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Abstract
Full Text
UDC 517.946.6

MATHEMATICS

I. A. SHISHMAREV

ON SHARP ESTIMATES OF EIGENFUNC-
TIONS OF THE BIHARMONIC OPERATOR
(Presented by Academician S. L. Sobolev, January 4, 1966)

In this note we establish sharp estimates in a closed domain for eigenfunctions
of the biharmonic operator and their derivatives. It is known how important
such estimates are in questions of expansion in eigenfunctions of self-adjoint
operators.

The problem under consideration is as follows: let 𝑔 be an arbitrary bounded
𝑚-dimensional domain with boundary Γ; let {𝑢𝑛(𝑥)} be orthonormal eigenfunc-
tions; and let {𝜆𝑛} be the corresponding eigenvalues of the problem

Δ2𝑢 − 𝜆𝑢 = 0 in the domain 𝑔; 𝑢∣Γ = 𝜕𝑢/𝜕𝜈∣Γ = 0. (1)

Here Δ2 = Δ(Δ) is the biharmonic operator; 𝜈 is the outward normal to the
boundary Γ; 𝜆𝑛 > 0; 𝜆𝑛 → ∞ as 𝑛 → ∞. It is required to find an estimate of

max
𝑥∈(𝑔+Γ)

|𝑢𝑛(𝑥)|.

If one takes the 𝑚-dimensional ball as the domain 𝑔, then direct computation
shows that the eigenfunctions of problem (1) possessing radial symmetry take,
at the center of the ball—the point 𝑥0—the values |𝑢𝑛(𝑥0)| = 𝐶𝑛𝜆(𝑚−1)/8

𝑛 , where
𝐶𝑛 ≥ 𝐶 > 0. Therefore, in the case of an arbitrary domain 𝑔, an estimate of
the maximum modulus of the eigenfunctions of the form*

max
𝑥∈(𝑔+Γ)

|𝑢𝑛(𝑥)| = 𝑂[𝑓(𝜆𝑛)] (2)

is possible only if 𝑓(𝜆𝑛) ≥ 𝜆(𝑚−1)/8
𝑛 .

Here I prove that for eigenfunctions of problem (1) in an arbitrary closed domain
𝑔 + Γ the sharp estimate (2) is valid with 𝑓(𝜆𝑛) = 𝜆(𝑚−1)/8

𝑛 , i.e. the estimate
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max
𝑥∈(𝑔+Γ)

|𝑢𝑛(𝑥)| = 𝑂 (𝜆(𝑚−1)/8
𝑛 ) . (3)

Obtaining this estimate in any interior closed subdomain 𝑔′ of the domain 𝑔
presents no serious difficulties, since here one can use considerations analogous
to those applied by Titchmarsh in deriving sharp interior estimates for eigenfunc-
tions of the Laplace operator (see (1)). Estimates in a closed domain require an
entirely different approach. The method I use is close to that applied in works
(2, 3) in the study of eigenfunctions of the Laplace operator.

We shall assume that the domain (𝑔 + Γ) belongs to the class** 𝐴(4).

Lemma 1. For the eigenfunctions of problem (1) the following integral estimates
over the domain 𝑔 hold:

∫
𝑔

𝑚
∑
𝑖=1

(𝜕𝑢𝑛
𝜕𝑥𝑖

)
2

𝑑𝑥 = 𝑂 (𝜆1/2
𝑛 ) , ∫

𝑔
(Δ𝑢𝑛)2 𝑑𝑥 = 𝑂(𝜆𝑛), ∫

𝑔

𝑚
∑

𝑖,𝑘=1
( 𝜕2𝑢𝑛

𝜕𝑥𝑖 𝜕𝑥𝑘
)

2
𝑑𝑥 = 𝑂(𝜆𝑛).

(4)

* The constants entering the 𝑂-term estimates here and below do not depend on 𝑛.

** This means that the function defining the equation of the surface Γ in local coordinates belongs to the class 𝐶(4).

Lemma 1 is a trivial consequence of conditions (1) and of Green’s first and
second formulas.

