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MATHEMATICS

V. A. OLEINIKOV

ON THE ALGEBRAIC INDEPENDENCE OF
VALUES OF 𝐸-FUNCTIONS SATISFYING
LINEAR NONHOMOGENEOUS DIFFEREN-
TIAL EQUATIONS OF THE THIRD ORDER
(Presented by Academician A. Yu. Ishlinskii on 18 X 1965)

In the note (1) the author set out a method applicable to proving the algebraic
independence over the field of rational functions of a solution of a linear homo-
geneous differential equation of the 3rd order and its derivatives. In the present
note the indicated method is transferred to nonhomogeneous equations, which
makes it possible to apply it in the general case to proving the algebraic inde-
pendence of values of 𝐸-functions∗ satisfying linear differential equations of the
3rd order.

Consider the differential equation

𝑦‴ + 𝑝2(𝑧)𝑦″ + 𝑝1(𝑧)𝑦′ + 𝑝0(𝑧)𝑦 = 𝑞(𝑧), (1)

whose coefficients 𝑝𝑖 = 𝑝𝑖(𝑧), 𝑖 = 0, 1, 2, 𝑞 = 𝑞(𝑧) are rational functions of 𝑧.

Let, further,

𝑃(𝑦″, 𝑦′, 𝑦, 𝑧) = 0 (2)

be an algebraic differential equation whose left-hand side is an irreducible poly-
nomial in 𝑦, 𝑦′, 𝑦″ with coefficients from the field of rational functions. Denote
by 𝑃 = 𝑃(𝑦″, 𝑦′, 𝑦, 𝑧) the polynomial, homogeneous with respect to 𝑦, 𝑦′, 𝑦″,
composed of the terms of the highest total degree in 𝑦, 𝑦′, 𝑦″ in 𝑃 .

Theorem 1 (2). Let 𝑦(𝑧) ≠ 0 simultaneously satisfy equations (1), (2) and not
be a solution of any algebraic differential equation of order less than 2. Then
there exists a solution 𝑦(𝑧) ≠ 0 simultaneously satisfying the equations

𝑦‴ + 𝑝2𝑦″ + 𝑝1𝑦′ + 𝑝0𝑦 = 0, (3)
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𝑃(𝑦″, 𝑦′, 𝑦, 𝑧) = 0. (4)

We shall apply the indicated fact and the method of note (1) to the investigation
of the arithmetic nature of the values of the 𝐸-functions

𝐾𝛽1𝛽2𝛽3
(𝑧) =

∞
∑
𝑛=0

1
(𝛽1 + 1) … (𝛽1 + 𝑛)(𝛽2 + 1) … (𝛽2 + 𝑛)(𝛽3 + 1) … (𝛽3 + 𝑛) (𝑧

3)
3𝑛

,

𝐾𝛽1𝛽2𝛽3𝛼1
(𝑧) =

∞
∑
𝑛=0

𝛼1(𝛼1 + 1) … (𝛼1 + 𝑛 − 1)
(𝛽1 + 1) … (𝛽1 + 𝑛)(𝛽2 + 1) … (𝛽2 + 𝑛)(𝛽3 + 1) … (𝛽3 + 𝑛) (𝑧

2)
2𝑛

,

𝐾𝛽1𝛽2𝛽3𝛼1𝛼2
(𝑧) =

∞
∑
𝑛=0

𝛼1(𝛼1 + 1) … (𝛼1 + 𝑛 − 1)𝛼2(𝛼2 + 1) … (𝛼2 + 𝑛 − 1)
(𝛽1 + 1) … (𝛽1 + 𝑛)(𝛽2 + 1) … (𝛽2 + 𝑛)(𝛽3 + 1) … (𝛽3 + 𝑛)𝑧𝑛,

∗ For the definition of an 𝐸-function see, for example, (4).
where 𝛽1, 𝛽2, 𝛽3 ≠ −1, −2, … ; 𝛼1, 𝛼2 ≠ 0, −1, −2, …, satisfying, respectively,
the linear differential equations

𝑦‴ + 3𝜎1(𝛽) + 3
𝑧 𝑦″ + 9𝜎2(𝛽) + 3𝜎1(𝛽) + 1

𝑧2 𝑦′ +[27𝜎3(𝛽)
𝑧3 − 1] 𝑦 = 27𝜎3(𝛽)

𝑧3 , (5)

𝑦‴+2𝜎1(𝛽) + 3
𝑧 𝑦″+[4𝜎2(𝛽) + 2𝜎1(𝛽) + 1

𝑧2 − 1] 𝑦′+[8𝜎3(𝛽)
𝑧3 − 2𝛼1

𝑧 ] 𝑦 = 8𝜎3(𝛽)
𝑧3 ,

(6)

