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Abstract
Full Text
UDC 517.946

MATHEMATICS

O. A. OLEINIK

THE CAUCHY PROBLEM AND A BOUNDARY-
VALUE PROBLEM FOR SECOND-ORDER
HYPERBOLIC EQUATIONS DEGENERAT-
ING IN THE DOMAIN AND ON ITS BOUND-
ARY
(Presented by Academician I. G. Petrovskii, 15 XI 1965)

The Cauchy problem for second-order hyperbolic equations degenerating on the
manifold where the initial conditions are prescribed, as well as the boundary-
value problem for such equations, have been considered in the works of many
authors (see, for example, (1−7)). In the present note, applying the methods
of the papers (8−10) on second-order equations with nonnegative characteristic
form (see also (11)), we shall study the Cauchy problem and the boundary-value
problem for second-order hyperbolic equations degenerating in an arbitrary way
inside the domain under consideration and on its boundary. We shall consider
the equation

𝐿(𝑢) ≡ −𝑢𝑡𝑡 + (𝑎𝑖𝑗(𝑡, 𝑥)𝑢𝑥𝑖
)𝑥𝑗

+ 𝑏𝑖(𝑡, 𝑥)𝑢𝑥𝑖
+ 𝑏0(𝑡, 𝑥)𝑢𝑡+

+ 𝑐(𝑡, 𝑥)𝑢 = 𝑓(𝑡, 𝑥), (1)

where 𝑎𝑖𝑗(𝑡, 𝑥)𝜉𝑖𝜉𝑗 ⩾ 0 for all (𝑡, 𝑥) with 𝑡 ⩾ 0. Such equations may naturally
be called limit hyperbolic.

1. The Cauchy problem. In the domain 𝐺{0 ⩽ 𝑡 ⩽ 𝑇 , 𝑥 ⊂ 𝑅𝑚}, 𝑅𝑚 =
(𝑥1, … , 𝑥𝑚), we shall study the Cauchy problem for equation (1) with initial
conditions

𝑢(0, 𝑥) = 0, 𝑢𝑡(0, 𝑥) = 0. (2)

Lemma 1. For solutions of the Cauchy problem for the equation

−𝑢𝑡𝑡 + 𝜀Δ𝑢 + (𝑎𝑖𝑗
𝜀 𝑢𝑥𝑖

)𝑥𝑗
+ 𝑏𝑖

𝜀𝑢𝑥𝑖
+ 𝑏0

𝜀𝑢𝑡 + 𝑐𝜀𝑢 = 𝑓𝜀, 𝜀 > 0, (3)
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with infinitely differentiable coefficients and 𝑓𝜀 in 𝐺, under conditions (2), the
estimates

∥ 𝜕𝑘𝑢
𝜕𝑡𝑘0𝜕𝑥𝑘1

1 … 𝜕𝑥𝑘𝑚𝑚
∥

𝐿2(𝐺)
⩽ 𝑀, 𝑘 ⩾ 0, (4)

hold, where 𝑀 does not depend on 𝜀, if all derivatives of the coefficients of (3)
and of 𝑓𝜀 up to order 𝑘 inclusive are uniformly bounded with respect to 𝜀, and
if there exist constants 𝐴 > 0 and 𝛼 > 0, independent of 𝜀, such that

𝐴𝑎𝑖𝑗
𝜀 𝜉𝑖𝜉𝑗 + 𝑎𝑖𝑗

𝜀𝑡𝜉𝑖𝜉𝑗 − 𝛼(𝑏𝑖
𝜀𝜉𝑖)

2 ⩾ 0; (5)

𝑓𝜀 are finite with respect to 𝑥. For 𝑘 = 0, in addition, it is assumed that
𝑎𝑖

𝜀𝑡, 𝑏0
𝜀𝑥𝑖

, 𝑏0
𝜀𝑡 are uniformly bounded with respect to 𝜀, and for 𝑘 = 1 also 𝑎𝑖𝑗

𝜀𝑥𝑖𝑥𝜌

and 𝑏0
𝜀𝑥𝑖𝑡.