Lemma 2. For the eigenfunctions of problem 1 the following integral estimates
over the boundary Γ are valid:

∫
Γ
(Δ𝑢𝑛)2 𝑑𝑠 = 𝑂(𝜆𝑛), ∫

Γ
[ 𝜕

𝜕𝜈 (Δ𝑢𝑛)]
2

𝑑𝑠 = 𝑂(𝜆3/2
𝑛 ). (5)

The proof of this lemma is cumbersome and cannot be given here in full; we
indicate only the main points. The first estimate of the lemma is obtained
simply: for any eigenfunction the equality

∫
Γ
(Δ𝑢𝑛)2 𝑑𝑠 = 2 ∫

𝑔
Δ𝑢𝑛

𝑚
∑
𝑖=1

𝜕(Δ𝑢𝑛)
𝜕𝑥𝑖

𝑞𝑖 𝑑𝑥 + ∫
𝑔
(Δ𝑢𝑛)2

𝑚
∑
𝑖=1

𝜕𝑞𝑖
𝜕𝑥𝑖

𝑑𝑥 =

= 2 ∫
𝑔

𝑢𝑛Δ (
𝑚

∑
𝑖=1

𝜕(Δ𝑢𝑛)
𝜕𝑥𝑖

𝑞𝑖) 𝑑𝑥 + ∫
𝑔
(Δ𝑢𝑛)2

𝑚
∑
𝑖=1

𝜕𝑞𝑖
𝜕𝑥𝑖

𝑑𝑥, (6)
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is valid, where 𝑞𝑖(𝑥) are smooth functions satisfying the condition 𝑞𝑖(𝑥)|𝑥∈Γ =
cos(𝜈, 𝑥𝑖). The right-hand side of formula (6) is easily estimated with the aid of
integration by parts, Lemma 1, and conditions (1). As a result we obtain the
required estimate

∫
Γ
[(Δ𝑢𝑛)2] 𝑑𝑠 = 𝑂(𝜆𝑛).

The proof of the second assertion of Lemma 2 is much more complicated. Its
idea is as follows. First, using Green’s first formula, we obtain the equality

∫
Γ

[ 𝜕
𝜕𝜈 (Δ𝑢𝑛)]

2
𝑑𝑠 = ∫

Γ
[∇𝜏(Δ𝑢𝑛)]2 𝑑𝑠 + 𝑂 (∫

𝑔
[∇(Δ𝑢𝑛)]2 𝑑𝑥) + 𝑂(𝜆3/2

𝑛 ), (7)

where ∇𝜏 is the gradient in the hyperplane tangent to Γ; ∇ is the gradient.
Then, locally straightening the boundary Γ and introducing a cutoff function,
we estimate

∫
Γ
[∇𝜏(Δ𝑢𝑛)]2 𝑑𝑠 by 𝑂(𝜆1/2

𝑛 ) (∫
Γ

[ 𝜕
𝜕𝜈 (Δ𝑢𝑛)]

2
𝑑𝑠)

1/2

+ 𝑂(𝜆3/2
𝑛 )+

+𝑂 (∫
𝑔
[∇(Δ𝑢𝑛)]2𝑑𝑥) .

Taking into account that

∫
𝑔
[∇(Δ𝑢𝑛)]2𝑑𝑥 = −𝜆𝑛 ∫

𝑔
𝑢𝑛Δ𝑢𝑛 𝑑𝑥 + ∫

Γ
Δ𝑢𝑛

𝜕(Δ𝑢𝑛)
𝜕𝜈 𝑑𝑠

and using the first estimate (5), we find

∫
𝑔
[∇(Δ𝑢𝑛)]2𝑑𝑥 = 𝑂(𝜆3/2

𝑛 ), ∫
𝑔

𝑚
∑

𝑖,𝑘,𝑙=1
( 𝜕3𝑢𝑛

𝜕𝑥𝑖𝜕𝑥𝑘𝜕𝑥𝑙
)

2
𝑑𝑥 = 𝑂(𝜆3/2

𝑛 ), (8)

and then

∫
𝑔

[ 𝜕
𝜕𝜈 (Δ𝑢𝑛)]

2
𝑑𝑠 = 𝑂(𝜆3/2

𝑛 ), ∫
Γ
[∇𝜏(Δ𝑢𝑛)]2𝑑𝑠 = 𝑂(𝜆3/2

𝑛 ). (9)
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We note that all estimates (4), (5), (8), and (9) are sharp.

Let 𝛿, 𝛿 ∈ (0, 𝛿0), be sufficiently small. Denote by Γ𝛿 the equidistant surface at
distance 𝛿 from Γ and lying inside the domain 𝑔, and by 𝑔𝛿 the domain bounded
by Γ𝛿.

Lemma 3. There exist positive numbers 𝛿, 𝑛0, 𝐶1, 𝐶2 such that, if some
eigenfunction 𝑢𝑛(𝑥) of problem (1) with number 𝑛 ≥ 𝑛0 attains its maximum
value at a point 𝑥0 ∈ (𝑔 − 𝑔𝛿/2), then in the ball 𝐾(𝑥0, 𝜒) ⊂ (𝑔 − 𝑔𝛿) with center
at 𝑥0 and radius 𝜒 = 𝐶1𝜆−1/4

𝑛 there are two points 𝑥1 and 𝑥2, lying on one
normal to Γ, such that

|𝑢𝑛(𝑥1) − 𝑢𝑛(𝑥2)| ≥ 1
𝐶2

|𝑢𝑛(𝑥0)|.

