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INTEGRAL GEOMETRY ON THE MANI-
FOLD OF k-DIMENSIONAL PLANES

Consider the set H,, ; of k-dimensional planes of the n-dimensional complex
space C". On each plane h € H,, ; let us specify a measure p,,, invariant with
respect to parallel translations. Further, let f(z) be an infinitely differentiable
and rapidly decreasing function in C™. The formula

(k) = / £(&) dpy 1)

assigns to each such function f(x) a certain function of the plane, ¢(h). The
aim of the present work is to invert formula (1). Since the manifold H,, ; has
dimension greater than n (namely (k + 1)(n — k)), in order to determine f(x)
it is natural to use the values of the function ¢(h) (and its derivatives) only on
some n-dimensional submanifold of H,, ;. It will also be clarified which class of
functions on H,, ; is determined by formula (1).

1. We shall assume that the measure ,;, satisfies the following two conditions:
1) if A C his a set of positive measure and g is a parallel translation in
C", then p,,(Ag) = py,(A); 2) if g is an arbitrary affine transformation in
C™, then pu;,,(Ag) is a continuous infinitely differentiable function of g*.

Denote by G,, ), the complex Grassmann manifold of k-dimensional subspaces of
the space C" (i.e., k-dimensional planes passing through the point O). Consider
the mapping

T Hn,k — Gn,]ﬁ

which assigns to each plane h € H,, ; the plane from G|, , parallel to it. This
mapping endows H, , with the structure of a fiber space whose base is G, j,
and whose fiber is the set of mutually parallel k-dimensional planes. For each
point 8 € C™ we further introduce the mapping

Sﬁ : G?‘L,k — Hn,k’
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which assigns to each plane from G, ; the parallel plane passing through the
point 3. Obviously, the composition 7 o 54 is the identity mapping of the base
onto itself.

Denote by @, the set of all infinitely differentiable functions on H,, , and

by <I><Hp’q) the space of forms of type (p,q) on H, , with coefficients from ®;.

Analogously define @, and @g’Q). The mappings 7 and sz induce mappings of

functions (respectively, of differential forms)

g o By, OEY oY

500y = Og, OHT - o,

* Such a compatible set of measures can be introduced, for example, by specify-
ing a Hermitian metric in C™ and defining p;,(A) as the measure in this metric.

2. In this section we shall construct the operator »,, which plays the principal

role in the inversion formula and maps ® 5 into @g’k) . Before defining this

operator, let us consider the following algebraic construction.

Introduce the space S*(C™) ® S*(C™), where S*¥(C™) is the set of symmetric
polylinear forms of the first kind of degree k in the space C™, and S k(C™) is the
set of analogous forms of the second kind. An arbitrary element of this space
may be represented in the form

By, 6l &)y &6, €0,

where B is a form of degree 2k with complex coefficients, symmetric both in
the first and in the second group of arguments, linear in the arguments £, and
antilinear in the arguments £,. Now consider two square matrices of order k,
whose elements are the vectors §;; € C™ and £, € C" (i,j = 1,...,k). To
each form B(y, ..., &5 €1, -+, &) and to the matrices = = |§,,], = = [,] we
associate the new form

DetB(Ev E'/) = Z(il)quVB(gl,sla agk,sk; 51,1517 ’S;‘Htk%

/

0,0
where the summation is over all permutations o(sq, ..., s;), 0’ (t1, ..., t;) of the
numbers (1,2, ..., k), and u and v are the numbers of inversions in the permuta-

tions o and ¢’. It is easy to see that, like the ordinary numerical determinant,
this “determinant of vectors” is skew-symmetric with respect to the rows and
with respect to the columns of the matrices Z and Z’.

sovietrxiv.org/items/ru-196601.44410 Machine Translation


https://sovietrxiv.org/items/ru-196601.44410

Lemma 1. If the form B(&,...,&,; &, ..., &) is defined in the quotient space
C™ by some subspace E* and the k vectors &;q,...,&y, or &, ..., &, for some
fized i, belong to E, then Detg(E,E") = 0.