Proof. Multiply equation (3) by 𝑒𝜃𝑡𝑤, where

𝑤 = ∫
𝜏

𝑡
𝑢(𝑠, 𝑥) 𝑑𝑠,

and integrate it over 𝐺𝜏{0 ⩽ 𝑡 ⩽ 𝜏, 𝑥 ⊂ 𝑅𝑚}. Since 𝑓𝜀 is finite, the solutions
of problems (2), (3) are also finite. Consider ⋯

individual terms of the obtained equality. For brevity of notation put

[𝜑, 𝜓]𝐺𝜏
≡ ∫

𝐺𝜏

𝜑𝜓 𝑑𝐺, (𝜑, 𝜓)𝑡=𝜏 ≡ ∫
𝑅𝑚

𝜑(𝜏, 𝑥)𝜓(𝜏, 𝑥) 𝑑𝑥.

Integrating by parts, we obtain

[𝑢𝑡𝑡, 𝑒𝜃𝑡𝑤]𝐺𝜏
= 1

2(𝑢, 𝑒𝜃𝑡𝑢)𝑡=𝜏 + [𝑢𝑒𝜃𝑡, 𝜃2𝑤 − 3
2 𝜃𝑢]𝐺𝜏

;

[𝜀Δ𝑢, 𝑒𝜃𝑡𝑤]𝐺𝜏
= −1

2𝜀𝜃[𝑤𝑥𝑖
, 𝑒𝜃𝑡𝑤𝑥𝑖

]𝐺𝜏
− 1

2𝜀(𝑤𝑥𝑖
, 𝑤𝑥𝑖

)𝑡=0;

[(𝑎𝑖𝑗
𝜀 𝑢𝑥𝑖

)𝑥𝑗
, 𝑒𝜃𝑡𝑤]𝐺𝜏

= −1
2[(𝜃𝑎𝑖𝑗

𝜀 + 𝑎𝑖𝑗
𝜀𝑡)𝑤𝑥𝑖

, 𝑒𝜃𝑡𝑤𝑥𝑗
]𝐺𝜏

− 1
2(𝑎𝑖𝑗

𝜀 𝑤𝑥𝑖
, 𝑤𝑥𝑗

)𝑡=0; (6)

[𝑏𝑖
𝜀𝑢𝑥𝑖

, 𝑒𝜃𝑡𝑤]𝐺𝜏
= −[𝑏𝑖

𝜀𝑥𝑖
𝑢, 𝑒𝜃𝑡𝑤]𝐺𝜏

− [𝑏𝑖
𝜀𝑤𝑥𝑖

, 𝑒𝜃𝑡𝑢]𝐺𝜏
; (7)
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[𝑏0
𝜀𝑢𝑡, 𝑒𝜃𝑡𝑤]𝐺𝜏

= [𝑢, 𝑒𝜃𝑡𝑏0
𝜀𝑢 − (𝑏0

𝜀𝑒𝜃𝑡)𝑡𝑤]𝐺𝜏
.

Using the inequality

2𝑎𝑏 ≤ 𝛼𝑎2 + 𝛼−1𝑏2 (8)

to estimate the last integral in (7), and condition (5) to estimate the terms (6)
and (7), choosing 𝜃 > 0 sufficiently large, we obtain from the equality under
consideration that

(𝑢, 𝑢)𝑡=𝜏 ≤ 𝑀1[𝑢, 𝑢]𝐺 + 𝑀2[𝑓𝜀, 𝑓𝜀]𝐺. (9)

Here 𝑀𝑖, here and below, do not depend on 𝜀 and 𝜏 , 0 ≤ 𝜏 ≤ 𝑇 . From (9) it
follows that [𝑢, 𝑢]𝐺 ≤ 𝑀 . Suppose that the estimates (4) are valid for 𝑘−1. We
show that they are valid also for 𝑘. Apply to (3) the operator

𝐷𝑘 ≡ 𝜕𝑘1

𝜕𝑥𝑘1
1

⋯ 𝜕𝑘𝑚

𝜕𝑥𝑘𝑚𝑚
,

multiply the resulting equation by 𝑒𝛽𝑡𝐷𝑘𝑤, integrate over 𝐺𝜏 , and sum over all
possible 𝐷𝑘. Transform the individual terms of this equality:

[𝐷𝑘𝑢𝑡𝑡, 𝑒𝛽𝑡𝐷𝑘𝑤]𝐺𝜏
= 1

2(𝐷𝑘𝑢, 𝑒𝛽𝑡𝐷𝑘𝑢)𝑡=𝜏 + [𝑒𝛽𝑡𝐷𝑘𝑢, 𝛽2𝐷𝑘𝑤 − 3
2 𝛽𝐷𝑘𝑢]𝐺𝜏

;

[𝜀𝐷𝑘Δ𝑢, 𝑒𝛽𝑡𝐷𝑘𝑤]𝐺𝜏
= −1

2[𝐷𝑘𝑤𝑥𝑖
, 𝜀𝛽𝑒𝛽𝑡𝐷𝑘𝑤𝑥𝑖

]𝐺𝜏
− 1

2(𝜀𝐷𝑘𝑤𝑥𝑖
, 𝐷𝑘𝑤𝑥𝑖

)𝑡=0.

In what follows, by 𝐴𝑘
𝑖 we shall denote constants for which the estimate

|𝐴𝑘
𝑖 | ≤ 𝑀3[𝐷𝑘𝑢, 𝐷𝑘𝑢]𝐺𝜏

+ 𝑀4,

is valid.

[𝐷𝑘(𝑎𝑖𝑗
𝜀 𝑢𝑥𝑖

)𝑥𝑗
, 𝑒𝛽𝑡𝐷𝑘𝑤]𝐺𝜏

= −1
2[(𝛽𝑎𝑖𝑗

𝜀 + 𝑎𝑖𝑗
𝜀𝑡)𝐷𝑘𝑤𝑥𝑖

, 𝑒𝛽𝑡𝐷𝑘𝑤𝑥𝑗
]𝐺𝜏

−(𝑎𝑖𝑗
𝜀 𝐷𝑘𝑤𝑥𝑖

, 𝐷𝑘𝑤𝑥𝑗
)𝑡=0 − [𝑎𝑖𝑗

𝜀𝑥𝜌𝐷𝑘−1𝑤𝑥𝑖𝑥𝑗
, 𝑒𝛽𝑡𝐷𝑘𝑢]𝐺𝜏

+ 𝐴𝑘
1.

We estimate the last integral, using (8) and Lemma 1 of [9], according to which
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(𝑎𝑖𝑗
𝜀𝑥𝜌𝐷𝑘−1𝑤𝑥𝑖𝑥𝑗

)2 ≤ 𝑀5𝑎𝑖𝑗
𝜀 𝐷𝑘𝑤𝑥𝑖

𝐷𝑘𝑤𝑥𝑗
.

Further,

[𝐷𝑘(𝑏𝑖
𝜀𝑢𝑥𝑖

), 𝑒𝛽𝑡𝐷𝑘𝑤]𝐺𝜏
= 𝐴𝑘

2 − [𝑏𝑖
𝜀𝐷𝑘𝑤𝑥𝑖

, 𝑒𝛽𝑡𝐷𝑘𝑢]𝐺𝜏
; (10)

[𝐷𝑘(𝑏0
𝜀𝑢𝑡), 𝑒𝛽𝑡𝐷𝑘𝑤]𝐺𝜏

= 𝐴𝑘
3 + [𝑏0

𝜀𝐷𝑘𝑢𝑡 + 𝑏0
𝜀𝑥𝜌

𝐷𝑘−1𝑢𝑡, 𝑒𝛽𝑡𝐷𝑘𝑤]𝐺𝜏
. (11)

The last integral in (10) is estimated as in (7), while the integral in (11) is
transformed by integration by parts with respect to 𝑡. Taking all these trans-
formations into account, in the same way as (9), we obtain that

(𝐷𝑘𝑢, 𝐷𝑘𝑢)𝑡=𝜏 ≤ 𝑀6[𝐷𝑘𝑢, 𝐷𝑘𝑢]𝐺𝜏
+ 𝑀7,

and, consequently,

[𝐷𝑘𝑢, 𝐷𝑘𝑢]𝐺 ≤ 𝑀8.

The boundedness, uniform in 𝜀, in ℒ2(𝐺) of the derivatives of order 𝑘 of 𝑢
containing more than one differentiation with respect to 𝑡, is obtained by differ-
entiating equation (3). To estimate in ℒ2(𝐺) derivatives of the form 𝐷𝑘−1𝑢𝑡, we
apply the operator 𝐷𝑘−1 to equation (3), multiply it by 𝐷𝑘−1𝑢𝑡, integrate over
𝐺𝜏 , and transform the individual terms by integration by parts. Thus, Lemma
1 is proved.

