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MATHEMATICS

G. I. SHAKSIN

ON A PROBLEM OF I. M. GELFAND
(Presented by Academician I. G. Petrovskii, 4 I 1966)

Let 𝑓(𝑥) = 𝑓(𝑥1, … , 𝑥𝑛) be a finite infinitely differentiable function in a real
𝑛-dimensional affine space, which we shall assume to be oriented, let 𝑃 =
𝑃(𝑥) = ∑𝑛

𝑠,𝑡=1 𝑎𝑠𝑡𝑥𝑠𝑥𝑡 be a nondegenerate quadratic form having, in its canon-
ical representation, 𝑝 positive and 𝑞 negative squares (𝑝 + 𝑞 = 𝑛), and let
𝑄 = 𝑄(𝜎) = ∑𝑛

𝑠,𝑡=1 𝑎𝑠𝑡𝜎𝑠𝜎𝑡 be the quadratic form dual to 𝑃 (𝑎𝑠𝑡 are the el-
ements of the matrix inverse to ‖𝑎𝑠𝑡‖). To the function 𝑓(𝑥) we associate its
integrals over those hyperplanes (𝑥, 𝜉) = 𝑢 for which 𝑄(𝜉) > 0:

̌𝑓(𝜉, 𝑢) = ∫ 𝑓(𝑥)𝛿(𝑢 − (𝑥, 𝜉)) 𝑑𝑥,

and also its integrals over the second-order surfaces 𝑃(𝑥, 𝑦) + 𝑢 = 0 for 𝑢 > 0:

̌𝑓𝑃 (𝑦, 𝑢) = 𝑎 ∫(𝑥 + 𝑦)𝛿(𝑢 + 𝑃(𝑥)) 𝑑𝑥.

Here 𝛿 is the delta-function, 𝑑𝑥 = 𝑑𝑥1, … , 𝑑𝑥𝑛, the integration is over the whole
space, and 𝑎 = 𝜋−𝑛/2|det ‖𝑎𝑠𝑡‖|1/2.

It is required, knowing ̌𝑓(𝜉, 𝑢) and ̌𝑓𝑃 (𝑦, 𝑢), to reconstruct the original function
𝑓(𝑥).
The formulation of this problem of integral geometry in terms of Minkowski
space (𝑝 = 1) is due to I. M. Gelfand (1); there its solution is also given in the
case of three-dimensional space. For odd 𝑞, in order to reconstruct 𝑓(𝑥) it is
sufficient to know only ̌𝑓𝑃 (𝑦, 𝑢), 𝑢 > 0:

𝑓(𝑥) = (−1)𝑝/2√𝜋 lim
𝑢→0

√𝑢 𝜕(𝑛−1)/2 ̌𝑓𝑃 (𝑥, 𝑢)
𝜕𝑢(𝑛−1)/2 (1)

for a space of odd dimension,

𝑓(𝑥) = (−1)(𝑝+1)/2𝜋 lim
𝑢→0

𝑢 𝜕𝑛/2 ̌𝑓𝑃 (𝑥, 𝑢)
𝜕𝑢𝑛/2 , (2)
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if 𝑛 is even. Formulas (1) and (2) can be derived from the general results of
(2), § 4, Ch. III. Therefore it is sufficient to consider the case of even 𝑞. In
the present work the problem is solved by the Fourier-transform method for
arbitrary 𝑝 and even 𝑞.
First we formulate the results obtained. For even 𝑞, if 𝑝 is odd, the relation
holds

𝑓(𝑥) =(−1)(𝑛−1)/2

2(2𝜋)𝑛−1 ∫
𝑄(𝜉)>0

𝜕 𝑛−1 ̌𝑓(𝜉, 𝑢)
𝜕𝑢𝑛−1 ∣

𝑢=(𝑥,𝜉)
𝜔(𝜉)

+ (−1)(𝑝+1)/2
√𝜋 ∫

∞

0
𝑐−1/2 𝜕(𝑛−1)/2 ̌𝑓𝑃 (𝑥, 𝑐)

𝜕𝑐(𝑛−1)/2 𝑑𝑐.
(3)

If 𝑝 and 𝑞 are even, then

𝑓(𝑥) = (−1)𝑛/2(𝑛 − 1)!
(2𝜋)𝑛 ∫

𝑄(𝜉)>0
𝜔(𝜉) ∫

+∞

−∞
𝑢−𝑛𝑓(𝜉, 𝑢 + (𝑥, 𝜉)) 𝑑𝑢+

+ (−1)𝑝/2 lim
𝑢→0+0

𝜕 𝑛/2−1𝑓𝑃 (𝑥, 𝑢)
𝜕𝑢𝑛/2−1 . (4)

