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Abstract

Full Text
MATHEMATICS
A. A. KIRILLOV

CLASSIFICATION OF IRREDUCIBLE UNI-
TARY REPRESENTATIONS OF THE GROUP
OF SECOND-ORDER MATRICES WITH EL-
EMENTS FROM A LOCALLY COMPACT
FIELD

(Presented by Academician I. G. Petrovskii, 26 VIII 1965)

Notation: K is a disconnected locally compact nondiscrete field; G is the group
of nonsingular second-order matrices with elements from K; G is the subgroup
of matrices with determinant 1; G, is the subgroup of matrices of the form

a b\ .

0o 1)’
IT is the set of unitary multiplicative characters of the field K; v(z) is the norm
of the element =z € K.

In the paper (1) a construction was given of several series of irreducible unitary
representations of the group G, and it was shown that these representations suf-
fice for decomposing the regular representation of G into irreducible components.
The question of the existence of other irreducible representations remained open.
The purpose of the present note is to show that the group G has no irreducible
unitary representations except those constructed in (!). It will be more con-
venient for us to prove the analogous assertion for the group G. Let us list
the irreducible representations of G that can be constructed on the basis of the
results of (1). By g we denote the matrix

1. The continuous series consists of representations T7. ., m,m, € 11, acting
in the space L?(K,dx) according to the formula

aé—ﬂv) v'2(ad — By) (aw+v> .

Ty, e (0)f(0) = m (B 4+ 0) (G0 ) oo (G

sovietrxiv.org/items/ru-196601.52578 Machine Translation


https://sovietrxiv.org/items/ru-196601.52578

2. The supplementary series consists of representations Viopr Mo € 11,0 <

p < 1, acting in the space of functions on K with scalar product

(f1.fa) = /KKf1<m>f2<y>u-2p<x—y> dz dy.

The operators of the representation have the form

viTP(ad —By) (az+7y
V. = 0 — .
3. The special series consists of representations SWO7 Ty € II, acting in the

space of functions on K for which [ f(z)dz = 0; the scalar product is
given by the formula

(f1ofa) = /KKf1<x> @) vz —y) de dy.

The operators of the representation have the form

S,ro(g)f(m) = mo(ad — By) V(O‘(s*ﬂ’ﬂf(az +7> '

V2(Br+96)" \Bx+4
4. The discrete series consists of representations Uz . , where my € II, 7 is a

unitary multiplicative character of the field K = K (/7).
The representation acts in the space L?(K,dx) by the formula

Uy (0 (2) = /K X(g | 2,9)f(y) dy;

the kernel X (g | x,y) has the form

v(6) / Sen Ao dt. for f£0,
K

CT‘-()(O[(S - ﬂ,y) 1/1/2(

K(g |y = ad = B7) Jie(ym VA(4)
sign_(8)7(8)v1/?(ad)d(ax — oy + ), for f =0,
where
A Brto—t—i+ 20 45
ad — By
5. The degenerate series consists of one-dimensional representations W
T € 11,
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Wr,(9) = mo(ad — 7).

Theorem. The representations listed above exhaust the set of all irreducible
unitary representations of the group G.

Proof scheme. Let us first consider a finite-dimensional representation 7' of
the group G.

Denote, as in (2), by C,, the subgroup of matrices congruent to £ modulo p™0.
The operators

P, = /C T(g)dg

n

are, evidently, self-adjoint projection operators in the space H of the repre-
sentation 7. Moreover, since the subgroups C, form a complete system of
neighborhoods of the identity in GV, the sequence {P,} converges strongly to
the identity operator.

In a finite-dimensional space this is possible only if, starting from some n, the
equality P, = E holds. But this means that all vectors of H are invariant with

respect to C,,. The kernel of the representation T is a normal divisor in G and
contains the subgroup C,,. It follows that the kernel of T' contains the whole

subgroup G. Thus T is in fact a representation of the factor group G, /G.

This last group is commutative and isomorphic to the multiplicative group of
the field K. Thus, all finite-dimensional unitary irreducible representations of
the group G are exhausted by the representations W, indicated above, which
constitute the degenerate series.

Now let the representation T be infinite-dimensional and irreducible. In [3] we
showed that the restriction of T to G|, is also irreducible and coincides with
some fixed representation G|.

Since the group G is generated by the subgroup G, and the matrix

s 0 -1
“\1 0 )
in order to define the representation it suffices to specify the operator T'(s). This
operator, as shown in (2), has the form

T(s)p(m) = s(m)p(mym ™), (1)

where s() is a function on II, taking complex values, of modulus equal to 1,
and satisfying the functional equation
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() )Ty, mymy D) s(my) = mymy(—1) /H Drm)s(mD(rm ) dr.  (2)

The character 7, in formulas (1) and (2) is determined by the equality T'(dy) =
mo(A)E, where
A0
0= () 9).

We give explicit expressions for the functions s(7) corresponding to the series
of representations of G* listed above.

* We note that from these formulas the equivalence of the representations T,
and T, . , and the equivalence of the representations V., and V; are

immediately apparent.

0:1—p?

1. T'=T, ., —a representation of the noncontinuous series

s(m) = mymy (=)D (r Loy W) D (e Ty Lwt/2).

2.T=V,

To.p TR representation of the complementary series

s(m) =T(r tmgtvP)D(n trg vt =r).

3. T =5, —a representation of the special series

s(m) =T(r oy YT (r tmy ty).

4. T =U-

#m, —a representation of the discrete series

s(m) =T (77),

where T'_ is the gamma-function of the field K(1/7); 7
plicative character of this field, given by the formula

- is a nonunitary multi-

7 (t) = 7(t) - wmy(t 1Y) - 2 ().

For the proof of the theorem it is enough to verify that the functional equation
(2) has no other solutions besides those listed above. This is done as follows.

The multiplicative group of the field K is the direct product of an infinite cyclic
group with generator p and the compact group O* = {z : v(z) = 1}. Therefore
the set II is the product of a circle and a discrete set © = O*. Thus one may
specify an element 7 € II by two coordinates (), #), where A is a complex number
of modulus 1, and 6 is a character of the group O*.
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Expand the function s(7) in a Laurent series in A:

s(m) =s(A,0) = iskw)/\k

The functional equation (2) can be rewritten in the form*
(1—v(p Zsk (010505 )N 5,(0,) =

= 6,0, (— ZF )5k (0)T_,(005), (3)

where I';, are the coeflicients of the Laurent series for the I'-function of the field
K. Tt turns out that if among the coefficients s,(6), for k& < 0, there is at
least one different from zero, then equation (3) is solved explicitly. All such
solutions are related to representations of the principal, complementary, and
special series. The remaining solutions cannot be written explicitly, but it can
be shown that, for the representations corresponding to these solutions, the ma-
trix elements have summable square on the subgroup G. Hence it follows that
the corresponding representations enter as discrete summands in the decompo-
sition of L?(G) into irreducible components. Since in paper (1) a Plancherel
formula was obtained giving a decomposition of L?(G) over representations of
the principal and discrete series, we see that the remaining solutions of our
functional equation are related to representations of the discrete series.
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