Theorem 1. Suppose that for the coefficients of equation (1) the inequality

𝐴𝑎𝑖𝑗𝜉𝑖𝜉𝑗 + 𝑎𝑖𝑗
𝑡 𝜉𝑖𝜉𝑗 − 𝛼(𝑏𝑖𝜉𝑖)2 ≥ 0 (12)

holds for some 𝐴 > 0 and 𝛼 > 0, (cf. (4)), and that 𝑓 is finite. Suppose that
there exist bounded derivatives of order 𝑘 (𝑘 ≥ 2) of all coefficients of (1) and
of 𝑓 . Then there exists a unique solution 𝑢(𝑡, 𝑥) of the Cauchy problem (1), (2)
in the class 𝑊 𝑘

2 (𝐺), satisfying (1) almost everywhere in 𝐺 and the conditions
(2) in the mean. If 2(𝑘 − 2) > 𝑚 + 1, then there exists a classical solution of
problem (1), (2).

Proof. The existence of such a solution follows from Lemma 1, if for the
coefficients (3) one takes the averages of the corresponding coefficients (1) with
averaging radius 𝜀. Condition (5) follows from (12) and the estimate for the
square of the averaged function. The uniqueness of the solution of problem (1),
(2) is proved in exactly the same way as estimate (9) was obtained.
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2. Boundary-value problem. Consider the boundary-value problem for
equation (1) in the cylinder 𝑄{0 ≤ 𝑡 ≤ 𝑇 , 𝑥 ⊂ Ω}, where Ω is a domain in 𝑅𝑚
with boundary 𝜎, under conditions (2) and the boundary condition

𝑢|𝑆 = 0, 𝑆 = {[0, 𝑇 ] × 𝜎}. (13)

By a generalized solution of the boundary-value problem (1), (2), (13)
in 𝑄 we shall mean a function 𝑢 from ℒ2(𝑄) satisfying the integral identity

[𝐿∗(𝑣), 𝑢]𝑄 = [𝑣, 𝑓]𝑄, (14)

where 𝑣 is an arbitrary function from
∘

𝑊 2
2(𝑄) with the conditions

𝑣|𝑡=𝑇 = 0, 𝑣𝑡|𝑡=𝑇 = 0, 𝑣|𝑆 = 0. (15)

Here

𝐿∗(𝑣) ≡ −𝑣𝑡𝑡 + (𝑎𝑖𝑗𝑣𝑥𝑖
)𝑥𝑗

− (𝑏𝑖𝑣)𝑥𝑖
− (𝑏0𝑣)𝑡 + 𝑐𝑣.

Let 𝜎 ⊂ 𝐴(3).

Theorem 2. Suppose the coefficients of equation (1) and of the equation
𝐿∗(𝑢) = 0, as well as 𝑓 and 𝑎𝑖𝑗

𝑡 , are bounded in 𝑄, and condition (12) is fulfilled.
Then there exists a generalized solution of the boundary-value problem (1), (2),
(13).

The proof is easily obtained by using the estimate for solutions of problem (3),
(2), (13) analogous to (9).

We note that from this estimate it is easy to obtain that, for the generalized
solution of (1), (2), (13), the inequality

[𝑢, 𝑢]𝑄𝛿
≤ 𝑀0𝛿4, (16)

holds, if [𝑓, 𝑓]𝑄𝛿
≤ 𝑀10𝛿3. Here 𝑄𝛿 = {0 ≤ 𝑡 ≤ 𝛿, 𝑥 ⊂ Ω}.

Theorem 3. Suppose that in 𝑄 the coefficients (1) belong to 𝐶3, that (12) is
fulfilled, and

|𝑎𝑖𝑗
𝑡 𝜉𝑖𝜉𝑗| + |𝑎𝑖𝑗

𝑡𝑡𝜉𝑖𝜉𝑗| + |𝑏𝑖
𝑡𝜉𝑖|2 ≤ 𝐾1𝑎𝑖𝑗𝜉𝑖𝜉𝑗, (17)

and suppose that in some neighborhood of 𝑆
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(𝑎𝑖𝑗
𝑥𝜌𝜉𝑖)2 + (𝑎𝑖𝜉𝑖)2 ≤ 𝐾2𝑎𝑖𝑗𝜉𝑖𝜉𝑗, (18)

where 𝐾𝑖 > 0 are certain constants. Then the generalized solution of problem
(1), (2), (13) is unique. If conditions (17), (18) are fulfilled in 𝑄𝜏(𝜏 ≤ 𝑡 ≤
𝑇 , 𝑥 ⊂ Ω) with 𝐾𝑖 depending on 𝜏 , then the solution of problem (1), (2), (13)
is unique in the class of functions satisfying (16).