We now proceed to the construction of the operator »,. Let p(h) € ®5. Take
an arbitrary fixed point 8 € C™. The transformation sj takes the function
¢(h) into a function on G,, ;, depending on the point 3 as on a parameter. Put
sggo(h) = p(a; B), where a = 7h, i.e. a is the plane in G, , parallel to h. Clearly,
if 8 and 3’ are different points of the plane h, then ¢(«; 8) = ¢(a; 8”). Define
now, by means of the function ¢, the form

By (&, §i 61y s &) = di (0 B) =

. Z anSD(a;ﬁ) 51’1 ~-~§p’“£q1 L]
- a8, 08, 0B, 0B, k51 ke
i

Here the upper index is the number of a coordinate of the vector. The summa-
tion is over the values of each of the upper indices from 1 to n. Next assign to
an arbitrary point a € G, ;. a frame consisting of £ linearly independent vectors
a; € C" (j = 1,...,k). Consider k arbitrary displacements of this frame and
put §; =&, =d;a; (i,j =1,..., k). Define the operator », by the formula

.k
¢ — =
n,p(h) = (§> Detdg,kw(:,: )=

— (i)kZ(_l)u+v Z 5%90(04_@ .
2 el P 65p1 ...aﬁpk 8ﬂq1 ...aﬂqk

Xdy gt A N dyalt Adyadt A A dyat

* The form B is defined in the quotient space C™/FE if it vanishes whenever at
least one of the vectors &,, belongs to E.

Here 0,0, as above, are permutations of the numbers (1,2, ..., k), and p and
v are the numbers of inversions in these permutations. Formally, the form xg,
depends on k2 vectors from C™. However, when the increment of the vector
lies in the subspace o C C™, then dg’kgo(a;ﬂ) = 0, i.e., the form dlg’kcp(a; B) is
defined in the quotient space C™/a. Hence, and from Lemma 1, it follows easily
that the form x4, is defined in the tangent space to G,, ; at the point q, i.e.,
the following holds.

Lemma 2. The form x4, (h) belongs to @g’m.
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3. We proceed to the formulation of the main theorems.

Theorem 1. In order that a function p(h) on H, ), where k < n —1, be rep-
resentable in the form (1), where f(z) is a rapidly decreasing infinitely differen-
tiable function on C", it is necessary and sufficient that the following conditions
hold:
1) ¢(h) € @y for every fixed a, the function sjp(h) = @(a; f) is a rapidly
decreasing function in the space C"/a *
2) The form yg,(h) is closed in <I> (k) s

Theorem 2. If p(h) = /f(x) dpy,, and v is an arbitrary cycle in G, ;, of real
h

dimension 2k, then

/ Xso = &, F(B), @)

v

where the constant ¢, depends only on the homology class of the cycle 7.

Let 79,71, .-, 7, be a basis of the 2k-dimensional homology group of the com-
plex Grassmann manifold G,, ;. It is known (') that each of the cycles v, is
determined by a partition of the number k into a sum of £ nonincreasing in-
tegers a; +ay + -+ ap =k, 0 < a; < - < a, <n—k. In particular, the
cycle v, corresponding to the partition 1 + 1+ -+ 1 = k, consists of all k-
dimensional subspaces G,, ;, belonging to a fixed (k + 1)-dimensional subspace,
ie. v~ Giig -

_ k. 2k 2. _ _
Theorem 3. ¢, = (—1)"7**/(k)*; ¢, =0, s=1,..,v

The inversion formula (2) can be rewritten in a somewhat different form. Let
us specify a k-dimensional plane h by equations of the form

P(x) =z, —alw, 4 ——afz, — 3, =0, 1=1,2,...,1,

(3

where | = n — k. Define the functional ¢(h) by the formula

o(h) = (6(Py,.... P), f(x)) *x*x.

Then the inversion formula (2) is equivalent to the relation

(z) . / 82k6 —P,...P,—P)
— # v X
2 Y P1s-5P 6P 8P 6P

dr
1559k

Xdyaht A A dyak A dlagll A A dka;I: = ¢, 0(x — ),
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where z € O™, x is a fixed point in C", P? = P;(z,).
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* As was already noted, it follows from the definition of ¢(«; ) that, as a
function of 3, it is constant on the cosets C™/a.

** For k = n—1 the condition formulated above is insufficient. For a formulation
of the necessary and sufficient conditions for k = n — 1, see (?).

*¥*% §(Py,...,P,) may be defined as the product of generalized functions
§(Py),...,8(P,); for the definition of the function 6(P), see (?).

Note: Figure translations are in progress. See original paper for figures.
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