𝑦‴+[𝜎1(𝛽) + 3
𝑧 − 1] 𝑦″+[𝜎2(𝛽) + 𝜎1(𝛽) + 1

𝑧2 − 𝜎1(𝛼) + 1
𝑧 ] 𝑦′+[𝜎3(𝛽)

𝑧3 − 𝜎2(𝛼)
𝑧2 ] 𝑦 = 𝜎3(𝛽)

𝑧3 ,
(7)

where 𝜎1(𝛽) = 𝛽1 + 𝛽2 + 𝛽3, 𝜎2(𝛽) = 𝛽1𝛽2 + 𝛽1𝛽3 + 𝛽2𝛽3, 𝜎3(𝛽) =
𝛽1𝛽2𝛽3, 𝜎1(𝛼) = 𝛼1 + 𝛼2, 𝜎2(𝛼) = 𝛼1𝛼2.

With respect to the first of these functions, 𝐾𝛽1𝛽2𝛽3
, the following holds.

Theorem 2. Let 𝛽1, 𝛽2, 𝛽3 be rational numbers satisfying the conditions

|2𝛽1 − 𝛽2 − 𝛽3| ≠ 𝑛1, |2𝛽2 − 𝛽1 − 𝛽3| ≠ 𝑛2, |2𝛽3 − 𝛽1 − 𝛽2| ≠ 𝑛3,
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where 𝑛1, 𝑛2, 𝑛3 are natural numbers.

Then the numbers

𝐾𝛽1𝛽2𝛽3
(𝑧), 𝐾′

𝛽1𝛽2𝛽3
(𝑧), 𝐾″

𝛽1𝛽2𝛽3
(𝑧)

are algebraically independent for any algebraic value 𝑧 ≠ 0∗.

We outline the proof. By Shidlovskii’s main theorem (4), it is enough to prove
that, for the indicated values of 𝛽1, 𝛽2, 𝛽3, the functions

𝐾𝛽1𝛽2𝛽3
, 𝐾′

𝛽1𝛽2𝛽3
, 𝐾″

𝛽1𝛽2𝛽3

are algebraically independent over the field of rational functions of 𝑧.

Consider the function 𝐾 = 𝑧3𝛽3𝐾𝛽1𝛽2𝛽3
, satisfying the equation

𝑦‴ + 3(𝜆 + 𝜇 + 1)
𝑧 𝑦″ + (3𝜆 + 1)(3𝜇 + 1)

𝑧2 𝑦′ − 𝑦 = 27𝜎3(𝛽)𝑧3(𝛽3−1),

where 𝜆 = 𝛽1 − 𝛽3, 𝜇 = 𝛽2 − 𝛽3. To prove the theorem it is enough to show
that the functions 𝐾, 𝐾′, 𝐾″ are algebraically independent over the field of
rational functions.

The function 𝐾, differing by the factor 𝑧3𝛽3 from the entire and non-polynomial
function 𝐾𝛽1𝛽2𝛽3

, is not algebraic. Therefore, if 𝐾 is a solution of an algebraic
differential equation of the first order, then there exists an algebraic function
𝑓(𝑧, 𝑧1) satisfying the equation

𝐺2
2𝑓 + 3(𝜆 + 𝜇 + 1)

𝑧 𝐺2𝑓 + (3𝜆 + 1)(3𝜇 + 1)
𝑧2 𝑓 − 𝑧1 − 27𝜎3(𝛽)𝑧3(𝛽3−1) = 0

(see (1), Theorem 2). Substituting into this equation the expansion

𝑓(𝑧, 𝑧1) = ℎ0(𝑧)𝑧𝜀0
1 + ℎ1(𝑧)𝑧𝜀1

1 + ⋯ , 𝜀0 > 𝜀1 > ⋯

(Theorem 5) and comparing coefficients of the highest powers of 𝑧1, we obtain
a condition on the algebraic function ℎ0(𝑧):

ℎ3 + 3ℎℎ′ + ℎ″ + 3(𝜆 + 𝜇 + 1)
𝑧 (ℎ2 + ℎ′) + (3𝜆 + 1)(3𝜇 + 1)

𝑧2 ℎ − 1 = 0.

Investigating the expansion of the algebraic function ℎ0(𝑧) in a neighborhood
of an arbitrary point 𝑧 = 𝑎, one can show that ℎ0(𝑧) is a rational function
having only simple poles. Comparing the expansion of this function into partial
fractions with its expansion in a neighborhood of 𝑧 = ∞, we obtain

𝜆 + 𝜇 = 𝑛1, 𝜆 − 2𝜇 = 𝑛2, 𝜇 − 2𝜆 = 𝑛3,
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where 𝑛1, 𝑛2, 𝑛3 = −1, −2, …, which contradicts the conditions of the theorem,
since

𝜆 = 𝛽1 − 𝛽3, 𝜇 = 𝛽2 − 𝛽3.

