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The article considers a homogeneous axisymmetric solution of the Einstein grav-
itational equations and Maxwell equations for the case when space is filled with
a perfect substance and, in the accompanying frame, there is a magnetic field
directed along the axis of symmetry. In this case the accompanying frame is
synchronous, and the substance moves along geodesics. The presence of the
magnetic field manifests itself in the geometry of space-time and substantially
affects the character of the metric.

A cosmological model with a magnetic field was considered by Ya. B. Zel’ dovich
(?), and subsequently by A. G. Doroshkevich (%). In the present article the case
of a closed and an open model for dust-like matter is considered in greater detail.
The notation of the book (1) will be used.

1. As space-time coordinates we choose an accompanying coordinate system
in which the substance is at rest. It is assumed that in this system the
metric has axial symmetry and that the distribution of matter is homoge-
neous (i.e., depends only on the proper time 7). It is also assumed that
the accompanying system used is synchronous. Then, denoting the axis
of symmetry by z, and the radial and angular coordinates by x and ¢, we
obtain the expression for the metric in the form

—ds?* = —c2dr? + a®(7) [dx? + f2(x)dp?] + b*(7)dz>. (1)
The coordinates and time are numbered by means of 2° = cr, 2123 = x, ¢, 2.
Latin indices run over the values from 0 to 3.
Einstein’ s gravitational equations:
kLo 4\ 7k
R — iéi R = (8nk/c*)T}". (2)

sovietrxiv.org/items/ru-196601.49821 Machine Translation


https://sovietrxiv.org/items/ru-196601.49821

The energy-momentum tensor on the right-hand side of (2) is the sum of two
parts: the energy-momentum tensor of a perfect gas and the energy-momentum
tensor of the electromagnetic field. Since an accompanying system is used,
among the components of the energy-momentum tensor of the perfect gas only
the diagonal components are different from 0: T} = T2 = Tg’ = p, p is the pres-
sure, T(? = —e, e is the density of internal energy. It is assumed that among the
components of the electromagnetic-field tensor F};, in the accompanying system
used only F, = —F,, = F differ from 0. Then, for the energy-momentum ten-
sor of the electromagnetic field, only diagonal components differ from 0, equal
to T =T3 = —T3 = —T9 =W = F?/8ra*(7) f*(x).

Einstein’ s equations (2) in the case under consideration have the form

R a? ab 1 f"(x) 8k
Rj — 97 T c2a2 “c2ab + a? f(x) A (e+W), (3)
R R i ab b 8wk
R-5=F-%" @ @ @ artW @
R 2% 4> 1 f’(y) Srk
Rg_?’ T 24 c2a? ?W:?(p_')' (%)

A dot denotes differentiation with respect to 7, and a prime denotes differenti-
ation with respect to .

To the gravitational equations one must add Maxwell’ s equations

OF,,./0z! + OF,,;/0x" + OF,;/dxz* = 0. (6)

Since, among the components Fj;, only F}y = —F}; differ from 0, and they may
depend on 2% and !, the only component of (6) that does not vanish identically
is that with [ =0, i, k= 1,2. It gives 0F,,/02° = 0, i.e. F = F(x).

It is convenient to use the equations lek = 0 contained in (2). The components
with ¢ = 0 and ¢ = 1 do not vanish identically. For i = 0 we have

(2a/a) + (b/b) = —é(e +p). (7)

For i = 1 we have (taking into account that p and e depend on 7) 21" (x)/f(x) =
(F?)JF?, ie.

F2(x) = f*(\)K?, K} = const. (8)

The energy density of the electromagnetic field is then equal to W =
K2 /8ma*(7), in accordance with the homogeneity condition.*
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From (3) and (5), since a, b, p, e, and W depend on T, it follows that

f/)/f(x) =Fa?,  a® = const. 9)

If « =0, then f(x) = const - x (in view of x as a radial coordinate one must
have f(0) = 0). By changing the scale of ¢, the constant can be made equal to
1, and we obtain f(x) = x. This case corresponds to the flat model (2,3).

For v # 0, changing the scale of x, one may set « = 1. Taking the upper sign
in (9), we obtain f(x) = ¢, sin x + ¢4 cos x. The constant ¢, must be set equal
to 0 so that f(0) = 0, and the constant ¢;, by changing the scale of ¢, can be
made equal to 1. We then obtain f(x) = sinx. This case corresponds to the
closed model (2,2). The coordinate y varies from 0 to 7.

Taking the lower sign in (9), we obtain f(x) = shx. This case corresponds to
the open model (2,%). The coordinate x may then vary from 0 to coc.

The three-dimensional scalar curvature P of the 3-space 223 is equal to P =

—2(f"/f)/a® = £2/a*(1). At each instant 7 in the closed model the 3-space
is a space of constant positive curvature (with infinite volume, since z varies
over infinite limits), while in the open model it is a space of constant negative
curvature.

Equation (3), using the “Hubble constants” h, = a/a and by = b/b, is written
in the form

hy(hy +2h)) = 8rk(e + W)/c* = Fa?(c?/a?),
which can serve as a criterion for the type of model (2,3).

2. In what follows we shall consider the case of dust matter (p = 0). From
(7) it then follows that

e = K/a%b, K = const. (10)

For p = 0, e = puc?, where y is the rest-mass density; (10) is also the continuity
integral for mass and expresses conservation of mass in a “fluid” volume.

