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MATHEMATICS

M. Sh. BIRMAN, M. Z. SOLOMYAK

DOUBLE OPERATOR STIELTJES INTE-
GRALS AND MULTIPLIER PROBLEMS
(Presented by Academician V. I. Smirnov on 6 III 1966)

In a note by the authors (1) (see also (2)), properties were studied of double
operator Stieltjes integrals of the form

𝑄 ≡ Φ𝑇 = ∬
Λ𝑀

𝜑(𝜆, 𝜇) 𝐹(𝑑𝜇) 𝑇 𝐸(𝑑𝜆), (1)

where 𝜑 is a complex function, 𝑇 is a bounded operator in a Hilbert space ℌ, and
𝐹(⋅) and 𝐸(⋅) are orthogonal spectral measures. Here we shall present further
results in this direction, using the notation and terminology of (1).
In Sec. 1 the properties are studied of the transformation (transformer) 𝑄 = Φ𝑇 ,
acting in various symmetric normed ideals (3) of the ring ℜ of bounded operators
in ℌ. The corresponding results of (1) are generalized by the fact that, first,
we no longer assume Λ and 𝑀 to be one-dimensional manifolds and, second,
the smoothness conditions on the function 𝜑 are imposed not in the uniform
metric but in the metric of the space 𝐿𝑝. Such generalizations are essential for
applications.

In Sec. 2 the connection of integrals of the form (1) with a certain class of
multiplier problems is clarified. In particular, our scheme includes the question
of the boundedness of multidimensional singular integrals in 𝐿2 (Sec. 3) and the
trigonometric multiplier problem in 𝑙𝑝 (Sec. 4). From the general theorems on
transformers there follow both certain known and new results for these problems.
Let us also note that, by writing a singular integral in the form (1), we give for
it (apparently for the first time) an invariant definition.

1. Let (Λ, Σ, 𝐸(⋅)), (𝑀, Σ1, 𝐹 (⋅)) be two spaces with orthogonal spectral mea-
sures. The definition of the integral (1), given in (1) for Λ = 𝑀 = 𝑅1, car-
ries over automatically to the case under consideration. Without dwelling
on this question in detail, we point out only that, as in (1), one can in-
troduce a certain special orthogonal measure 𝔊(⋅) (essentially, the tensor
product of the measures 𝐸(⋅) and 𝐹(⋅)). The transformer Φ is then de-
fined as the integral of the function 𝜑(𝜆, 𝜇) with respect to the measure
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𝔊(⋅). Below we shall assume the function 𝜑(𝜆, 𝜇) to be measurable and
bounded with respect to the measure 𝔊:

(𝔊) − sup |𝜑(𝜆, 𝜇)| < ∞. (2)

The analogue of Theorem 1 from (1) is the following proposition.

Theorem 1. Under condition (2), the integral (1) defines a transformer Φ of
class (𝔖2, 𝔖2). The set of such transformers forms a commutative normed ring
with involution, isomorphic and isometric to the ring of 𝔊-measurable functions
with norm (2).

Denote by 𝑄𝑚 the unit cube in 𝑅𝑚, and by 𝑊 𝛼
𝑝 (𝑄𝑚) the corresponding Sobolev–

Slobodetskii functional space (4).
For 𝑚 = 1 we shall also consider the space 𝑉𝛽 (see, for example, (5)) of functions
of bounded 𝛽-variation.
Theorem 2. Let Λ = 𝑄𝑚, 𝜑(𝜆, 𝜇) ∈ 𝑊 𝛼

𝑝 (𝑄𝑚) (𝛼𝑝 > 𝑚) as a function of 𝜆 for
almost all 𝜇 ∈ 𝑀 , and suppose that

(𝐹) — sup ‖𝜑(⋅, 𝜇)‖𝑊 𝛼𝑝
< ∞. (3)

Then, for 𝑝 ⩽ 2, the integral (1) generates a transformer belonging to each of
the classes (𝔖𝑞, 𝔖𝑞), 1 ⩽ 𝑞 ⩽ ∞, and (ℜ, ℜ). For 𝑚 = 1 this result is also true
if, for almost all 𝜇 ∈ 𝑀 , 𝜑 ∈ 𝑉𝛽, 𝛽 < 2, and 𝜑 ∈ Lip 𝜀, 𝜀 > 0, with respect to
the variable 𝜆, and

(𝐹) — sup{‖𝜑(⋅, 𝜇)‖Lip 𝜀 + ‖𝜑(⋅, 𝜇)‖𝑉𝛽
} < ∞. (4)

Analogous assertions are valid when the roles of the variables 𝜆 and 𝜇 are inter-
changed.

