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In the note (1) the author set out a method applicable to proving the algebraic
independence over the field of rational functions of a solution of a linear homo-
geneous differential equation of the 3rd order and its derivatives. In the present
note the indicated method is transferred to nonhomogeneous equations, which
makes it possible to apply it in the general case to proving the algebraic inde-
pendence of values of E-functions® satisfying linear differential equations of the
3rd order.

Consider the differential equation

"

y" 4 po(2)y” +01(2)y + po(2)y = q(2), (1)

whose coefficients p;, = p;(z), i =0, 1, 2, ¢ = q(z) are rational functions of z.

Let, further,

Py, v ,y,2) =0 (2)

be an algebraic differential equation whose left-hand side is an irreducible poly-
nomial in y,y’,y” with coefficients from the field of rational functions. Denote
by P = P(y”,vy,y, z) the polynomial, homogeneous with respect to y,v’,y”,
composed of the terms of the highest total degree in y,%’,y” in P.

Theorem 1 (?). Let y(z) # 0 simultaneously satisfy equations (1), (2) and not
be a solution of any algebraic differential equation of order less than 2. Then
there exists a solution G(z) # 0 simultaneously satisfying the equations

V

y" +p2y” + 1y +poy =0, (3)
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P,y y,z) =0. (4)

We shall apply the indicated fact and the method of note (1) to the investigation
of the arithmetic nature of the values of the F-functions

e 1 Z\ 3"
Koy, (2) =D (B4 1) . (B, +1n)(By+1) .. (By +1)(Bs + 1) ... (B3 +n) (5) :

n=0

s aj(ag +1) . (a; +n—1) 2\
K, p2p50,(2) = ,;) (By+1) . (B, +1)(By+1) .. By +1) (B3 + 1) ... (B3 + 1) (2) ’

K (2) = a(ag+ 1) (ag+n—1Dag(ag+1)... (g +n—1) o
P (B (B ) By + 1) By +n)(By + 1) (Bs +1) "

* For the definition of an E-function see, for example, (4).

where B;, By, B3 # —1, —2,...; a5, ay # 0, —1, —2, ..., satisfying, respectively,
the linear differential equations

y/// +

30,(8) + 3y,,+ 905(8) +30,(8) + ly,+ [2703(@ _ 1] y 2705(8)

z 22 23

201(6) + 3y//+[402(6> + 201(6) +1 o 1:| y/+[803(6) _ %“1:| Y= 803(ﬁ)

V4
Y+
z 22 23 z

2 23 52 23
(7)
where 0,(8) = By + By + B3, 09(B) = B1By + BiBs + BBz, 03(8) =

B1BaBs, 01(a) =y + ay, 09(a) = aqay.

With respect to the first of these functions, Kj g 3., the following holds.

LR P AU RS AU RS AR P R ) P

Theorem 2. Let 5, By, B3 be rational numbers satisfying the conditions

1268, — B —53| Fny, (26— 06 —ﬁ3| # Ny, |2ﬂ3 — By — Bl # ng,
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where ny, Ng, Ng are natural numbers.

Then the numbers

Kp.p,,(2),  Kpp,p,(2), Kj p,5,(2)
are algebraically independent for any algebraic value z #+ 0*.
We outline the proof. By Shidlovskii’ s main theorem (%), it is enough to prove
that, for the indicated values of 3;, B3, B3, the functions
Kpp.850 Kpippy  Kpipas,
are algebraically independent over the field of rational functions of z.

Consider the function K = 3% K 818285 satisfying the equation

BHptD) ,  BAHDEutD)

y" + > Yy —y=2704(8)z*Ps" ),

z z

where A = 8, — B3, p = By — B3. To prove the theorem it is enough to show
that the functions K, K’, K” are algebraically independent over the field of
rational functions.

The function K, differing by the factor z3# from the entire and non-polynomial
function Kz g 5., is not algebraic. Therefore, if K is a solution of an algebraic
differential equation of the first order, then there exists an algebraic function
f(z, z1) satisfying the equation

(3 +1)(3u + 1)

a3f+ 2 Gof + PEUIED 5 970y (8)20) =0

A+p+1)
z

(see (1), Theorem 2). Substituting into this equation the expansion

f(z,21) = ho(2)2° + hy(2)27" + -, €g > €1 >

(Theorem 5) and comparing coefficients of the highest powers of z;, we obtain
a condition on the algebraic function hy(z):

B UHD) oy, BAF DB+

z 22

h3 +3hh' + B + h—1=0.
Investigating the expansion of the algebraic function hy(z) in a neighborhood
of an arbitrary point z = a, one can show that hy(z) is a rational function
having only simple poles. Comparing the expansion of this function into partial
fractions with its expansion in a neighborhood of z = oo, we obtain

Adpu=ny, A=2u=mng, p[—2\=ng,
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where 1y, ng, ng = —1,—2, ..., which contradicts the conditions of the theorem,
since

)\:ﬁ1—ﬁ37 M:ﬁQ_ﬂ?)'

* In the case 3, = [, = f33, this fact is contained in Theorem 6 of (3).

If now the functions K, K’, K” are algebraically dependent, then, by Theorem
1, there exists y(z) # 0 satisfying simultaneously equations (3) and (4), where
po=—1,p = (BA+1)Bu+1)/2% py = 3(A+ p+1)/2 In this case the left-
hand side of equation (3) coincides with the left-hand side of the homogeneous
equation (5) considered in *. By Theorem 5 of !, for values of \, u satisfying the
conditions |A + p| # nqy, [N —2p| # ng, | —2X| # ng, ny,ny,ny = 1,2, ..., this
equation is differentially irreducible and, consequently, cannot have common
solutions 7(z) # 0 with equation (4). The contradiction obtained proves our
theorem.

The following assertions are proved analogously:

Theorem 3. Let 3, 85, 85, a; be rational numbers satisfying the conditions

a,—B; #n;/2, i=1,2,3, wheren, =0,—1,4+2,43,...;

O‘l+ﬂi7ﬂjiﬂk 7& (angki]-)/27 iaja k= ]-7 23 37 { 7& j 7£ kv nijk = 07 717 i27 i37 cee e

Then the numbers Kg 3 3., (2), Kj g5 0 (2), Kj 5 5, (2) are algebraically
independent for any algebraic z # 0.

Theorem 4. Let 5, 55, 85, aq, a5 be rational numbers satisfying the conditions
a,—B;#Fn, =12 j=1,2,3, wheren;; =0,£1,£2,...;
a1+a27/8j7/6k%njk7 j?k:152731 ]%k? njk:05717i25i37“"

Then the numbers K3 5.5 0 0,(2), Kj 5.5.0,0,(2)s K5 5,8,0,a,(7) are alge-
braically independent for any algebraic z # 0.

Making in equations (6), (7), respectively, the substitutions 2283y, 2Py and
putting 8, — B3 = A, By — B3 = p, we arrive at the linear differential equations

m 2>\+2H+3 ” (2)‘+1)(2u+1>722 / 20 —
y 4 . y 4 22 Y 1 203 37

w Atpu+3—2 , A+1)(p+1)—(oy+ay+1)z , o«
e QDD (0 tay Dz  aga,

z 22 22 y= 03(6)2’“&3737
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whose left-hand sides coincide with the left-hand sides of the equations consid-
ered in .

Using the techniques indicated above, we obtain the assertions of Theorems 3
and 4.
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