Here

𝜔(𝜉) =
𝑛

∑
𝑘=1

(−1)𝑘−1𝜉𝑘 𝑑𝜉1 … 𝑑𝜉𝑘−1𝑑𝜉𝑘+1 … 𝑑𝜉𝑛,

integration with respect to 𝜉 is carried out over the set of all rays with direction
vector 𝜉, issuing from the point 𝜉 = 0, for which 𝑄(𝜉) > 0 (the integrands are
constant along such rays). The integral with respect to the parameter 𝑐 in (3)
converges in the ordinary sense. The integral with respect to 𝑢 in the first term
of (4) is understood in the sense of a regularized value, namely, as the analytic
continuation in 𝜆 of the function

∫
+∞

−∞
|𝑢|𝜆 ̃𝑓(𝜉, 𝑢 + (𝑥, 𝜉)) 𝑑𝑢,

regular at the point 𝜆 = −𝑛 (𝑛 is an even number). This regularization is
effected by the formula

∫
+∞

−∞
𝑢−𝑛𝜓(𝑢) 𝑑𝑢 = ∫

∞

0
𝑢−𝑛 {𝜓(𝑢) + 𝜓(−𝑢) − 2 [𝜓(0) + 𝑢2

2 𝜓″(0) + …
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… + 𝑢𝑛−2

(𝑛 − 2)!𝜓
(𝑛−1)(0)]} 𝑑𝑢,

where 𝜓(𝑢) is a finite differentiable function of one variable (2).

Let us note that, for a positive definite form 𝑃(𝑥), (3) and (4) pass into Radon’
s formulas for the expansion of a function into its plane waves in affine-invariant
notation; in this case the second terms vanish, and integration with respect to
𝜉 is carried out over all rays issuing from the origin.

We give a sketch of the proof, restricting ourselves to the case when 𝑃(𝑥) has,
in its canonical representation, an even number of positive and an even number
of negative squares. In what follows, a wavy line over a functional denotes its
Fourier transform. Consider the generalized function

|(𝑥, 𝜉)|𝜆
Γ ( 𝜆+1

2 ) ,

where 𝜆 is a complex parameter. Relying on the analogous result for one in-
dependent variable (2), one can show that the Fourier transform of this func-
tional is the functional acting in the corresponding dual space of functions
𝜑(𝜎) = 𝜑(𝜎1, … , 𝜎𝑛) according to the formula

2𝜆+𝑛𝜋 𝑛−1/2

Γ(−𝜆/2) ∫
+∞

−∞
|𝑡|−𝜆−1𝜑(𝑡𝜉) 𝑑𝑡.

Putting then 𝜆 = −𝑛 (𝑛 is an even number), after multiplication by 𝜔(𝜉) and
integration with respect to 𝜉, we obtain that the Fourier transform of the gen-
eralized function

𝐹1 = (−1)𝑛/2(𝑛 − 1)
(2𝜋)𝑛 ∫

𝑄(𝜉)>0
(𝑥, 𝜉)−𝑛𝜔(𝜉)

is equal to the characteristic function of the domain 𝑄(𝜎) > 0. Next, starting
from the equality

𝑃 𝜆
− = ∫

∞

0
𝑐𝜆𝛿(𝑐 + 𝑃) 𝑑𝑐,

where

𝑃 𝜆
− = {(−𝑃)𝜆, for 𝑃 < 0,

0, for 𝑃 ⩾ 0
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(similar notation is also used below), which for Re𝜆 < 0 is understood in the
sense of analytic continuation of the corresponding functionals in 𝜆, after inte-
grating the integral by parts 𝑛/2 times; for 𝜆 = −𝑛 we obtain (𝑃 𝜆

− is known
from (2)) that the Fourier transform of the functional

𝐹2 = −(−1)𝑝/2𝑎 ∫
∞

0
𝛿(𝑛/2)(𝑐 + 𝑃) 𝑑𝑐 = (−1)𝑝/2𝑎 lim

𝑐→0+0
𝛿(𝑛/2−1)(𝑐 + 𝑃)

is equal to the characteristic function of the domain 𝑄(𝜎) < 0. Thus, 𝐹1+𝐹2 = 1.
Since the inverse Fourier transform of the unit functional is 𝛿 = 𝛿(𝑥1, … , 𝑥𝑛),
we have 𝛿 = 𝐹1 + 𝐹2, which is equivalent to (4).
Formulas (1) and (2) can also be proved with the aid of the Fourier transform.
For example, if 𝑛 is odd and 𝑝 is even, then the Fourier transform of 𝛿(𝑛−1)/2,
𝑢 > 0, is equal to

(−1)𝑝/2

𝑎√𝑢𝜋 [exp (−√𝑢𝑄+) + cos√𝑢𝑄−] ,

where the exponential function and the cosine are generalized functions defined
by means of the formal expansion into power series (2), whence

𝛿 = (−1)𝑝/2𝑎√𝜋 lim
𝑢→0

√𝑢 𝛿((𝑛−1)/2)(𝑢 + 𝑃),

which is equivalent to (1)*.
In conclusion I express my gratitude to M. I. Graev for discussion and valuable
remarks.
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* Note added in proof. As became known to the author after the note
had been submitted to the editorial office, formula (3) was obtained by V. I.
Semyanistyi under additional orthogonality conditions imposed on the function.
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