We note that for 𝑚 = 1 condition (4) is broader than condition (3).

Corollary 1. Under the hypotheses of Theorem 2, Φ ∈ (𝔖, 𝔖), where 𝔖 is any
separable (3) (or conjugate to a separable) symmetric normed ideal in ℜ.

Corollary 2. Under the hypotheses of Theorem 2, the transformer Φ induces
on the factor-ring ℜ/𝔖∞ a bounded linear transformation whose norm does not
exceed ‖Φ‖1,1.

Theorem 3. Suppose that the hypotheses of the first part of Theorem 2 are
satisfied, 𝑝 > 2, and 𝛼 ⩽ 𝑚/2. Then the integral (1) generates a transformer
Φ ∈ (𝔖𝑞, 𝔖𝑞), where |𝑞−1 − 1/2| < 𝛼𝑚−1. If 𝛼 = 𝑚/2, then Φ ∈ (𝔖1, 𝔖∞) and
Φ ∈ (𝔖∞, 𝔖∞)∗. If, in the hypotheses of the second part of Theorem 2, 𝛽 ⩾ 2,
then Φ ∈ (𝔖𝑞, 𝔖𝑞) for |𝑞−1 − 1/2| < 𝛽−1.
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Remark. The assertions of Theorems 2 and 3 remain valid if Λ is any smooth
compact 𝑚-dimensional manifold, without boundary or with boundary.

We shall give brief indications concerning the method of proof of Theorems
2 and 3. Let 𝑓, 𝑔 ∈ ℌ, ‖𝑓‖ = ‖𝑔‖ = 1, and let the measures 𝜎 and 𝜏 be
given by the formulas 𝜎(⋅) = (𝐸(⋅)𝑓, 𝑓), 𝜏(⋅) = (𝐹(⋅)𝑔, 𝑔). According to the
scheme set forth in (2), to prove Theorem 2 it suffices to estimate, uniformly
with respect to 𝑓 and 𝑔, the nuclear norm of the integral operator with kernel
𝜑(𝜆, 𝜇) acting from 𝐿2(Λ; 𝜎) into 𝐿2(𝑀; 𝜏). The required uniform estimates
were obtained in the authors’paper (5). The proof of Theorem 3 uses the
general idea of “interpolation by smoothness,”applied earlier by Khirman (6)
in a simpler situation. In carrying out the interpolation, it is necessary to make
essential use of a number of results of (5), including Theorem 1 of (5), as well
as the concrete method described there for approximating functions from 𝑊 𝛼

𝑝
by piecewise polynomial functions. The proof of Corollary 1 is based on the
interpolation theorem of B. S. Mityagin (7).

2. Let the space ℌ be decomposed into a direct integral

ℌ = ∫
Λ

⊕ ℌ(𝜆)𝜌(𝑑𝜆) (ℌ = ∫
𝑀

⊕ ℌ1(𝜇)𝜌1(𝑑𝜇)) (5)

so that the action of the operator 𝐸(𝛿), 𝛿 ⊂ Λ (𝐹(𝜕), 𝜕 ⊂ 𝑀), on an element
𝑓 ∈ ℌ reduces to multiplication of the “representative”𝑓(𝜆) (𝑓1(𝜇)) by the
characteristic function of the set 𝛿(𝜕):

(𝐸(𝛿)𝑓)(𝜆) = 𝜒𝛿(𝜆)𝑓(𝜆) ((𝐹(𝜕)𝑓)1(𝜇) = 𝜒𝜕(𝜇)𝑓1(𝜇)).

