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When a charged particle moves in a magnetic field, owing to magnetic-
bremsstrahlung (synchrotron) radiation, the energy of the particle decreases,
which leads to a change in the particle trajectory.

In those cases in which the time spent by the particle in the field is comparable
with the characteristic time of energy decrease

T ~m3c5 /et H?

(as, for example, for electrons in cosmic fields), radiation damping must be taken
into account in determining the trajectory.

The equation of motion of the particle has the form

dp e
E = E[V7 H} + f7—7 (1)

where the damping force f, is equal to [1]

3m2cb

64 v 2
£ 2{[H[H,vu S A (W) } @

Let us direct the z-axis of the Cartesian coordinate system along the field and
denote

w=eH/mec, § = 2Le*H? /m3cb. (3)

We express the velocity v in units of ¢, and the energy E in units of mc?:
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u=1v/c, w=E/mc?=1/V1—u2
Then, passing to components and taking into account p = Ev/c?, we obtain

du,w/dt = wu, — ou, (1 —u?)w?,

du,w/dt = —wu, — 6u, (1 — u?)w?, (4)

dujw/dt = —6u,w?(u? +ul).

It follows first of all from (4) that

u, = const. (5)

Taking (5) into account, we obtain from (4) the equation for the change of
energy

dw/dt = =6 [(w/wy,)* — 1], (6)

where

wy, = 1/4/1— u? (7)
is the limiting value of w as t — oo.

The integral of (6) is

w = wg, cth(dt/w, + Cp). (8)

The constant Cj is determined from the condition w = wy at ¢ = 0.

It is expedient to express the quantity w,, in terms of the angle 6 between the
initial direction of the velocity and the direction of the field, and in terms of the
initial value of the energy. Setting in (7) u, = u, cosd and taking into account

that wy = 1/4/1 — u3, we have

w,, = Yo . (9)
\/COS2 0+ w3 sin’ 6

Using (8), one can integrate the equations for the transverse components u, and

Uy,
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u, = u, (0)e"% sin(wr + ¢,),

u, = uy (0)e™® cos(wr + @), (10)

where

u (0) = 4/uZ(0) + u5(0);

o is the initial phase; 7 is the proper time

t /
o dt’ lln ch(t/wo, + Cy)

. 11
h w0 ch C, (11)
It is seen from (10) that the transverse components of the velocity decay and
tend to 0 as t — oo.

The proper time is a complicated function of ¢, in contrast to the motion without
taking radiation friction into account, when 7 = t/w,. As a result, the variation
of u, and u,, with time will no longer be harmonic, which will affect the radiation
spectrum.

The expressions obtained are substantially simplified in passing to the extreme
relativistic case, characterized by the relation wq > 1.

Outside a narrow cone around the field direction with angle 6, ~ 1/wZ, from
(9) we have w,, ~ 1/sinf. Then (8) becomes

1 = 1 + sin 0 th(dtsin ). (12)
wo W

Since th x practically reaches its limiting value when z is only slightly greater
than unity, the main energy loss occurs over the time

ty~1/dsin6. (13)

In the interval 0 < ¢ < ¢ it is sufficient to retain the first term in the expansion
of thx in a series, so that

11 )
—=— in” 0)dt tosinf < 1). 14
w " w + (sin” 6) (tdsinf <« 1) (14)

Hence it is seen that the energy decreases by half over a time ~ 1/w,0 sin? 6. In
the same approximation, for the proper time we have
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t )
= w—o—l—tQE sin” 6. (15)

Substituting (15) into (10), we obtain approximate expressions for the transverse
components of the velocity.
I express my gratitude to Prof. L. E. Gurevich for discussion of the work.
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