This lemma is not difficult to derive from the mean-value theorem for the equa-
tion
Δ2𝑢 − 𝜆𝑢 = 0.
Theorem 1. For the maximum of the modulus of the eigenfunctions of problem
(1), the estimate (3) holds uniformly in the closed domain (𝑔 + Γ).
Proof. By the Green–Stokes formula, for any eigenfunction 𝑢𝑛(𝑥) we have the
equality

𝑢𝑛(𝑥) = ∫
Γ

[𝐺(𝑥, 𝑦)𝜕(Δ𝑢𝑛)
𝜕𝜈 − Δ𝑢𝑛

𝜕𝐺(𝑥, 𝑦)
𝜕𝜈 ] 𝑑𝑠𝑦; (10)

here 𝐺(𝑥, 𝑦) is the fundamental solution of the equation Δ2𝑣 − 𝜆𝑣 = 0, equal
to*

𝐶𝑟(2−𝑚)/2
𝑥𝑦 𝜆(𝑚−6)/8

𝑛 [𝜋
2 𝑁(𝑚−2)/2 (𝑟𝑥𝑦𝜆1/4

𝑛 ) + 𝐾(𝑚−2)/2 (𝑟𝑥𝑦𝜆1/4
𝑛 )] .

1∘. Let 𝑥 ∈ 𝑔𝛿/2. Since 𝑟𝑥Γ ≥ 𝛿/2, and since for the functions 𝑁𝜇(𝑧) and 𝐾𝜇(𝑧),
for 𝑧 ≥ 1, the estimates |𝑁𝜇(𝑧)| = 𝑂(1/√𝑧) and |𝐾𝜇(𝑧)| = 𝑂((1/√𝑧)𝑒−𝑧) hold,
from formula (10) we obtain

|𝑢𝑛(𝑥)| = 𝑂 (𝜆(𝑚−7)/8
𝑛 ∫

Γ
∣𝜕(Δ𝑢𝑛)

𝜕𝜈 ∣ 𝑑𝑠 + 𝜆(𝑚−5)/8
𝑛 ∫

Γ
|Δ𝑢𝑛| 𝑑𝑠) .

Hence, and from Lemma 2, the estimate follows

max
𝑥∈𝑔𝛿/2

|𝑢𝑛(𝑥)| = 𝑂 (𝜆(𝑚−1)/8
𝑛 ) . (11)
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2∘. Let now 𝑥 ∈ (𝑔 − 𝑔𝛿/2). Differentiate (10) in the direction of the normal to
Γ. Taking into account the formula 𝑑(𝑧−𝜇𝑁𝜇(𝑧))/𝑑𝑧 = −𝑧−𝜇𝑁𝜇+1(𝑧) and the
analogous formula for 𝐾𝜇(𝑧), in the right-hand side of (10), after differentiation,
we obtain four very similar terms. Let us consider one of them, for example,

𝐼(𝑥) = 𝐶𝜆(𝑚−4)/8
𝑛 ∫

Γ
𝑟(2−𝑚)/2

𝑥𝑦 𝑁𝑚/2 (𝑟𝑥𝑦𝜆1/4
𝑛 ) cos(𝑟𝑥𝑦, 𝜈𝑥)𝜕(Δ𝑢𝑛)

𝜕𝜈 𝑑𝑠𝑦. (12)

Denote by 𝑧 ∈ Γ the base of that normal to Γ on which the point 𝑥 lies, and by
𝜌 the distance from 𝑥 to the point 𝑧: 𝜌 = 𝑟𝑥𝑧 = 𝑟𝑥Γ. Split Γ into three parts:
Γ1, the part of Γ lying outside the ball 𝐾(𝑧, 𝑅) with center at the point 𝑧 and
radius 𝑅, where 𝑅 > 0 is a fixed number such that Γ ∩ 𝐾(𝑧, 𝑅) admits, with
respect to a local coordinate system 𝜉1, … , 𝜉𝑚 with origin at 𝑧, a representation
of the form 𝜉𝑚 = 𝜁(𝜉1, … , 𝜉𝑚−1); Γ3, the part of Γ lying inside the ball 𝐾(𝑧, 𝜌);
Γ2 = Γ − (Γ1 + Γ3). Estimate the integral in (12) separately over each part Γ𝑖,
assuming that 𝑅0 > 𝑅 > 𝛿/2, where 𝑅0 is the radius of the Lyapunov sphere; we
shall also assume that 𝜌 = 𝑟𝑥Γ ≥ 𝐶𝜆−1/4