∗ In the case 𝛽1 = 𝛽2 = 𝛽3, this fact is contained in Theorem 6 of (3).

If now the functions 𝐾, 𝐾′, 𝐾″ are algebraically dependent, then, by Theorem
1, there exists 𝑦(𝑧) ≢ 0 satisfying simultaneously equations (3) and (4), where
𝑝0 = −1, 𝑝1 = (3𝜆 + 1)(3𝜇 + 1)/𝑧2, 𝑝2 = 3(𝜆 + 𝜇 + 1)/𝑧. In this case the left-
hand side of equation (3) coincides with the left-hand side of the homogeneous
equation (5) considered in 1. By Theorem 5 of 1, for values of 𝜆, 𝜇 satisfying the
conditions |𝜆 + 𝜇| ≠ 𝑛1, |𝜆 − 2𝜇| ≠ 𝑛2, |𝜇 − 2𝜆| ≠ 𝑛3, 𝑛1, 𝑛2, 𝑛3 = 1, 2, …, this
equation is differentially irreducible and, consequently, cannot have common
solutions 𝑦(𝑧) ≢ 0 with equation (4). The contradiction obtained proves our
theorem.

The following assertions are proved analogously:

Theorem 3. Let 𝛽1, 𝛽2, 𝛽3, 𝛼1 be rational numbers satisfying the conditions

𝛼1 − 𝛽𝑖 ≠ 𝑛𝑖/2, 𝑖 = 1, 2, 3, where 𝑛𝑖 = 0, −1, ±2, ±3, … ;

𝛼1+𝛽𝑖−𝛽𝑗−𝛽𝑘 ≠ (2𝑛𝑖𝑗𝑘−1)/2, 𝑖, 𝑗, 𝑘 = 1, 2, 3; 𝑖 ≠ 𝑗 ≠ 𝑘; 𝑛𝑖𝑗𝑘 = 0, −1, ±2, ±3, … .

Then the numbers 𝐾𝛽1𝛽2𝛽3𝛼1
(𝑧), 𝐾′

𝛽1𝛽2𝛽3𝛼1
(𝑧), 𝐾″

𝛽1𝛽2𝛽3𝛼2
(𝑧) are algebraically

independent for any algebraic 𝑧 ≠ 0.

Theorem 4. Let 𝛽1, 𝛽2, 𝛽3, 𝛼1, 𝛼2 be rational numbers satisfying the conditions

𝛼𝑖 − 𝛽𝑗 ≠ 𝑛𝑖𝑗, 𝑖 = 1, 2; 𝑗 = 1, 2, 3, where 𝑛𝑖𝑗 = 0, ±1, ±2, … ;

𝛼1 + 𝛼2 − 𝛽𝑗 − 𝛽𝑘 ≠ 𝑛𝑗𝑘, 𝑗, 𝑘 = 1, 2, 3; 𝑗 ≠ 𝑘; 𝑛𝑗𝑘 = 0, −1, ±2, ±3, … .

Then the numbers 𝐾𝛽1𝛽2𝛽3𝛼1𝛼2
(𝑧), 𝐾′

𝛽1𝛽2𝛽3𝛼1𝛼2
(𝑧), 𝐾″

𝛽1𝛽2𝛽3𝛼1𝛼2
(𝑧) are alge-

braically independent for any algebraic 𝑧 ≠ 0.

Making in equations (6), (7), respectively, the substitutions 𝑧2𝛽3𝑦, 𝑧𝛽3𝑦 and
putting 𝛽1 − 𝛽3 = 𝜆, 𝛽2 − 𝛽3 = 𝜇, we arrive at the linear differential equations

𝑦‴ + 2𝜆 + 2𝜇 + 3
𝑧 𝑦″ + (2𝜆 + 1)(2𝜇 + 1) − 𝑧2

𝑧2 𝑦′ − 2𝛼1
𝑧 𝑦 = 8𝜎3(𝛽)𝑧2𝛽3−3,

𝑦‴+𝜆 + 𝜇 + 3 − 𝑧
𝑧 𝑦″+(𝜆 + 1)(𝜇 + 1) − (𝛼1 + 𝛼2 + 1)𝑧

𝑧2 𝑦′−𝛼1𝛼2
𝑧2 𝑦 = 𝜎3(𝛽)𝑧𝛽3−3,
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whose left-hand sides coincide with the left-hand sides of the equations consid-
ered in 1.

Using the techniques indicated above, we obtain the assertions of Theorems 3
and 4.

Moscow State University
named after M. V. Lomonosov
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