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Abstract

Full Text

UDC 517.946
MATHEMATICS
O. A. OLEINIK

THE CAUCHY PROBLEM AND A BOUNDARY-
VALUE PROBLEM FOR SECOND-ORDER
HYPERBOLIC EQUATIONS DEGENERAT-
ING IN THE DOMAIN AND ON ITS BOUND-
ARY

(Presented by Academician I. G. Petrovskii, 15 XI 1965)

The Cauchy problem for second-order hyperbolic equations degenerating on the
manifold where the initial conditions are prescribed, as well as the boundary-
value problem for such equations, have been considered in the works of many
authors (see, for example, (1~7)). In the present note, applying the methods
of the papers (871%) on second-order equations with nonnegative characteristic
form (see also (1)), we shall study the Cauchy problem and the boundary-value
problem for second-order hyperbolic equations degenerating in an arbitrary way
inside the domain under consideration and on its boundary. We shall consider
the equation

L(u) = —uy + (aij(t7 m)u$1)$ + bi(t,x)umi + bo(t7x)ut+

J

+C(t7x)u: f(t7x>7 (1)

where a(t,2)€;¢; > 0 for all (¢,x) with ¢ > 0. Such equations may naturally
be called limit hyperbolic.

1. The Cauchy problem. In the domain G{0 < ¢t < T, = C R}, R, =
(21, ...,,,), we shall study the Cauchy problem for equation (1) with initial
conditions

u(0,2) =0, u,(0,2) = 0. (2)

Lemma 1. For solutions of the Cauchy problem for the equation

—uy +eAu+ (aéjuzi)r‘ + blu,, + bduy + cou = f., >0, (3)
J
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with infinitely differentiable coefficients and f. in G, under conditions (2), the
estimates

Ok

<M
Otkodz™t . ozl b

Ly(G)

, k>0, (4)

hold, where M does not depend on e, if all derivatives of the coefficients of (3)
and of f, up to order k inclusive are uniformly bounded with respect to ¢, and
if there exist constants A > 0 and « > 0, independent of ¢, such that

Aaéjgigj + agngj - O‘(béfi)Q 2 0; (5)

f. are finite with respect to z. For k = 0, in addition, it is assumed that

at,, bgwi, bY, are uniformly bounded with respect to ¢, and for k = 1 also aggizp

and b2, ,.

Proof. Multiply equation (3) by e®w, where

w:/ u(s,x)ds,
t

and integrate it over G {0 < t < 7,  C R,,}. Since f. is finite, the solutions
of problems (2), (3) are also finite. Consider -

individual terms of the obtained equality. For brevity of notation put
(lle, = [ @vdG, (W)= [ elnao)ds
G, R,
Integrating by parts, we obtain

1
[y, 0] = i(u, e¥u),_, + [ue®, 0%w — 30ulg ;

1 1
[eAu, eetw]GT = —iaﬁ[wwi,eetwwi]a — 55(wwi’ Wy )i—o;
[(a?uzi)mj ) eetw]GT = _5[(9a? + a?t)wxi ) eetwwj]GT - 7(0’2 wxi ) wwj>t:O; (6)
blu,,, e w]g = —[bl, u,ew]g —[blw, ,e"ulq ; (7)
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[b0u;, e”w] = [u, e”bu— (b)) -

Using the inequality

2ab < aa? + a2 (8)

to estimate the last integral in (7), and condition (5) to estimate the terms (6)
and (7), choosing 6 > 0 sufficiently large, we obtain from the equality under
consideration that

(u7u)t:7' < Ml[uvu]G + MQ[fe’fa]G' (9)

Here M;, here and below, do not depend on € and 7, 0 < 7 < T. From (9) it
follows that [u, u]g < M. Suppose that the estimates (4) are valid for k—1. We
show that they are valid also for k. Apply to (3) the operator

Dk o 8k1 aknL

=
Oxy* Oz

)

multiply the resulting equation by e D**  integrate over G., and sum over all
possible D¥. Transform the individual terms of this equality:

1
[Dkutt7 eﬂtDkw]G — §(Dku’ e,BtDku)t:T 4 [eﬁtDku, 52Dkw _ %ﬂDku]GT;

-

1 1
[eD*Au, eﬁtD’““]GT = —i[Dkwmi,sﬁeﬂtDkwmi]GT — g(eDszi7Dkwxi)t:0.
In what follows, by A¥ we shall denote constants for which the estimate

|Ai€| < MS[Dku7Dku]GT + M4a

is valid.

ij w 1 ij o, ij
[Dk(afjuzi)xj7eﬁtDk ]GT = _5[(6(15] + a’ejt)Dkwx,i?eﬁtDkwxj]GT

iJ Mk k ij k—1 t Dk k
_(as D wxi7D wwj)t:() - [a’sxpD w ]765 D u]G"' + Al-

;T

We estimate the last integral, using (8) and Lemma 1 of [9], according to which
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ij -1 2 ij
(az, D" 'w, , )* < Msad D*w, D*w, .

Further,

[D*(beu,, ), e D**)g

i T

= A5 — L D*w, ,eP D*] ; (10)

[D*(00u,), e D" = A5 + [b2 D", + b2, D*tuy, e D] . (11)

The last integral in (10) is estimated as in (7), while the integral in (11) is
transformed by integration by parts with respect to ¢. Taking all these trans-
formations into account, in the same way as (9), we obtain that

(Dkuv Dku)t:T < MG[Dkukau]GT + M77

and, consequently,

[D**, D¥] < My

The boundedness, uniform in €, in £,(G) of the derivatives of order k of u
containing more than one differentiation with respect to t, is obtained by differ-
entiating equation (3). To estimate in £,(G) derivatives of the form D¥1u,, we
apply the operator D¥1 to equation (3), multiply it by D*~lu,, integrate over
G, and transform the individual terms by integration by parts. Thus, Lemma
1 is proved.

Theorem 1. Suppose that for the coefficients of equation (1) the inequality

A€ + a6, — a(bi€)? 2 0 (12)

holds for some A > 0 and a > 0, (cf. (4)), and that f is finite. Suppose that
there exist bounded derivatives of order k (k > 2) of all coefficients of (1) and
of f. Then there exists a unique solution wu(t, z) of the Cauchy problem (1), (2)
in the class W¥(G), satisfying (1) almost everywhere in G and the conditions
(2) in the mean. If 2(k —2) > m + 1, then there exists a classical solution of
problem (1), (2).

Proof. The existence of such a solution follows from Lemma 1, if for the
coefficients (3) one takes the averages of the corresponding coefficients (1) with
averaging radius e. Condition (5) follows from (12) and the estimate for the
square of the averaged function. The uniqueness of the solution of problem (1),
(2) is proved in exactly the same way as estimate (9) was obtained.
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2. Boundary-value problem. Consider the boundary-value problem for
equation (1) in the cylinder Q{0 < ¢ < T, z C Q}, where Q is a domain in R,
with boundary o, under conditions (2) and the boundary condition

ug=0, §=1{0,T]x 0} (13)

By a generalized solution of the boundary-value problem (1), (2), (13)
in @ we shall mean a function u from £,(Q) satisfying the integral identity

[L*(/U)vu}Q = [vvf]Qv (14)
where v is an arbitrary function from W%(Q) with the conditions

V=0, Vyle—r =0, vlg = 0. (15)

Here

L (’U) = vyt (aijvmi)a: (bw)a:1 - (bov>t + cv.

Let 0 ¢ A®),

Theorem 2. Suppose the coefficients of equation (1) and of the equation
L*(u) =0, as well as f and a;’, are bounded in @, and condition (12) is fulfilled.
Then there exists a generalized solution of the boundary-value problem (1), (2),
(13).

The proof is easily obtained by using the estimate for solutions of problem (3),
(2), (13) analogous to (9).

We note that from this estimate it is easy to obtain that, for the generalized
solution of (1), (2), (13), the inequality

[u,ulg, < M54, (16)

holds, if [f, flg, < M;,63. Here Qs = {0 <t <4, z CQ}.

