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In the present note some new results are given for univalent functions without
common values in a finitely connected domain, obtained from the consideration
of suitable Dirichlet integrals.

Let B be a finite and finitely connected domain of the z-plane, bounded by
closed analytic Jordan curves; £2(B) the class of all functions regular and with
integrable squared modulus in the domain B; £2(B) the subclass of functions
from £%(B) with single-valued integrals in the domain B; K (z,¢) and I(z,() the
Bergman kernels (1) of the first and second kind of the domain B of the class
£%(B); Ky(z,¢) and [y(2,¢) those of the class £3(B);
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where the function fi(z) is regular* and univalent in the domain B.

Theorem 1. If the functions f,(z), &k = 1,...,n, are regular, univalent, and
without common values in the domain B, then for any points (j,, of this domain
and any constants oy, p=1,...,N, k= 1,...,n, the inequality holds:
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p,r=1 k 1<j<k<n
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This inequality remains valid also after the simultaneous replacement in it of
the functions I, and K|, respectively, by the functions ! and K (this second
inequality will henceforth be cited as inequality (1)).

One can indicate necessary and sufficient conditions under which equality holds
in the inequalities (1°) and (1)).
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Each of the inequalities (1°) and (1) determines the corresponding disk in which
lie the possible values of the functional
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k=1 1<j<k<n

for fixed ¢y, and ay,, p=1,....N; k=1,...,n.
The disk determined by inequality (1°) lies in the disk determined by inequality
(1).

For n = 1, inequalities (1°) and (1) give inequalities previously obtained by
another method by Bergman and Schiffer (1).

Corollary 1. If the function f(z) is regular, univalent, and bounded in the
domain B: [f(2)] <1, z € B, then for any points (,, of this domain

* Here and below—including single-valuedness.

and any constants a,,, u=1,..., N, the inequality holds:
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In particular:

)
JrL)l2 <7Ky(z, 2), z € B,

(1=1f(=)])

where {f, z} is the Schwarzian invariant.

1
‘g{f,z}erlo(z, 2)

Inequality (2) strengthens Singh’s inequality ?) for bounded univalent functions,
in which [, and K, are replaced by ! and K.

~

Let C(B) denote the class of all functions f(z), regular and univalent in the
domain B, satisfying the condition: f(z;)f(z5) # 1 for any points z; and z, of
the domain B.

Corollary 2. If f(z) € 6(3), then for any points , of the domain B and any
constants o, p=1,..., N, the inequality holds:
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In particular:

<7Ky(z,2), z€B.

IHOIRY
- f2(z)) + 7ly(z, 2)

%{f, zh + (

Each of these inequalities remains valid after replacing [, and K|, in it respec-
tively by [ and K.

Theorem 2. Let the functions f,(z), kK = 1,...,n, be regular in a domain B
containing the origin and satisfy the conditions: f;(0) # f,.(0), j # &, f;(0) # 0.
In order that these functions be univalent functions without common values in
the domain B, it is necessary and sufficient that, for any n complex vectors
{aggs s ey} B =1,...,n, with arbitrary N =0, 1,2, ..., the conditions

j _
E akuaku(clﬂ/ + )‘,ul/) + E aj,uakudl“’ < E %[Ll/ E akuakl/’
w,v=0 k=1 1<j<k<n ,v=0 k=1

be satisfied, where CECZ],, dg,lf], Auvs and %, are determined by the following
expansions into double series in a neighborhood of the origin:

o0
Up(z,¢) = Z C%c:]/Z“QV, k=1,....n;

w,v=0

KO & |
= d o V’ < K <n:
m[f;(2) = fr(O)]? WZ:O v 216 1<j<k<n

(2,0)= > Ap2i¢,  K(2,0) =Y u,,2C".

H,v=0 H,v=0

For n = 1 this theorem gives the known () necessary and sufficient conditions
for univalence of a function in a multiply connected domain.

Corollary. Let the function f(z) be regular in the domain B, containing the
origin, and satisfy the conditions f(0) # +1, f/(0) # 0. In order that the
function f(z) belong to the class C (B), it is necessary and sufficient that, for
any two complex vectors {ayg, ..., apy}, kK = 1,2, with arbitrary N = 0,1,2, ...,
the conditions

N

N
Z [(alualu + aQHQQV)(C;LV + )‘;u/) - a1u02udpy] < Z (alpaly+a2u62u) X;wz
p,v=0 w,v=0

hold, where the coefficients ¢,,,, A,,, and x,,, are defined in Theorem 2, while

d,,, are determined by the expansion in a neighborhood of the origin
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