𝑛 . Then for 𝑁𝑚/2(𝑟𝑥𝑦𝜆1/4
𝑛 ) the estimate

∣𝑁𝑚/2 (𝑟𝑥𝑦𝜆1/4
𝑛 )∣ = 𝑂 ( 1

𝑟1/2
𝑥𝑦 𝜆1/8

𝑛
)

is valid,

∣∫
Γ1

𝑁𝑚/2 (𝑟𝜆1/4
𝑛 ) 𝑟(2−𝑚)/2 cos(𝑟, 𝜈𝑥)𝜕(Δ𝑢𝑛)

𝜕𝜈 𝑑𝑠∣ ≤ 𝐶 ∫
Γ1

1
𝑟1/2𝜆1/8

𝑛
𝑟(2−𝑚)/2 ∣𝜕(Δ𝑢𝑛)

𝜕𝜈 ∣ 𝑑𝑠 ≤

≤ 𝐶𝜆−1/8
𝑛

1
𝑅(𝑚−1)/2 {∫

Γ1

[𝜕(Δ𝑢𝑛)
𝜕𝜈 ]

2
𝑑𝑠 ⋅ ∫

Γ1

𝑑𝑠}
1/2

≤ 𝐶𝜆5/8
𝑛

1
𝑅(𝑚−1)/2 ≤ 𝐶𝜆5/8

𝑛 ;

(13)

∣∫
Γ3

𝑁𝑚/2 (𝑟𝜆1/4
𝑛 ) 𝑟(2−𝑚)/2 cos(𝑟, 𝜈𝑥)𝜕(Δ𝑢𝑛)

𝜕𝜈 𝑑𝑠∣ ≤ 𝐶 ∫
Γ3

1
𝑟1/2𝜆1/8

𝑛
𝑟(2−𝑚)/2 ∣𝜕(Δ𝑢𝑛)

𝜕𝜈 ∣ 𝑑𝑠 ≤

≤ 𝐶𝜆−1/8
𝑛

1
𝜌(𝑚−1)/2 {∫

Γ3

[𝜕(Δ𝑢𝑛)
𝜕𝜈 ]

2
𝑑𝑠 ⋅ ∫

Γ3

𝑑𝑠}
1/2

≤ 𝐶𝜆5/8
𝑛

1
𝜌(𝑚−1)/2 𝜌(𝑚−1)/2 = 𝐶𝜆5/8

𝑛 .

(14)
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* All constants entering the formulas and independent of the number of the eigenfunctions are denoted by the same letter 𝐶.

In the estimates (13) and (14) we have used (5) and the fact that for 𝑦 ∈ Γ1,
𝑟𝑥𝑦 ≥ 𝑅, while for 𝑦 ∈ Γ3, 𝑟𝑥𝑦 ≥ 𝜌/2.
Let 𝜏 denote the polar radius in the hyperplane tangent to Γ at the point 𝑧.
Since (𝑔 + Γ) ∈ 𝐴(4), for 𝑦 ∈ Γ ∩ 𝐾(𝑧, 𝑅), |𝜉𝑚| = |𝜉(𝜉1, … , 𝜉𝑚−1)| ≤ 𝐶𝜏2.
Obviously,

| cos(𝑟, 𝜈𝑥)| ≤ (𝜌 + |𝜉𝑚|)/𝜏 ≤ 𝜌/𝜏 + 𝐶𝜏.
Taking this into account, we estimate the integral over Γ2:

∣∫
Γ2

𝑁𝑚/2(𝑟𝜆1/4
𝑛 ) 𝑟(2−𝑚)/2 cos(𝑟, 𝜈𝑥)𝜕(Δ𝑢𝑛)

𝜕𝜈 𝑑𝑠∣ ≤ 𝐶𝜆−1/8
𝑛 ∫

Γ2

∣𝜕(Δ𝑢𝑛)
𝜕𝜈 ∣ 𝑟(1−𝑚)/2 (𝜌

𝜏 + 𝐶𝜏) 𝑑𝑠

≤ 𝐶𝜆−1/8
𝑛 {∫

Γ2

[𝜕(Δ𝑢𝑛)
𝜕𝜈 ]

