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Abstract
Full Text

PHYSICS

Corresponding Member of the USSR Academy of Sciences B. B. KADOMTSEV,
O. P. POGUTSE

ON THE FLUTE INSTABILITY OF PLASMA
IN TOROIDAL GEOMETRY

In the present work we consider the question of the flute instability of an ideally
conducting plasma in toroidal discharges with a strong longitudinal magnetic
field, i.e., in systems of the “Tokamak”type (!). Usually, as the stability criterion
for an ideal plasma in such systems, the Suydam condition (%), obtained for a
straight column, is adopted. This condition has the form

rH? (¢ 2
—8mp’ < —= | — | , 1
< (1) 1)
. . . . . THZ
where p is the plasma pressure; H, is the longitudinal magnetic field; g = N
0 "¢

the so-called safety factor with respect to helical instability; H, is the azimuthal
magnetic field; r is the minor radius; R, is the major radius of the torus; the
prime denotes differentiation with respect to 7.

However, for Tokamak-type systems with a strong longitudinal magnetic field,
Le., for H, > H,, condition (1) is not applicable. Indeed, the flute instability
ultimately arises because of the curvature of the lines of force. In a straight
discharge the radius of curvature is R, = rH2/H?, and for H, > H, it consid-
erably exceeds r. It is clear that when R, > R the curvature of the lines of force
due to toroidality begins to play an essential role. This curvature changes sign
when the minor azimuth ¢ changes: on the outer contour of the torus the lines
of force are convex, while on the inner contour they are concave. Therefore, for
p’ < 0, only the outer region leads to instability, and the instability itself takes
the form of the so-called ballooning mode (*%), in which the perturbation of
the lines of force on the favorable inner contour is small, i.e., the corresponding
ends of the lines of force are as though fixed. For p’ > 0, the instability must
develop on the inner contour of the torus.

As is known (%), within the framework of ideal magnetohydrodynamics, insta-
bility sets in when, along with the initial axisymmetric equilibrium state, the
possibility appears of forming an equilibrium configuration with a perturbed
magnetic field. Therefore, to find the stability criterion it is sufficient to inves-
tigate the equilibrium equation
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Vp =-|jH] = —[rot HH], 2
p=[jH] = ot HH] 2)
and to determine under what conditions an equilibrium close to the axisymmet-
ric one exists.

In the case considered by us, H, > H,,, instead of (2) it is more convenient to
use the relations following from (2),

HVp =0, j, =c[HVp]/H?, 3)

where j; is the component of the current density transverse with respect to H,
so that the complete vector j can be represented in the form

R c
j=Jj. +aH, a= s HrotH. (4)
From the condition divj = 0, taking into account divH = 0 and (2), (3), (4),
we obtain

2[HVH]

HVa+divj, = HVa+ B

Vp = 0. (5)
Let us now consider some equilibrium axisymmetric state p°, H? ,Hg and lin-

earize equations (3), (4), (5), assuming that the perturbation p’, H, H_, is small.
In doing so we shall take into account that Hg < H?, p' <« Hg2/877.

Since H, is large, the perturbation H. may be neglected (otherwise a very large
perturbation of the magnetic-field pressure H, H? /4w would arise). For the same
reason one may neglect the perturbation of H, and by H one may understand
H?. For small toroidality, i.e. r/R, < 1, which we shall assume to hold, the
longitudinal magnetic field, decreasing as 1/R with distance from the axis of
symmetry of the torus, may be written in the form

HY~H, (1—];060&,0),

where Hj is the longitudinal magnetic field on the magnetic axis, and ¢ is the
small azimuthal angle. Thus, in equation (5), by VH one may understand

r
HyV —-cos p,
VR, cos ¢

and H?3 may be approximately replaced by Hg. It is precisely the second term
in (5) that takes account of the effect of the curvature of the lines of force in
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toroidal geometry. In all the remaining expressions the toroidality enters as
a small correction to the principal terms, and it may be neglected, assuming
that we are dealing with a straight cylindrical column of finite length. We shall
consider the perturbation of this column in the cylindrical coordinate system

¥, 2.

Taking the above remarks into account, the linearized equation (5) takes the
form

/

do 2[H,, ] 2[H'e,]
HVo + H —2 — == L2Vpy = 0 6
o dr HER, P HER, P ’ ©)
where e, = Vrcos is the unit vector directed along the z-axis. In the cylin-
drical coordinate system r, @, z, the vector e, = {cos ¢, —sinp,0}. Since Vp,
is directed along the radius r, the last term in (6) is proportional to H, and is
therefore negligibly small. In view of H, > H,, the quantity « is equal to

1 . c 1d _,

B
%o HOJ0 47TH07“CZ’I“T ®? (7)

and the perturbation o’ is equal to

, ¢ H, , c 10 , 10 ,}
~ — "Vt H = -—7rH, — ——H/%. 8
“ 4 H? o 471'H0{r87°r  rop " ®)

Since H_ is small, the continuity equation divH’ = 0 takes the form

10 10
w2 g —o.
r@rr TJrr@cp o =0 ©)

It follows from this that the perturbation of the magnetic field can be expressed
in terms of the current function 1,

rH, = 0y/0y, H, = —0¢/or. (10)
Substituting these expressions into (8), and then o’ into (6), we obtain

dwdjo 0y 87 (.  Op’ 10p’
HOVA o + 28008 % Py 11
VALY er dr ¢ cR, {smcp or Tes¥L Do ’ (11)

where

10 9 19%

A= 15ar T Rag
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and the term b ~ r?R2 takes account of the contribution from the third term
in (6).

