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The problem of finding the general form of isomorphisms Y of the space
of entire functions that commute with the operator D™ = d™/dz", n > 1, was
posed by Delsarte and Lions in (!). According to Theorem 2.1 of (1), every such
isomorphism Y satisfies, in the case n > 2, the relation

n—1 .

. 2mi
Yexp(Az) = > M;(A) exp(Azw — exp 1
exp(Az) ;(A) exp(Azw’), w=exp -, (1)

7=0

where M;()), 0 < j < n — 1, are entire functions of exponential type with
determinant

My(X) M, () M,,_1(N)
A(N) = det My (M) Mo(Aw) M;,_y(\) = const # 0. (2)
M;(Aw™ ) My(Aw™ 1) My(Aw™ 1)

Recently the result of Delsarte and Lions was carried over by I. Ya. Viner (?)
to the spaces Up, 0 < R < 0o, of all single-valued analytic functions in the disk
|z] < R with the topology of compact convergence (3). It turns out, however,
that the results of Delsarte-Lions and Viner are erroneous, i.e., the full group of
isomorphisms of the space Uy (respectively, H ) commuting with D", n > 2, is
not described by conditions (1), (2). Indeed, denoting by A, and A, the linear
continuous operators in {y (4 ) defined by the relations

f(2) + f(=2)
2 3

f(z) = f(=2)

Aof(z) = A f(z) = 5 )
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let us consider the operators

Y=(U+E)A,+ (D*+D*—-D)A,,

Y, =(D?*—1)Ay+ (E+D—D%A;;

where

H@—L?@M

and Ef(z) = f(z). Since (as is easily verified on the basis elements z*, k =
0,1,...) YD? = D?Y and YY; = Y,Y = E, it follows that Y is an isomorphism
of the space iy (4. ) commuting with D?. Further, we have Y1 = 1 + z,
although if the theorems of Delsarte-Lions and Viner were valid, then from (1),
as A — 0, it would follow that Y1 = const # 0. Moreover, writing relation (1)
for this operator, we easily obtain

1/1
MO(/\):§<X+1—/\+/\2+A3),
1 1 2 3 —
MI(A)zi(—XH—A—AM), A = 1.

Thus, the operator Y constructed does not satisfy either of the conditions (1),
(2).
The present paper is devoted to finding the general form of the isomorphisms

of the spaces 4y and $_ considered here, relying on the matrix representation
of linear continuous operators in these spaces (+9).

1. If T is a linear operator in U, (4, ), commuting with D", n > 1, then the
elements of its matrix {t; ; }75_, in the power basis {ZF}12,, ie.

o0
TF =3 "t,2, k=01,
1=0

are necessarily connected by the relations

0, m < s,

(mn + ¢)! p!

t t
(sn+p)![(m—s)n+q]! PmInte

sn+p,mntq 0<s<m<oo;

0<p, ¢g<n—1.

3)
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Let us introduce the operators A, 0 < ¢ <n — 1, by putting

o0 o0
Aqf(z) =A, (Z aizi> = Z asn+qz“‘"+q,
i=0 5=0

where f(z) is an arbitrary function from {5 ($).

From the relations (3) and the description of linear continuous operators in il
(U) (+°) one may obtain

Theorem 1. In order that a linear operator T" be a continuous operator in the
space Up (L), commuting with D™, n > 1, it is necessary and sufficient that
it have the form

oo n—1n—1
T 5 ) D I LY @
s=0 q=0 p=0 P q Sn + q)
and satisfy the condition: for every p < R (p < +00) there exists an r = r(p) <
R (r < +00) such that
m n—1 p(mfs)ner
sl Do < 00, (5)

sup (mn +q)!p!
0<mn+g<oco s p=0 (STL + Q) [( - S)n —|—p '

Theorem 2. For condition (5) to hold in the space Uy (), it is necessary
and sufficient that for each (some) e, ¢ > 0, there exist a constant M(g) > 0
such that

It, ;] < M(e)e?, j>0; 0<p<n-—1. (6)

Corollary. In order that a linear operator 1T' be a continuous operator in p
(4), commuting with D™, n > 1, it is necessary and sufficient that it have the
form (4) and satisfy the corresponding condition (6).

Finally, note that when condition (6) is fulfilled, the functions
0 Amn
=>t ——, 0<p g<n-—1,

D, mn+q 1
—= (mn + q)!

are entire of class not exceeding [1, 0] (respectively, functions of finite degree).

* In this formula, for s =0 and ¢ <p, DI P =[PP9,

2. Let us proceed to find all isomorphisms 7' of the space iy (L) that
commute with D", n > 2. Setting

)\mnzmn—Fq

qu()‘vz) = Z

m=0

W7 0<gs<n—1,
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we obtain

Tp,(A 2) = Zp'wpq )Pp(A, 2), 0<g<s<n—1.

Proceeding from these relations and from the consequence of Theorem 2, it is
easy to prove the following theorem.

Theorem 3. In order that a linear operator T be an isomorphism of the space
Up (M) that commutes with D™, n > 2, it is necessary and sufficient that it
have the form (4), satisfy the corresponding condition (6), and

det [|¢h, , (N[ Lo = const # 0.

Hence, in particular, it follows that every isomorphism of the space 4 that
commutes with D™, n > 2, is at the same time an isomorphism of 4_

3. Now let some isomorphism 7' of the space iy (U ), commuting with D™,
n > 2, satisfy conditions (1), (2). Then from (1) and (4) it follows that

n—1

Z j )\pwm Zp)\qz/)pﬂ 0<pn—1.

=0

Therefore, taking into account relations (3), we must conclude that the following
theorem is true.

Theorem 4. In order that an isomorphism of the space Up (M), commuting
with D™, n > 2, satisfy conditions (1), (2), it is necessary that its matriz have
upper triangular form.

4. Let us consider one application of the results presented above. Let

where a,(z) € Ug(i,) and a,(z) = 1. As is known (1%7), the operators A
and D™ are equivalent to one another, i.e. there exists such an isomorphism
T, of the space U (L) (in this case there are infinitely many of them) that
T,D" = AT,. In the works (1'57) it is indicated that the operator Tj can be
chosen so that

D'Tyf(2)|,_,=D"f(2)| _,, O<v<n—1,
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and all other transformation operators 1}, T} D" = AT}, can be obtained by the
formula T} = T,T, where T ranges over all possible isomorphisms of {5 (8l)
that commute with D".

Let C be an operator in the space g (), determined by the matrix {c; j,}7%_;
¢, =0, if min(i, k) > n.

Theorem 5. In order that there exist an isomorphism Ty of the space g (8)
such that

T,D" = AT,
D”Tlf(z)’Z:O :D”Cf(z)’z:o, 0<v<n—1; n>2, (7)
it is necessary and sufficient that
det fle; x[7%20 # 0. (8)

Under these conditions the operator 7] is determined uniquely.

Remark. If

B= ibj(z)Dj, bi(2) € Ug (L), bu(2) =1

=0

and (8) is satisfied, then one can also assert the existence of such an isomorphism
T, of the space U5 (U, ) which satisfies relations (7) and T,B = AT,.

In conclusion I express my sincere gratitude to K. M. Fishman for useful advice.
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