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DIFFERENCE SCHEMES WITH FRONT
STRAIGHTENING FOR SOLVING MULTI-
FRONT PROBLEMS OF STEFAN TYPE

(Presented by Academician A. A. Dorodnitsyn, 17 VII 1965)

We consider the application of difference schemes with front straightening in
the one-dimensional case for a single parabolic equation. The transition to
the multidimensional case and to a system of equations causes no essential
difficulties.

§ 1. Problems with a constant number of phase fronts.
As the main domain of variation of the independent variables (x,t), we take the
domain

D {ji(t) <= < i(t), ¢ >0}, (1)

where z = §(t) and x = g(¢)—the left and right boundaries of the domain—may
be either prescribed curves or unknown phase fronts. Let there be N phase
fronts inside the domain D, x = y,(t), i = 1,2, ..., N, where

Y1) = yo(t) <wr(t) < <yn(t) <yna(t) =4(t), ¢=0. (2)

Assume first that the boundary curves x = §(t) and x = §(t) are prescribed.
Then the Stefan-type problem can be formulated as follows. It is required to find
the functions wug(x,t),uq(z,t), ..., uy(z,t) and the functions x = y, (¢),...,x =
yn(t), satisfying the conditions

Ou; 0 ou;
GJ(Iatvui)W = 9 (M%t%:)g)
for y;(t) <z <y;1(t), t >0, i=0,1,...,N; (3)
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pnk(e, tuy)Ouy [0x|_,

- —q(t, UN)|I:W>7 t>0; (5)
w1 (y; (1), 1) = u;(y;(), 1) = ¥, (y;(t), 1), t>0, i=1,2,..,N; (6)
Vi (t), £, (y; (1), 1)) dy; /dt = k(x,t,ui)aui/aﬂl_

=y, (t)+0

- k(.]?, t? uifl)auifl/ax’w:yi(wio + cI)i (yz (t)v t7 %(% (t>a t))7

t>0, i=1,2,...,N; (7)
y;(0)=1;, i=0,1,..,N,N+1; (8)
uw(z,0) =¢(z), L <x<l,, i=0,1,...,N. (9)

The parameters p; and ppp may take the values 0 or 1, and the functions §(¢, u)
and ¢(¢,u,) may vanish or be nonzero; accordingly, conditions (4) and (5) may
be boundary conditions of the 1st, 2nd, or 3rd kind, or nonlinear conditions of
radiation type.

If the left boundary of the domain D, x = §(t) = y,(¢), is a phase front, then
the boundary condition (4) is replaced by the conditions

k(z,t,u) 8u0/8m‘|w:g(t> = —Q(tauo)|w:g(t) %o (), 1, Yo (Yo (), 1)) dyo/dt+

P (Yo (t): 1, %o (Yo (t), 1), t>0; (4)

uO’m:g(wzy()(t) =tho(yo(t),t),  t>0. (47)

We proceed similarly in the case when the right boundary of the domain D,
x = Y(t) = yn41(t), is a phase front.

Let us make a change of independent variables x and ¢, leading to straightening
of the fronts and of the external boundaries of the domain. Namely, in each
domain

Di: {yz(t)gxgyl+l(t)? t>0}v 7':0’177N7 (10)
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we pass, respectively, to new independent variables

G =(@—y(0)/ (Y () =y (),  t=t i=0,1,...,N"  (11)

Here the domain D, is transformed into the domain

D {0<¢G <L t>0}, i=0,1,..,N, (10%)

bounded by the straight lines ¢; = 0 and (; = 1 for ¢ > 0 and by the segment
of the abscissa axis 0 < (; < 1, t = 0; the front = = y,(¢), which is the common
boundary of the domains D, ; and D;, is expressed in the domain D} ; by the
equation ¢;_; = 1, and in the domain Dj by the equation ¢ = 0. The expression
of any function f(x,t) in the coordinates ((;, ) will be denoted by f(¢;,):

f@,t) = f(y;(t) + Glya () —y; (D)) = F(Gh 1) (12)

Tt is not difficult to write problem (3)—(9) in the coordinates ({,¢) (cf. (1)). We
shall, however, immediately write difference schemes for solving problem (3)—(9)
in these coordinates. For this purpose, in each of the domains D] we introduce
a difference grid by dividing the segment 0 < ¢; < 1 into M, equal parts of
length h; = 1/M,, and denoting the division points by

CGp=W@—p)hy,  hy=1/M,;,  p;<p<p,=p;,+M,

and by dividing the half-axis ¢ > 0 by the division points

t; =g, j=0,1,..., T =const. (14)

As a result, in each Dj a grid ¥, of nodes (¢, t;) is determined.

ip?
We shall solve problem (3)—(9) on the grid

N
L= Uzim

in the coordinates (¢,t) by means of an implicit difference scheme. If the co-
efficients of the difference equations are computed on the same time level as
the unknown quantities, nonlinear difference equations are obtained, which can
be solved by combining the sweep method with iterations; such a scheme we
shall call iterative. If, however, the coefficients of the difference equations are
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computed on the preceding time level, then the implicit difference equations
become linear; for their solution the sweep method is sufficient; such a scheme
we shall call non-iterative.