To every operator 𝐴 ∈ 𝔖2, in the decompositions (5) there corresponds an
operator kernel 𝐴(𝜆, 𝜇), determined almost everywhere on Λ × 𝑀 , of class 𝔖2,
mapping

* For the definition of the ideals 𝔖𝜔, 𝔖Ω see (3), §15.

ℌ(𝜆) into ℌ1(𝜇) and such that

(𝐴𝑓)1(𝜇) = ∫
Λ

𝐴(𝜆, 𝜇)𝑓(𝜆)𝜌(𝑑𝜆),

‖𝐴‖2
𝔖2

= ∬
Λ𝑀

‖𝐴(𝜆, 𝜇)‖2
𝔖2

𝜌(𝑑𝜆)𝜌1(𝑑𝜇).

It is easy to verify that, under the hypotheses of Theorem 1, the kernels corre-
sponding to the operators 𝑇 and 𝑄 are related by
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𝑄(𝜆, 𝜇) = 𝜑(𝜆, 𝜇)𝑇 (𝜆, 𝜇).

Denote by 𝔖̃𝑞, 𝑞 ≤ 2, the class of kernels corresponding, in the decompositions
(5), to operators of the class 𝔖𝑞. Starting from the relation 𝔖∗

1 = ℜ, one
can associate a generalized kernel with every operator 𝐴 ∈ ℜ. Thus we arrive
at the classes of generalized kernels ℜ̃, 𝔖̃𝑞, 2 < 𝑞 ≤ ∞, associated with the
decompositions (5). The assertions of Theorems 2 and 3 can now be regarded
as sufficient conditions for a scalar kernel 𝜑(𝜆, 𝜇) to be a multiplier in some of
the classes 𝔖̃𝑞, ℜ̃.

3. In this section ℌ = 𝐿2(𝑅𝑚), Λ = 𝑅𝑚, 𝑀 = 𝑆𝑚−1 is the unit sphere in
the space Ξ𝑚 dual to 𝑅𝑚. If 𝛿 ⊂ 𝑆𝑚−1, then ̄𝛿(⊂ Ξ𝑚) is the complete
inverse image of 𝛿 under central projection. Let 𝐹(𝜕) be the operator of
multiplication by the characteristic function of a set 𝜕 ⊂ 𝑅𝑚, let ℱ be the
Fourier operator, and let 𝐸(𝛿) = ℱ∗𝐹( ̄𝛿)ℱ, 𝛿 ⊂ 𝑆𝑚−1. Suppose further
that a function 𝜎(𝜃, 𝑥) (𝜃 ∈ 𝑆𝑚−1, 𝑥 ∈ 𝑅𝑚) defines the transformer

Φ = ∬ 𝜎(𝜃, 𝑥)𝐹(𝑑𝑥)(⋅)𝐸(𝑑𝜃)

of the class (ℜ, ℜ). We introduce the following definition.

Definition. A singular integral (s.i.) operator in 𝐿2(𝑅𝑚) with symbol
𝜎(𝜃, 𝑥) is the operator 𝐽 = Φ𝐼 (𝐼 is the identity operator).

The considerations of § 2 make it possible easily to establish the equivalence
of this definition and the customary definitions of an s.i. operator in terms
of its symbol by means of the Fourier transform (8−10) or by means of a cer-
tain repeated integral (8). The advantage of the definition proposed here is its
invariance and symmetry with respect to 𝜃 and 𝑥.
Theorem 2 now leads to various criteria for boundedness of s.i. operators in
𝐿2(𝑅𝑚). We shall agree to write 𝜎 ∈ 𝑊 𝛼

𝑝 (𝑆𝑚−1) if 𝜎(𝜃, 𝑥) belongs to 𝑊 𝛼
𝑝 with

respect to 𝜃, and the norm of 𝜎 as a function of 𝑥 is essentially (with respect to
Lebesgue measure) bounded. Analogously for other functional classes, and also
when the roles of 𝜃 and 𝑥 are interchanged.

Theorem 4. Let 𝐽 be an s.i. operator with symbol 𝜎(𝜃, 𝑥), where 𝜎 ∈
𝑊 𝛼

2 (𝑆𝑚−1), 2𝛼 > 𝑚 − 1, or, for 𝑚 = 2, 𝜎 ∈ 𝑉𝛽(𝑆1) ∩ Lip 𝜀(𝑆1), 𝛽 < 2, 𝜀 > 0.
Then 𝐽 ∈ ℜ.

