it
follows that

sign gt = (=) (=)L) (i=1,..,n—1; x € gy)
T, <T<T;iq
everywhere where 1 # 0.
The theorem is proved.

Theorem 6. Let C) < o0, C;, = 00 (k= 1,...,n — 1), and suppose that, for
the given h, inequality (44) is satisfied.

If, moreover, for this h there exist functions z’;j (j = 1,2), defined on the set
gy and satisfying the boundary conditions (43) and the inequalities

2 < Co (1=1,2; z € gy, (47)

Nh[’zzl] = 07 Nh[Z]aZQ] < 0 (‘T € gM—n)? (48)

h

-+, and

then the problem (42), (43) has a unique solution u

sign [ZZJ —ul] = ()" (i=1,..,n—1; j=1,2; x € gy)
T, <x<T;

everywhere where z;‘j +ul (j=1,2).

Proof. In the domain D* : a <t < b, |y,| < oo (k=0,1,...,n — 1), define the
function f*(¢,yq, ..., ¥,,_1) by the equalities

f(t7y07'~-7yn71) for |y0‘ < C'07
I (Y0 s Yn1) = S F(6Couy1s o Y1) + M) (Yo — Cp)  for yo > C,
f(t77007y1""vyn—1) +)‘(t)<y0+00) for Yo < 7007
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where A(¢) is a function satisfying the inequality |A(t)| < L, (¢ € [a,b]). Obvi-
ously, f*(¢,Ygs - ¥Y,_1) in the domain D* satisfies, with respect to yg, ..., Y1,
a Lipschitz condition with constants Ly, ..., L,,_;, respectively.

The boundary-value problem

A" h A h Anfl h
N;;[U;‘] = U - (tx,vz, vx,..., U‘”) =0,

h

-

has, by virtue of Theorem 4, a unique solution v

Since, for |y, < C,, the function f*(t,yg,..-,¥,_1) coincides with
F(tYgy - s Yp_q), it follows from (47) and (48) that

N;{[Zgﬂ 2 0, N;[Z;Lz] <0 (T €gpyn)

Hence, by Theorem 5,

sign [2F — vl = (=)L (i=1,...,n—1; j=1,2; x € gp;). (49)

zj T
T, <T<T;

everywhere where zgj # o (j = 1,2). Hence, by virtue of (47), |[v"| < C,
(x € gpr), and therefore

Avl An—lgh Avl An—lgh
f* (ta:av27 h PR hn71 ) = f (tafav;}czv h PR hn,1 ) (l‘ S gM—n)7

i.e., v is a solution of problem (42), (43), and this solution is unique and satisfies

relations (49).
The theorem is proved.

Following [8], let us call equation (42) with boundary conditions (43) stable with
respect to the right-hand side if, for A < hy (hy > 0 is some number), it has a
solution u, and for every ¢ > 0 there exists a § > 0, independent of h, such
that for any 2" satisfying the boundary conditions (43), for arbitrary h < hy,
the inequality

max |2 —ul'| <e, (50)
TEIGM

holds as soon as
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max |N,[z"]] < 6. (51)

TEIM-—n

Theorem 7. If C,, =0 (k=0,1,...,n—1) and

"21 Lyk(b—a)™* n Lo(n—1)""1(b—a)"

1 2
n(n —k)! nnn! <% (52)

k=1

then equation (42) with boundary conditions (43) is stable with respect to the
right-hand side.

Proof. Since Mh=b—a, (M —k)h<b—a (k=1,...,n—1), it follows from
inequality (52), for any h, that inequality (44) holds. Therefore, by Theorem 4,
the boundary-value problem (42), (43) has, for any h, a unique solution u

T

Suppose that, for some € = ¢; > 0 and any § > 0, there exists a 225 satisfying
conditions (43), and an h(4), such that for h = h(J)

h(é h(é
max zzé)—ux( )‘ > €9,

TEG N

despite the fulfillment of inequality (51). Denote

A (20—
oEoaon [h(3)]" S
Nh[z_ibg] = 9025- (53)

Since Zﬁa — u” has n zeros on g,;, including at the points z = 0 and x = M, it
follows from Theorem 1 that

A —1 n—an n
g, < max ‘zhé‘s) — u;‘w)’ < s(n—1) [h()]
wegy ! * n"n!
As(n—1)""Yb—a)"

n"n!

)

whence

gn"n!
A > L )
*T (-1 tb—a)

(54)

Subtracting (42) term by term from (53), by virtue of the Lipschitz condition
and Theorems 1 and 2, for h = h(J) we obtain

sovietrxiv.org/items/ru-196601.52695 Machine Translation


https://sovietrxiv.org/items/ru-196601.52695

An(zh(5) _ uz(a)) Ak (ZZ(<)6> _ u;L(é))
[h(8)]™ [h ()]

n—1 n—k n—k
h(s) Ly Ask(M — k)" "[h(9)]
+ maxn ‘%%0 ‘ < Z n(n—h)!

n—1
< Z L, max
k=0

TEIN-—n

€
TEGpr— =1

_ n—1laysn n n—1 _ n—k
 DoAsln = DA | ;K2 LAgh(o —a)
n
k=1

n™n! (n—k)!

n LyAs(n—1) (b —a)"

n"n! +9,

since, according to the assumption,

max |<ngs)‘ <.

TEIM-—n

From (54) and (55) it follows that

L Lk Ly =D =0 S =) =)

~  n(n—k) nnn! gynmn!

for arbitrarily small § and fixed ;. Hence,

>1

b

L Lk(b—a)F L Lon—1) n=l(h—q)"
(n—k)

k) nhn!

=

which contradicts condition (52). Consequently, for every € > 0 there exists a
0 > 0 such that, for each h, inequality (51) implies inequality (50), provided
only that z" satisfies conditions (43).

The theorem is proved.
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