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MATHEMATICS

Yu. V. EGOROV, V. A. KONDRAT’EV

ON A PROBLEM WITH AN OBLIQUE
DERIVATIVE
(Presented by Academician I. G. Petrovskii on 6 I 1966)

In a bounded closed domain 𝐺 with smooth boundary Γ in 𝑛-dimensional space,
we consider the elliptic equation

𝐿𝑢 ≡
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥) 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

+
𝑛

∑
𝑖=1

𝑏𝑖(𝑥) 𝜕𝑢
𝜕𝑥𝑖

+ 𝑐(𝑥)𝑢 = 𝑓(𝑥) (1)

with the boundary condition

𝜕𝑢
𝜕𝜇∣

Γ
=

𝑛
∑
𝑗=1

𝜇𝑗(𝑥) 𝜕𝑢
𝜕𝑥𝑗

∣
Γ

= 𝑔(𝑥). (2)

The coefficients of the equation and the functions 𝜇𝑗(𝑥) are assumed, for sim-
plicity, to be infinitely differentiable.

In the case where the direction of the field 𝜇 is nowhere tangent to the boundary,
the problem under consideration has been well studied. We shall allow the
field 𝜇 to be tangent to the boundary Γ at points of certain smooth manifolds
Γ𝑖 (𝑖 = 0, 1, … , 𝑘), having dimension 𝑛 − 2. Let 𝑃 be an arbitrary point of
the manifold Γ𝑖. By means of a transformation of the independent variables
one can ensure that this point is the origin of coordinates and that, in some
neighborhood of the point 𝑃 , the domain 𝐺 is defined by the inequality 𝑥𝑛 ≥ 0,
while the manifold Γ𝑖 is given by the equation 𝑥𝑛 = 𝑥𝑛−1 = 0. In the new
coordinates condition (2) has the form

𝑛
∑
𝑗=1

𝜈𝑗(𝑥) 𝜕𝑢
𝜕𝑥𝑗

∣
Γ

= 𝑔(𝑥). (2’)

In the work (1) L. Hörmander showed that in the case where the principal part
of the operator 𝐿 is the Laplace operator and
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𝑛
∑

1
𝜈𝑗

𝜕𝜈𝑛
𝜕𝑥𝑗

≤ 𝑟𝜈𝑛

with some smooth function 𝑟, there exists a solution 𝑢 ∈ 𝐻𝑠(𝐺) of problem (1)
—(2), if 𝑓 ∈ 𝐻𝑠−1(𝐺) and 𝑔 ∈ 𝐻𝑠−1/2(Γ). If, however,

𝑛
∑
𝑗=1

𝜈𝑗(𝑥)𝜕𝜈𝑛
𝜕𝑥𝑗

≥ 𝑟𝜈𝑛,

then every solution 𝑢 of such a problem which is equal to zero outside a suf-
ficiently small neighborhood of a boundary point belongs to the space 𝐻𝑠(𝐺).
Moreover, he showed that if at points where 𝜈𝑛 = 0,

𝑛
∑

1
𝜈𝑗

𝜕𝜈𝑛
𝜕𝑥𝑗

< 0,

then problem (1)—(2) has an infinite-dimensional kernel, while if

𝑛
∑

1
𝜈𝑗

𝜕𝜈𝑛
𝜕𝑥𝑗

> 0,

then it has an infinite-dimensional cokernel.

Some special cases of problem (1)—(2) were considered in the works of A. V.
Bitsadze (2−4) and Janusauskas (5).

1. We shall assume that the field 𝜇 at the points of the manifolds Γ𝑖 is not
tangent to these manifolds. In addition, for simplicity we shall assume that
there is only one manifold Γ0 on which the field is tangent to the boundary
Γ. In view of our conditions, 𝑣𝑛−1(𝑥) ≠ 0 on Γ0. We may therefore
assume that 𝑣𝑛−1(𝑥) > 0. The properties of the solutions of problem (1)
—(2) depend essentially on the sign of the function 𝑣(𝑄) = 𝑥𝑛−1𝑣𝑛 in a
neighborhood of the point 𝑃 .