The first assertion of Theorem 4 was recently obtained, with the aid of expan-
sions in spherical functions, by M. S. Agranovich (9), who refined the consider-
ations of S. G. Mikhlin (8). The second assertion is apparently new.

Interchanging the roles of the variables 𝑥 and 𝜃 leads to another type of bound-
edness conditions. Let 𝑥 = 𝑥(𝑦) be the inverse stereographic mapping of the
sphere 𝑆𝑚 onto the extended space 𝑅𝑚.
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Theorem 5. Let 𝐽 be an s.i. operator with symbol 𝜎(𝜃, 𝑥) and 𝜎̂(𝜃, 𝑦) =
𝜎(𝜃, 𝑥(𝑦)). If 𝜎̂ ∈ 𝑊 𝛼

2 (𝑆𝑚), 2𝛼 > 𝑚, then 𝐽 ∈ ℜ.

If the symbol 𝜎(𝜃, 𝑥) is finite with respect to 𝑥, then the assertion of Theorem
5 is valid under the condition 𝜎 ∈ 𝑊 𝛼

2 (𝑅𝑚), 2𝛼 > 𝑚. Imposing the latter
condition locally, we arrive at a boundedness criterion for an s.i. operator in 𝐿2
on a compact 𝑚-dimensional manifold.

The approach described makes results such as Theorem 5 quite natural. At
the same time, until very recently the possibility of imposing requirements on
the symbol with respect to the variable 𝑥, and not to 𝜃, had not been noticed
at all. Only recently, in a paper of Kohn and Nirenberg 10, was a similar
condition proposed in terms of the Fourier transform of the symbol with respect
to the variable 𝑥. This condition and Theorem 5 do not cover one another, but,
when formulated in terms of smoothness of the symbol, our conditions are less
restrictive.

4. Let {𝑐𝑘}, 𝑘 = (𝑘1, … , 𝑘𝑚), −∞ < 𝑘𝑗 < ∞, be an 𝑚-fold sequence of class
𝑙𝑞, 𝑞 ⩾ 1. Multiply the function

𝑓(𝜆) = ∑
𝑘

𝑐𝑘𝑒𝑖(𝑘,𝜆), 𝜆 = (𝜆1, … , 𝜆𝑚)

(for 𝑞 > 2, possibly generalized) by a fixed periodic function 𝜓(𝜆). Let Ψ be the
linear transformation which sends the sequence {𝑐𝑘} to the sequence of Fourier
coefficients of the function 𝜓(𝜆)𝑓(𝜆). It is required to indicate conditions under
which Ψ is a bounded operator from 𝑙𝑞 to 𝑙𝑞. The formulated trigonometric
problem of multipliers 11,6 is included in the scheme of § 2 if one sets Δ = 𝑀 =
𝒯𝑚, where 𝒯𝑚 is the 𝑚-dimensional torus; ℌ = 𝐿2(𝒯𝑚); 𝐸(𝛿) = 𝐹(𝛿) is the
operator of multiplication by the characteristic function of the set 𝛿 ⊂ 𝒯𝑚; 𝑇
is the integral operator in 𝐿2(𝒯𝑚) with kernel 𝑓(𝜇 − 𝜆); 𝜑(𝜆, 𝜇) = 𝜓(𝜇 − 𝜆).
Application of Theorems 2 and 3 leads to the following result.

Theorem 6. If 𝜓 ∈ 𝑊 𝛼
𝑝 (𝒯𝑚), 𝑝𝛼 > 𝑚, then Ψ ∈ (𝑙𝑞, 𝑙𝑞), where 𝑞 ⩾ 1 for 𝑝 ⩽ 2

and |𝑞−1 − 1/2| < 𝛼𝑚−1 for 𝑝 > 2, 2𝛼 ⩽ 𝑚.

As for the second assertion of Theorem 3, in the present case it leads to a result
obtained earlier by Hirschman 6 on another technical basis.

Leningrad State University
named after A. A. Zhdanov
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