From the gravitational equations (3)—(5) we shall use equations (3) and (5),
since equation (7) has already been used. Taking (8), (9), and (10) into account,
we have

2ai + a% + c?(+a?) — B3(c?/a?) = 0; (11)
a2 ab  (+a?) 2D B?

~ 2Tl 12

c%a? c2ab + a? a’b  a* (12)
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* The strength of the magnetic field directed along the z-axis is H = K, /a?(T).

In equations (11)—(12) B? = kK2 /c* = const, 2D = 87kK /c* = const.

Equation (11) determines a(7). Integrating once, we obtain

a%/c? = Fa? — (B}/a?) + (24/a), 2A = const. (13)

It is convenient, instead of 7, to introduce a variable n = n(7) according to

cdr = adn. (14)

Equation (13) is now written in the form

(da/dn)?* = Fa*a® + 2Aa — B3. (15)

Formulas (15) and (14) determine a(n) and 7(n). In the case of the closed
model (in (15) one must take the upper sign and o = 1), integrating, we obtain
(we shall assume a positive; then the constant A must be > 0)

a(n) =A[1-(1- B?)1/2 cos| cr(n)=An—(1- B?)1/2 sinn]

B? = B?/A? = const. (16)

The additive constants in 7 and 7 have been chosen so that at n = 0, 7 = 0, and
a is minimal.

Equations (16), for B # 0 (in the presence of a magnetic field), determine
a trochoid in parametric form. The “radius of curvature” a pulsates, varying
within the limits from A—(A%2—B?)Y/2 to A+(A%—B?)'/2, and nowhere becomes
zero. At the same time, for the values a;, and a,,, the derivative da/dr is
equal to 0. In the absence of a magnetic field (B = 0), equations (16) determine
a cycloid. In this case the minimum value of a is equal to 0, and the energy
density e, according to (10), then becomes co. An axisymmetric homogeneous

cosmological model in the absence of a magnetic field was considered in (4).

In the open model, from (15) and (14) we obtain (we assume a positive; the
constant A may have any sign and may be equal to 0):

a(n) = —A+ (A2 + BH)Y2chn,  cr(n) = —An+ (A% + B})Y2shn.  (17)
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The quantity a varies from the minimum value ay = —A + (A2 + B?)'/? to oo,
first decreasing to a,, and then increasing to co; moreover, in the presence of
a magnetic field (B; # 0) a, does not become 0. In the absence of a magnetic
field (B, = 0) and for A > 0, ay becomes 0.

In the flat model (a = 0) we have

a(n) = A(B2+n?)/2,  cr(n) = A[(B*/2)n+ (n*/6)] . (18)

Again, for B # 0, the minimum value a/A does not become 0.

The function b(7) in metric (1) is found from equation (12). It is convenient to
determine b as a function of 7. Taking (13) into account, from (12) we obtain

(db/dn)(da/dn) = [(B%/a) — A] b+ Da. (19)
In the closed model, using (16), we obtain
b(n) A 2 — B?

D aly) 2= (1— B2yiz N~ (1-B*)Y2(n—E) Sin??] ’ E — const.
(20)

The constant D plays the role of a scale factor of the coordinate z (just as A
plays the role of a scale factor of the coordinates y and 7). In fact, the essential
constants prove to be B2 and E.

From (20), owing to the presence of the product of the oscillating factors sinn
and n, it follows that b(n) vanishes, and does so an infinite number of times.
The distances along the z-axis between “fluid” particles successively decrease to
zero ( “simultaneously” for the whole space, turning into 0) and increase.

In the open model we obtain

2 2
bp) _ 1 [, _24°+BF

D a(n) - W chry + (A% + B%)l/Q(n —E) Shn] ) E = const.

(21)

The expression in square brackets in (21) has opposite signs at 7 = 0 and as
7 — +o00; the function b(n) vanishes twice: for n < 0 and for n > 0 (when
B, #0).

Finally, in the flat model we have

b(n)/D = [A/a(n)] [—(34/4) +(B?/2)n? + %774 + En|, E = const. (22)
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b(n) vanishes twice: for n < 0 and for > 0 (B # 0). The unused Maxwell
equations (—g)~Y29[(—g)/2F*]/0x* = (47/c)j® determine the 4-current j5'.
Computing the left-hand side, we obtain, taking (8) into account, that j* = 0.
The equality of the 4-current to zero means the absence of a ponderomotive
force. This is consistent with the fact that, in the present solution, the comoving
system is simultaneously synchronous and the matter moves along geodesics. In
a synchronous system, as is known, the vanishing of the quantity [0 In(—g)/0t]*
at some instant 7 is inevitable (1:%). In the solution considered, when b(7) = 0
the determinant —g = a*b? f2 vanishes; at the same time e = —7T} = (c*/87k)R
tends to 0o, so that the singularity has a physical character.

Let us note that a solution analogous to the one considered also exists in the
absence of matter. The role of the comoving system is then played by the
system in which the energy-momentum tensor of the electromagnetic field is
diagonal. Formulas (16)—(18) for a and t are preserved. The dependence b(7)
is now determined from equation (19) with D = 0, whose solution has the form
b(n) = const -sinn/a(n) in the closed model, b(n) = const -shn/a(n) in the open
model, and b(n) = const - n/a(n) in the flat one. The quantity b(n) vanishes in
the first case periodically, in the second at n = 0, and in the third at = 0 and
1N = 00.
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