2. Theorem 1. If everywhere in a neighborhood of 𝑃 the function 𝑣(𝑄) ≤ 0,
then:

a) for 𝑢(𝑥) ∈ 𝐻𝑠(𝐺) the estimate

‖𝑢‖𝐺
𝑠 ≤ 𝐶 (‖𝑓‖𝐺

𝑠−1 + ‖𝑔‖Γ
𝑠−1/2 + ‖𝑢‖𝐺

0 ) (𝑠 > 1/2); (3)

b) the space of solutions of the homogeneous problem (1)—(2) belonging to
𝐻𝑠(𝐺) has finite dimension;
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c) the intersection of the range of the operator

(𝐿, 𝜕/𝜕𝑣) ∶ 𝐻𝑠(𝐺) → 𝐻𝑠−2(𝐺) × 𝐻𝑠−3/2(Γ)

with the space 𝐻𝑠−1(𝐺) × 𝐻𝑠−1/2(Γ) is closed;

d) if 𝑓 ∈ 𝐻𝑠(𝐺), 𝑔 ∈ 𝐻𝑠+1/2(Γ), then every solution 𝑢 of problem (1)—(2)
from 𝐻𝑠(𝐺) belongs to the space 𝐻𝑠+1(𝐺).

The following example shows the impossibility, in the case under consideration,
of obtaining estimates for the solution of problem (1)—(2) with the left-hand
side of inequality (3) replaced by ‖𝑢‖𝐺

𝑠+𝛿 for 𝛿 > 0.

Let the boundary of a three-dimensional domain 𝐺 in a neighborhood of the
origin coincide with the plane 𝑥3 = 0. Consider the sequence of functions

𝑢𝑚(𝑥1, 𝑥2, 𝑥3) = 𝑒(𝑖𝑥2−𝑥3)𝑚𝜑 (𝑟𝑚1/(𝑝+1)) ,

where the function

𝜑(𝑟) = 𝜑 (√𝑥2
1 + 𝑥2

2 + 𝑥2
3) ∈ 𝐶∞(𝐺)

vanishes outside this neighborhood. It is easy to verify that, as 𝑚 → +∞,

‖𝑢𝑚‖𝐺
𝑠 ≥ 𝐶𝑚𝑠−1/2−1/(𝑝+1),

‖Δ𝑢𝑚‖𝐺
𝑠−1 = 𝑂 (𝑚𝑠−1/2) ,

‖𝑥𝑝
1 𝜕𝑢𝑚/𝜕𝑥3 + 𝜕𝑢𝑚/𝜕𝑥1‖Γ

𝑠−1/2 = 𝑂 (𝑚𝑠−1/2) .

3. Let us now consider the case when 𝑣(𝑄) ≥ 0 in a neighborhood of Γ0. In
this case the homogeneous problem (1)—(2) has an infinite-dimensional
space of solutions. Therefore we shall require that the solution of problem
(1)—(2) satisfy the additional condition

𝑢|Γ0
= 𝑢0(𝑥). (4)

Theorem 2. If 𝑣(𝑄) ≥ 0 in a neighborhood of Γ0, then:

a) for 𝑢(𝑥) ∈ 𝐻𝑠(𝐺) the estimate

‖𝑢‖𝐺
𝑠 ≤ 𝐶 (‖𝑓‖𝐺

𝑠−1 + ‖𝑔‖Γ
𝑠−1/2 + ‖𝑢0‖Γ

𝑠−1/2 + ‖𝑢‖𝐺
0 ) (5)

holds for all 𝑠 > 1;

b) the space of solutions of the homogeneous problem (1), (2), (4) belonging
to 𝐻𝑠(𝐺), 𝑠 > 1, is finite-dimensional;

c) the intersection of the range of the operator

𝑢 ↦ (𝐿𝑢, 𝜕𝑢/𝜕𝑣|Γ, 𝑢|Γ0
),
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acting from 𝐻𝑠(𝐺) to

𝐻𝑠−2(𝐺) × 𝐻𝑠−3/2(Γ) × 𝐻𝑠−1(Γ0),

with the space
𝐻𝑠−1(𝐺) × 𝐻𝑠−1/2(Γ) × 𝐻𝑠−1/2(Γ0)

is closed;

d) if 𝑓 ∈ 𝐻𝑠(𝐺), 𝑔 ∈ 𝐻𝑠+1/2(Γ), 𝑢0 ∈ 𝐻𝑠+1/2(Γ0), then every solution of
problem (1), (2), (4) from 𝐻𝑠(𝐺) belongs to the space 𝐻𝑠+1(𝐺);

e) if 𝑓 ∈ 𝐻𝑠−1(𝐺), 𝑔 ∈ 𝐻𝑠−1/2(Γ), 𝑢0 ∈ 𝐻𝑠−1/2(Γ0), and the vector (𝑓, 𝑔, 𝑢0)
is orthogonal to some finite-dimensional subspace in

𝐻𝑠−1(𝐺) × 𝐻𝑠−1/2(Γ) × 𝐻𝑠−1/2(Γ0),

then there exists a solution 𝑢 of problem (1), (2), (4) belonging to the space
𝐻𝑠(𝐺).