Theorem 3. Suppose that in @Q the coefficients (1) belong to C3, that (12) is
fulfilled, and

|0 &&5| + lag&€,| + b 1P < Kagg,, (17)

and suppose that in some neighborhood of S
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(a &) + (a'€;)? < K,a g, (18)

where K; > 0 are certain constants. Then the generalized solution of problem
(1), (2), (13) is unique. If conditions (17), (18) are fulfilled in Q7 (7 < t <
T,  C Q) with K; depending on 7, then the solution of problem (1), (2), (13)
is unique in the class of functions satisfying (16).

Proof. Consider in @ a solution of the equation

L*(v) +eAv=2>0 (19)

with conditions (15), where ® C C§° in Q. Suppose (17) is fulfilled. Multiply
(19) by e%1?, integrate over Q7, and transform the individual terms by integration
by parts. For sufficiently large 6; > 0 we obtain, taking (12) into account, that

[Uv U}QT + [vtv Ut]QT +€['Umi, vmi]QT + (a‘ijvmi ’ Ua:j>t:7' + [aijva:ia vz_j]QT < Mll' (20)

To estimate [v;, vy]o-, we differentiate (19) with respect to ¢, multiply by
ety,,, and integrate it over Q7. We shall now estimate [eAwv, eAv]g. To this
end we multiply (19) by eAv and integrate over Q. We have

(1-30)[Av, eAv]g < 67 vy, vyl +0H[(BO0),—cv+®, (b70),—cv+@l o+ (b)), , (b™), Jo—[eAv, (a¥v, ), ]
(21)

The penultimate integral in (21) is bounded uniformly with respect to e by
virtue of (12) and (20). Next we have

g 1 .
[eAv,eAv]g = E[a”%kxi’vwkwj]Q — i[ga?m vwi,UIj]Q-i-

+ /Saaijvxk{vmimj cos(n, ) — vy, cos(n,x;)} dS+

g 1 . g
+ /S{(avzka;]jvzi + iaa?kvxivxj) cos(n, vy) — eag, v, v, cos(n,z;)}dS. (22)

The first integral on the right in (22) is nonnegative, and the second is bounded
by virtue of (20). To estimate the integrals over S, introduce on S a partition
of unity: 1 = ), 4, such that in a neighborhood S, where v, # 0, one can
introduce local coordinates ¢,y;, ..., ¥,, such that S, lies in the plane y,, = 0.
Passing to vy, ..., ¥,,_; in the last integral I; in (22), we obtain
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L=y / epfal v? didy = - / ol el ) dedy =
1 7S o

1 1 m

= Z {_ / 251#1"07)(?@?; Uy Uy oy, Aty + /
l Q

eBy(t,y)v; dt dy} . (23)
Q

Here dy’ = dy; ...dy,,_1; ¢-(y,) i3 a smooth function; ¢, = 1 for y,, < v
and ¢, = 0 for y,, > 2v; xf;j, B, are bounded. The last integral in (23)
is bounded uniformly with respect to € by virtue of (20). To estimate the
penultimate integral in (23) we use (8), (18), (20), and the known inequality
52[12%%, vrimj]Q < Myy[eAv,eAv]g, see (12). We write the first integral I, over
S on the right-hand side of (22) in local coordinates, transform the terms contain-
ing Uy (p # m) by integration by parts, and then estimate I in the same way

as I;. Finally, from (21) we have [eAv, eAv], < Mj3. Substitute the solution v
of problem (19), (15) into (14) for f = 0. We obtain [®,u], = [cAv,u]gy. The
last integral tends to zero as € — 0 (see (8)). Consequently, u = 0. If, in condi-
tions (17) and (18), the constants /; depend on 7, then [cAv, eAv],, < M(r),
and in (14), for f = 0, we substitute the function v = vn,(t), where v is the
solution of problem (19), (15), while ns(t) = 0 for ¢ < §, 55 = 1 for t > 24,
0<mns <1, |nf] = O, |n5| = O(62). In doing so one must take into
account that [v,v]gs + [v;,v,]gs = O(J), as well as (16).
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