Proof. Consider in 𝑄 a solution of the equation

𝐿∗(𝑣) + 𝜀Δ𝑣 = Φ (19)

with conditions (15), where Φ ⊂ 𝐶∞
0 in 𝑄. Suppose (17) is fulfilled. Multiply

(19) by 𝑒𝜃1𝑡, integrate over 𝑄𝜏 , and transform the individual terms by integration
by parts. For sufficiently large 𝜃1 > 0 we obtain, taking (12) into account, that

[𝑣, 𝑣]𝑄𝜏 +[𝑣𝑡, 𝑣𝑡]𝑄𝜏 +𝜀[𝑣𝑥𝑖
, 𝑣𝑥𝑖

]𝑄𝜏 +(𝑎𝑖𝑗𝑣𝑥𝑖
, 𝑣𝑥𝑗

)𝑡=𝜏 +[𝑎𝑖𝑗𝑣𝑥𝑖
, 𝑣𝑥𝑗

]𝑄𝜏 ≤ 𝑀11. (20)

To estimate [𝑣𝑡𝑡, 𝑣𝑡𝑡]𝑄𝜏 , we differentiate (19) with respect to 𝑡, multiply by
𝑒𝛽1𝑡𝑣𝑡𝑡, and integrate it over 𝑄𝜏 . We shall now estimate [𝜀Δ𝑣, 𝜀Δ𝑣]𝑄. To this
end we multiply (19) by 𝜀Δ𝑣 and integrate over 𝑄. We have

(1−3𝛿)[𝜀Δ𝑣, 𝜀Δ𝑣]𝑄 ≤ 𝛿−1[𝑣𝑡𝑡, 𝑣𝑡𝑡]𝑄+𝛿−1[(𝑏0𝑣)𝑡−𝑐𝑣+Φ, (𝑏0𝑣)𝑡−𝑐𝑣+Φ]𝑄+𝛿−1[(𝑏𝑖𝑣)𝑥𝑖
, (𝑏𝑖𝑣)𝑥𝑖

]𝑄−[𝜀Δ𝑣, (𝑎𝑖𝑗𝑣𝑥𝑖
)𝑥𝑗

]𝑄.
(21)

The penultimate integral in (21) is bounded uniformly with respect to 𝜀 by
virtue of (12) and (20). Next we have

[𝜀Δ𝑣, 𝜀Δ𝑣]𝑄 = 𝜀[𝑎𝑖𝑗𝑣𝑥𝑘𝑥𝑖
, 𝑣𝑥𝑘𝑥𝑗

]𝑄 − 1
2[𝜀𝑎𝑖𝑗

𝑥𝑘𝑥𝑘𝑣𝑥𝑖
, 𝑣𝑥𝑗

]𝑄+

+ ∫
𝑆

𝜀𝑎𝑖𝑗𝑣𝑥𝑘
{𝑣𝑥𝑖𝑥𝑗

cos(𝑛, 𝑥𝑘) − 𝑣𝑥𝑖𝑥𝑘
cos(𝑛, 𝑥𝑗)} 𝑑𝑆+

+ ∫
𝑆

{(𝜀𝑣𝑥𝑘
𝑎𝑖𝑗

𝑥𝑗𝑣𝑥𝑖
+ 1

2𝜀𝑎𝑖𝑗
𝑥𝑘𝑣𝑥𝑖

𝑣𝑥𝑗
) cos(𝑛, 𝑥𝑘) − 𝜀𝑎𝑖𝑗

𝑥𝑘𝑣𝑥𝑘
𝑣𝑥𝑖

cos(𝑛, 𝑥𝑗)} 𝑑𝑆. (22)