As follows from the next example, in the left-hand side of inequality (5) one
cannot replace ‖𝑢‖𝐺

𝑠 by ‖𝑢‖𝐺
𝑠+𝛿 for 𝛿 > 0.

Example. In the domain 𝐺 = {(𝑥1, 𝑥2, 𝑥3) ∶ 𝑥2
1 + 𝑥2

2 + 𝑥2𝑝
3 ⩽ 1} (𝑝 ⩾ 1) the

sequence of harmonic functions

𝑢𝑚 = (𝑥1 + 𝑖𝑥2)𝑚𝑥3

satisfies, as 𝑚 → ∞, the inequalities

‖𝑢‖𝐺
𝑠 ⩾ 𝑐𝑚𝑠−1/2−3/4𝑝,

‖𝜕𝑢/𝜕𝑥3‖Γ
𝑠−1/2 = 𝑂(𝑚𝑠−1/2−1/4𝑝),

‖𝑢0‖Γ
𝑠−1/2 = 0.

4. Let now 𝜈(𝑄) change sign as 𝑄 passes through Γ0 (i.e., the function 𝜈𝑛(𝑥)
has a constant sign in a neighborhood of Γ0).

Theorem 3. If 𝜈(𝑄) changes sign when passing through Γ0, then:

a) for functions 𝑢(𝑥) ∈ 𝐻𝑠(𝐺) the estimate

‖𝑢‖𝐺
𝑠 ⩽ 𝐶 (‖𝑓‖𝐺

𝑠−1 + ‖𝑔‖Γ
𝑠−1/2 + ‖𝑢‖𝐺

0 ) (𝑠 > 1/2); (6)

holds;
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b) the space of solutions of the homogeneous problem (1)—(2) belonging to
𝐻𝑠(𝐺) is finite-dimensional;

c) the intersection of the range of the operator (𝐿, 𝜕/𝜕𝜈) ∶ 𝐻𝑠(𝐺) →
𝐻𝑠−2(𝐺) × 𝐻𝑠−3/2(Γ) with the space 𝐻𝑠−1(𝐺) × 𝐻𝑠−1/2(Γ) is closed;

d) if 𝑓 ∈ 𝐻𝑠−1(𝐺), 𝑔 ∈ 𝐻𝑠−1/2(Γ), then every solution 𝑢 of problem (1)—(2)
from 𝐻̇𝑠(𝐺) belongs to the space 𝐻𝑠+1(𝐺);

e) if 𝑓 ∈ 𝐻𝑠−1(𝐺), 𝑔 ∈ 𝐻𝑠−1/2(Γ), and the vector (𝑓, 𝑔) is orthogonal to a
certain finite-dimensional subspace in 𝐻𝑠−1(𝐺) × 𝐻𝑠−1/2(Γ), then there
exists a solution 𝑢 of problem (1)—(2) belonging to the space 𝐻𝑠(𝐺).

Estimate (6) cannot be improved. This follows from the example in item 3, if
the parameter 𝑝 takes even values.

5. The main point of the proof consists in studying the solution in a suffi-
ciently small neighborhood of a point 𝑃 belonging to Γ0. In this neighbor-
hood we consider the function 𝑤 = 𝜕𝑢/𝜕𝜇∗, where the field 𝜇∗ is a local
extension of the field 𝜇 given on the boundary. The function 𝑤 satisfies a
certain linear equation, “close”to equation (1), and boundary conditions
on Γ of Dirichlet type. Using the results of the theory of elliptic boundary-
value problems, we obtain the required estimates for the function 𝑤, and
further, depending on the structure of the field 𝜇 in a neighborhood of the
point 𝑃 , obtain the corresponding theorems for the solution of problem
(1)—(2).

Moscow State University
named after M. V. Lomonosov

Received
3 I 1966
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