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In a bounded closed domain G with smooth boundary I" in n-dimensional space,
we consider the elliptic equation

- 0%u . ou
Lu= Y a;() + ;bi<x) 5p. T c@u=f(z) (1)

52 Oz;0x;
with the boundary condition

ou

o = g(a) 2)

T

n ou
= Z“J’@)am
j

r j=1

The coefficients of the equation and the functions p;(x) are assumed, for sim-
plicity, to be infinitely differentiable.

In the case where the direction of the field u is nowhere tangent to the boundary,
the problem under consideration has been well studied. We shall allow the
field p to be tangent to the boundary I' at points of certain smooth manifolds
I, (¢ =0,1,...,k), having dimension n — 2. Let P be an arbitrary point of
the manifold I';. By means of a transformation of the independent variables
one can ensure that this point is the origin of coordinates and that, in some
neighborhood of the point P, the domain G is defined by the inequality x,, > 0,
while the manifold I'; is given by the equation z,, = z,,_; = 0. In the new
coordinates condition (2) has the form

S r@ 2 = gta). )
=1 Ilp

In the work (!) L. Hérmander showed that in the case where the principal part
of the operator L is the Laplace operator and
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with some smooth function r, there exists a solution v € H,(G) of problem (1)
—(2),if f € H,_1(G) and g € H,_,5(T'). If, however,
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then every solution u of such a problem which is equal to zero outside a suf-
ficiently small neighborhood of a boundary point belongs to the space H (G).
Moreover, he showed that if at points where v, = 0,

Q

" v,
Zyjan <0,
1 Zj

then problem (1)—(2) has an infinite-dimensional kernel, while if

o))

n v
Z Vig >0,
1 Z;
then it has an infinite-dimensional cokernel.

Some special cases of problem (1)—(2) were considered in the works of A. V.
Bitsadze (>~*) and Janusauskas (°).

1. We shall assume that the field p at the points of the manifolds I'; is not
tangent to these manifolds. In addition, for simplicity we shall assume that
there is only one manifold I'y on which the field is tangent to the boundary
I'. In view of our conditions, v, ;(z) # 0 on I';. We may therefore
assume that v,,_;(z) > 0. The properties of the solutions of problem (1)
—(2) depend essentially on the sign of the function v(Q) = x,,_,v,, in a
neighborhood of the point P.

2. Theorem 1. If everywhere in a neighborhood of P the function v(Q) < 0,
then:

a) for u(x) € H,(G) the estimate

[ul§ < C (1A + gl o+ Iull§) (s> 1/2); 3)

b) the space of solutions of the homogeneous problem (1)—(2) belonging to
H,(G) has finite dimension;
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c) the intersection of the range of the operator
(L,@/f}‘v) : HS<G) - H572(G) X H573/2<F)

with the space Hy_1(G) x H,_y5(T') is closed;

d) if f € HJ(G), g € Hyq5(1), then every solution u of problem (1)—(2)
from H_ (G) belongs to the space H, | (G).

The following example shows the impossibility, in the case under consideration,
of obtaining estimates for the solution of problem (1)—(2) with the left-hand

side of inequality (3) replaced by [u|%, ; for § > 0.

Let the boundary of a three-dimensional domain G in a neighborhood of the
origin coincide with the plane x5 = 0. Consider the sequence of functions

Uy (X1, Tg, T3) = e(ingmg)m(p (Tm1/<p+1)) 7

where the function

p(r)=¢p (\/x% + 23 + z%) € C>*(G)

vanishes outside this neighborhood. It is easy to verify that, as m — 400,
Hum”f > C«ms—l/Z—l/(pﬂ)7
|Aw,, [§y = O (m71/2),
|2} Ou,, /Oxs + 3um/8x1||1;71/2 =0 (m*1?).

3. Let us now consider the case when v(@) > 0 in a neighborhood of T'j. In
this case the homogeneous problem (1)—(2) has an infinite-dimensional
space of solutions. Therefore we shall require that the solution of problem
(1)—(2) satisfy the additional condition

U|F0 = ug(z). (4)
Theorem 2. If v(Q) > 0 in a neighborhood of T'y, then:
a) for u(x) € H,(G) the estimate

[ull$ < € (IF1S 1 + g% + Ty o + ) (5)

holds for all s > 1;

b) the space of solutions of the homogeneous problem (1), (2), (4) belonging
to H,(G), s > 1, is finite-dimensional;

c) the intersection of the range of the operator

U= (LU, 8u/av|1"7u‘1"0>7
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acting from H (G) to
H, ,(G) x H573/2<F) x Hy (L),

with the space
H, ,(G) x Hs—1/2(r> x Hs—1/2(FO>

is closed;

d) if f € HJ(G), g € Hyy15(I), ug € Hypy)5(Lg), then every solution of
problem (1), (2), (4) from H (G) belongs to the space H, (G);

e) if f€ Hy 1(Q), g€ Hy_1)5(1), ug € Hy_1,5(T'), and the vector (f,g,uq)
s orthogonal to some finite-dimensional subspace in

H, 1(G) x Hs—1/2(r) x Hs—1/2(ro)7

then there exists a solution u of problem (1), (2), (4) belonging to the space
H(G).

As follows from the next example, in the left-hand side of inequality (5) one

cannot replace |uS by [u]¥ s for 6 > 0.

Example. In the domain G' = {(z,,%y,73) : 23 + 23 + 227 < 1} (p > 1) the
sequence of harmonic functions

Uy, = (21 +ixy) "2y

satisfies, as m — 0o, the inequalities

€ > eme-1/2-3/1,
Hau/axSHEA/z = O(m3_1/2_1/4p>7

”u0”£71/2 =0.

4. Let now v(Q) change sign as @) passes through I';, (i.e., the function v, ()
has a constant sign in a neighborhood of T'y).

Theorem 3. If ¥(Q) changes sign when passing through T, then:
a) for functions u(z) € H (G) the estimate

[l < € (11 + gl o + Nul§) (s> 1/2); (6)

holds;
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b)

c)

)

e)

the space of solutions of the homogeneous problem (1)—(2) belonging to
H,(QG) is finite-dimensional;

the intersection of the range of the operator (L,0/dv) : H,(G) —
H, 5(G) x Hy_3,5(I') with the space H,_;(G) x Hy_;5(I") is closed;

if feH,(G), g€ H,_,,(I'), then every solution u of problem (1)—(2)
from H,(G) belongs to the space H, ;(G);

if feH,_(G), g€ Hy ('), and the vector (f,g) is orthogonal to a
certain finite-dimensional subspace in H, ;(G) x H,_;,5(I'), then there
exists a solution u of problem (1)—(2) belonging to the space H (G).

Estimate (6) cannot be improved. This follows from the example in item 3, if
the parameter p takes even values.

5.

The main point of the proof consists in studying the solution in a suffi-
ciently small neighborhood of a point P belonging to I'y. In this neighbor-
hood we consider the function w = du/dpu*, where the field p* is a local
extension of the field p given on the boundary. The function w satisfies a
certain linear equation, “close” to equation (1), and boundary conditions
on I of Dirichlet type. Using the results of the theory of elliptic boundary-
value problems, we obtain the required estimates for the function w, and
further, depending on the structure of the field p in a neighborhood of the
point P, obtain the corresponding theorems for the solution of problem

(1)—(2).
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