The first integral on the right in (22) is nonnegative, and the second is bounded
by virtue of (20). To estimate the integrals over 𝑆, introduce on 𝑆 a partition
of unity: 1 = ∑𝑙 𝜓𝑙, such that in a neighborhood 𝑆𝑙, where 𝜓𝑙 ≠ 0, one can
introduce local coordinates 𝑡, 𝑦1, … , 𝑦𝑚 such that 𝑆𝑙 lies in the plane 𝑦𝑚 = 0.
Passing to 𝑦1, … , 𝑦𝑚−1 in the last integral 𝐼1 in (22), we obtain
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𝐼1 = ∑
𝑙

∫
𝑆𝑙

𝜀𝜓𝑙𝜒𝑖𝑗
𝜌 𝑎𝑖𝑗

𝑥𝜌𝑣2
𝑦𝑚

𝑑𝑡 𝑑𝑦′ = − ∑
𝑙

∫
𝑄

𝜀 𝜕
𝜕𝑦𝑚

(𝜓𝑙𝜑𝛾𝜒𝑖𝑗
𝜌 𝑎𝑖𝑗

𝑥𝜌𝑣2
𝑦𝑚

) 𝑑𝑡 𝑑𝑦 =

= ∑
𝑙

{− ∫
𝑄

2𝜀𝜓𝑙𝜑𝛾𝜒𝑖𝑗
𝜌 𝑎𝑖𝑗

𝑥𝜌𝑣𝑦𝑚
𝑣𝑦𝑚𝑦𝑚

𝑑𝑡 𝑑𝑦 + ∫
𝑄

𝜀𝐵𝑙(𝑡, 𝑦)𝑣2
𝑦𝑚

𝑑𝑡 𝑑𝑦} . (23)

Here 𝑑𝑦′ = 𝑑𝑦1 … 𝑑𝑦𝑚−1; 𝜑𝛾(𝑦𝑚) is a smooth function; 𝜑𝛾 = 1 for 𝑦𝑚 ≤ 𝛾
and 𝜑𝛾 = 0 for 𝑦𝑚 ≥ 2𝛾; 𝜒𝑖𝑗

𝜌 , 𝐵𝑙 are bounded. The last integral in (23)
is bounded uniformly with respect to 𝜀 by virtue of (20). To estimate the
penultimate integral in (23) we use (8), (18), (20), and the known inequality
𝜀2[𝑣𝑥𝑖𝑥𝑗

, 𝑣𝑥𝑖𝑥𝑗
]𝑄 ≤ 𝑀12[𝜀Δ𝑣, 𝜀Δ𝑣]𝑄, see (12). We write the first integral 𝐼0 over

𝑆 on the right-hand side of (22) in local coordinates, transform the terms contain-
ing 𝑣𝑦𝑚𝑦𝜌

(𝜌 ≠ 𝑚) by integration by parts, and then estimate 𝐼0 in the same way
as 𝐼1. Finally, from (21) we have [𝜀Δ𝑣, 𝜀Δ𝑣]𝑄 ≤ 𝑀13. Substitute the solution 𝑣
of problem (19), (15) into (14) for 𝑓 ≡ 0. We obtain [Φ, 𝑢]𝑄 = [𝜀Δ𝑣, 𝑢]𝑄. The
last integral tends to zero as 𝜀 → 0 (see (8)). Consequently, 𝑢 ≡ 0. If, in condi-
tions (17) and (18), the constants 𝐾𝑖 depend on 𝜏 , then [𝜀Δ𝑣, 𝜀Δ𝑣]𝑄𝜏 ≤ 𝑀(𝜏),
and in (14), for 𝑓 ≡ 0, we substitute the function 𝑣 = ̄𝑣𝜂𝛿(𝑡), where ̄𝑣 is the
solution of problem (19), (15), while 𝜂𝛿(𝑡) = 0 for 𝑡 ≤ 𝛿, 𝜂𝛿 = 1 for 𝑡 ≥ 2𝛿,
0 ≤ 𝜂𝛿 ≤ 1, |𝜂″

𝛿 | = 𝑂(𝛿−1), |𝜂′
𝛿| = 𝑂(𝛿−2). In doing so one must take into

account that [𝑣, 𝑣]𝑄𝛿 + [𝑣𝑡, 𝑣𝑡]𝑄𝛿 = 𝑂(𝛿), as well as (16).
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