To find b, we take into account that the flute instability develops on pertur-
bations strongly elongated along the field lines, when H°Va' — 0, i.e., it is a
slowly varying function of ¢ along the field line. Consequently, averaging over
o must be performed in the sense of averaging along the field line with weight
1/H,. The corresponding calculations of (6) show that

HO ’ dl
= HgU [Vp VU], where U = U(f/‘) = FO7

b

and dl is an element of length along the field line. Adding here the linearized
equation (3)

Ly 0 _

HOVy + -2 %Y _ 12
Vp+rdr8g0 ’ (12)

we obtain a system of two equations for p” and .

Let us note that in the case of a straight pinch (R, — oo) for H) <« HY?, taking
into account small quantities of order H 3, /H?, we would obtain an equation of
the form (11), in which instead of the last two terms there would stand the
expression

It is seen from this that toroidality begins to play a role when R, < R,. Owing
to periodicity in ¢ and z, an arbitrary solution of the system of equations (11),
(12) may be represented in the form ¢ = 1,,,,(p,r) exp(ime — inz/R,), and
analogously for p’, where the functions 1,,,,(©,7), Pymn(@, ) may be assumed
to have a minimum number of nodes in ¢. In other words, if ¢,,,, and p,,,
are expanded in a Fourier series in ¢, i.e. ¥,,,, = >, ¥, exp(ily), then 1, must
decrease with the number [. Substituting this expansion into (11), (12) and
passing from the current function v to the quantity

m+I1H. n
& = /k;, where k; = T}TE _ Ri()’

after eliminating p,,,,, we obtain the system of equations for the harmonics &;:
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d(m +1) dj R,
kA k& + c(:rHO)d: k& — A{ B 21?(:(7” + 02+ (m+1-1)%
2U'R,
U

0
H(m A1 g [(m =18 — (m+ T+ 1)é] - (m+ l)%} =0.
(13)
Here the notation

A dp°

A=— —
RyrH? dr

has been introduced, and for completeness a small term ~ 1/R2 has been in-
cluded. We are interested in local perturbations of the flute type developing
near the singular point r = 7, where the longitudinal wave number

m rq ,_dg
r2 Ryq?’ T

Moreover, in (13) the second term may be neglected in comparison with the
last. For the local-type perturbations of interest to us, m > 1. The localization
width of such perturbations is Az ~ r/m. As we shall see below, it suffices for us
to consider the case 7¢’ /g < 1. In this case the singular point for perturbations
with [ = 1, determined by the relation

m+lfy n(mg O N1Hy
frnd —r _ _ ~ —7 __r

! r HY R 2q r HY ’
lies far outside the localization region of the perturbation and, consequently, k;
may be regarded as constant and equal to H,/H,r. Estimates show that, for

p, =8mp/H2 < Ry/r, that

is practically always satisfied, the harmonics & rapidly decrease with the num-
ber [. Therefore, in the system of equations (13) it is sufficient to restrict oneself
to only two harmonics. Acting with A, on equation (11) for the zeroth har-
monic and then eliminating 4, t_; with the aid of equations (11) for the first
harmonics, we obtain for 1, the equation
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m? 0?
Aix'Alx'wo‘F’YAﬂﬁo:d(Tgwo—w¢o> ) (14)

where

2
5 1( r 8mp’ <q>2 8wy’ (q)2 wp’ U’ (q)2
~ 2\ R, HZ o) T e \y mu \¢) -

To solve this equation it is convenient to pass to the Fourier transform with re-
spect to z: ¢g(z) = [y(k) exp(ika) dk. In the Fourier representation, equation
(14) is reduced to the form

dPu 11— (v +9)(1+x%)
dx? (1+x?)?

U=0, (15)

where x = rk/m. This equation differs from the usual Suydam equation (2) only
in that v+ § appears instead of 7. Thus, instead of the usual Suydam stability
condition v < 1/4, for a toroidal cord we obtain 7+ < 1/4. In expanded form
the stability condition may be written as follows:

2 2 2
8rp’  8mp’U’ 1 ( 8mp’ T 1/q
o S(EE) (L) <= (L) 16
rHZ  HZU +2(H3, R,) “1\yq (16)

A qualitatively similar criterion was obtained in (8).

As shown by V. D. Shafranov, Tokamak-type systems possess a minimum of the
mean magnetic field in the sense that U’ < 0, with

u 4r 5 r?

——=— (A - —A 17
U R§<(T)+4>+R§’ (a7)

where A is the so-called coefficient of asymmetry of the azimuthal field (7).

It follows from relations (16), (17) that for 8, = 8rp/HZ < 1 and a not too
steep variation of p with r, the interchange instability is stabilized.
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