2
𝑑𝑠 ⋅ 2 [∫

Γ′
2

𝜏1−𝑚 𝜌2

𝜏2 𝑑𝑠′ + ∫
Γ′

2

𝜏1−𝑚𝐶2𝜏2 𝑑𝑠′]}
1/2

≤ 𝐶𝜆1/8
𝑛 {𝜌2 ∫

𝑅

𝜌
𝜏−𝑚−1𝜏𝑚−2 𝑑𝜏 + ∫

𝑅

𝜌
𝜏3−𝑚𝜏𝑚−2 𝑑𝜏}

1/2

≤ 𝐶𝜆5/8
𝑛 ;

(15)
the primes in the second inequality denote passage to integration over the hy-
perplane tangent at the point 𝑧.
Comparing (12), (13), (14), and (15), we obtain

|𝐼(𝑥)| = 𝑂 (𝜆(𝑚+1)/8
𝑛 ) .

Since the remaining three terms obtained by differentiating formula (10) are
estimated similarly, we finally find

|𝜕𝑢𝑛(𝑥)/𝜕𝜈| = 𝑂 (𝜆(𝑁+1)/8
𝑛 ) , 𝑥 ∈ (𝑔 − 𝑔𝛿/2), 𝜌 ≥ 𝐶𝜆−1/4

𝑛 . (16)

Let 𝑥0 be the point at which |𝑢(𝑥)| attains its maximum, 𝑈0 = |𝑢𝑛(𝑥0)|; let 𝑧
be the point at which |𝜕𝑢𝑛(𝑥)/𝜕𝜈| attains its maximum, 𝑈1 = |𝜕𝑢𝑛(𝑧)/𝜕𝜈|; and
let 𝑦1(𝑦2) ∈ Γ be the foot of the normal to Γ on which 𝑥0(𝑧) lies. a) If

𝑟𝑥0Γ ≥ 2𝜒 = 2𝐶1𝜆−1/4
𝑛 ,

then, applying Lagrange’s formula to the two points mentioned in Lemma 3
and taking (16) into account, we obtain estimate (3). In (16), in this case, 𝐶
must be taken to be 𝐶1, i.e. 𝜌 ≥ 𝐶1𝜆−1/4

𝑛 . b) If

𝑟𝑥0Γ < 2𝜒 = 2𝐶1𝜆−1/4
𝑛 ,
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then
𝑈0 = |𝑢𝑛(𝑥0) − 𝑢𝑛(𝑦1)| = |𝜕𝑢(𝜉)/𝜕𝜈| 𝑟𝑥0Γ,

i.e. 𝑈0 ≤ 𝑈1𝑟𝑥0Γ. Therefore

𝑈1 = |𝜕𝑢𝑛(𝑧)/𝜕𝜈−𝜕𝑢𝑛(𝑦2)/𝜕𝜈| = |𝜕2𝑢𝑛(𝜂)/𝜕𝜈2| 𝑟𝑧Γ ≤ 𝐶0𝜆1/2
𝑛 𝑈0𝑟𝑧Γ ≤ 𝐶0𝜆1/2

𝑛 𝑟𝑧Γ𝑟𝑥0Γ𝑈1

(the penultimate inequality follows from Schauder’s estimate for problem (1)).
Hence

𝑟𝑧Γ ≥ (𝐶0𝜆1/2
𝑛 𝑟𝑥0Γ)−1 > (2𝐶1𝐶0𝜆1/4

𝑛 )−1,
i.e. max𝑥∈(𝑔−𝑔𝛿/2) |𝜕𝑢(𝑥)/𝜕𝜈| is attained at a point 𝑧 such that

𝑟𝑧Γ > (2𝐶1𝐶0)−1𝜆−1/4
𝑛 .

Therefore, in (16), 𝐶 must be taken to be (2𝐶1𝐶0)−1. Estimate (3) is obtained
by applying Lagrange’s formula to the points 𝑥0 and 𝑦1, taking into account
(16) and the fact that

𝑟𝑥0𝑦1
< 2𝐶1𝜆−1/4

𝑛 .

Theorem 2. For the derivatives of the eigenfunctions of problem (1), the
following estimate holds uniformly in the closed domain (𝑔 + Γ):

max
𝑥∈(𝑔+Γ)

|𝐷𝑘𝑢𝑛(𝑥)| = 𝑂 (𝜆(𝑚−1)/8+𝑘/4
𝑛 ) , 𝑘 = 0, 1, 2, … . (17)

Estimate (17) is sharp. Theorem 2 follows easily from Theorem (1), Schauder’
s estimates, and interpolation inequalities (see 4).

Remark. Estimates (3) and (17) are also valid in the case when, in problem
(1), the boundary conditions are taken to be

Δ𝑢|Γ = 0, 𝜕(Δ𝑢)/𝜕𝜈|Γ = 0.
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