The iterative scheme for determining the quantities on the j-th time level has
the form

als)

lp]

1 [ﬂg;}l) 7ﬂipjfl] = [yifl_lj) (j+1)]7 (ki;j(sc 1s+1 >+

+{ Z]s+1 + (P —pi1) [yzf;jl) yg-s“)]} «
x [yssy y(s_+1>] (Qh) @0, -3, -

yz+1] (%] 2p+1] ip—1g

p:pivpi+17"'api+1v i:()v]-a"'an ]>07

* A similar change in combination with the method of integral relations was used by A. A. Dorodnitsyn.

1 1 ~ — .
pkos[yt = yos) Mocugs ) = —dlt, ), G > 0; (4;)
7 (s s+1 .
Nnkgv;Nj[Z/Nﬂj - yng 1o UN; )J _q(tyug\/‘i) ]) J>0; (5;)
aptl =alt) =), =12, N, >0 (6,)

(s) s+1) (s)
Yi (y” ) jv’(/) (ym ) ]))yzﬁ [yi+1j _ygj)] 1kz+1p ]5Cu2+1p 7

=[5 —uh )R A+ @ (7:)
i=1,2,...,N;
Yio=1;; 1=0,1,...,N +1; yE;H) =Y i1 —l—TyZ;SH),
i=1,...,N, j>0; (8;)
o =0(&p)s P <P<Piy1, 1=0,1,...,N, p 4 =0, (9;)
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where

7 1 7 —(8 7 —(8
kE;)] = 5 [k(fz'pfptj,ng)_u) + k(&ipvtjvugp)j)] 9
(s) _ L r&s) 2(s) R R0
O¢ fipj = n; [fipe1; = Jinjl: of = h; [finj = fip-1,l

All quantities on the (j—1)-st time layer are regarded as known. In the iteration,
first the quantities yﬁsﬂ) are found from formulas (7;), then the quantities yz(-;ﬂ)
from formulas (8;), after which the coefficients and free terms of equations (3;),

(4,), (5;) are computed and, by sweeping, the values ﬁg;}rl)

segment Di < p < Pit1s 1= 07 13 "'7N’ Po = 0.

are found on each

If the left boundary of the domain D (or the right one, or both of these bound-
aries) is a phase front, then the difference approximations of the corresponding
conditions (4”) and (4”) on the left boundary (or of analogous conditions on the
right boundary) are written analogously to (7,).

The iteration for finding the quantities on the j-th time layer is continued until
two successive approximations coincide with a prescribed degree of accuracy ¢.

A noniterative scheme is obtained from (3;)—(9;) if the quantities at the preced-
ing iteration are replaced by the quantities on the preceding time layer, omitting
the indices s and s + 1.

§ 2. Problems with a varying number of phase fronts. Let us first consider
the case when a new front arises. Suppose, for example, for definiteness, that
the fronts x = y,(t),...,z = yy(t) already exist and that the boundaries of
the domain z = y,(¢) and & = yy,(t) are not phase fronts. Suppose further
that at the moment ¢ = 0 a new front « = y,(¢), t > 0, splits off from the left
boundary of the layer and then moves into the interior of the domain D. Put
Co = (—yo()/(ys(t) — yo(t)) and divide the interval 0 < ¢, < 1 into M,
equal parts of length h, = 1/M,. After the new front = = y, () has advanced
into D by some number M,, 1 < M, < ]\_41, of steps, one may, introducing the
substitution

Co= (@ —=1o()/ (121 (t) —yo(t)), 0<G <1

G ==y (8)/(y2(t) —y; (1), 0<¢ <1, (15)
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and dividing the intervals 0 < {, < 1and 0 < ¢; < 1into M, and M, = M,

_MO

parts respectively, carry out the computations according to the scheme described
in § 1. The computation of the initial stage, when the new front has not yet
passed M, steps into D, can be carried out by catching this front at a mesh

node, finding the steps 7; along the t-axis

iteration. Namely, in the part of the layer enclosed between the left boundary
x = yo(t) and the front & = y,(t), we carry out the computation by the formulas:

s+1
Mlk(()o)] [yéj) - yo;] 15(,“004; )= q(t UE)SO)J)
~(s) s s+1 _ — (s+1
G'E)pj[T;' )] [ (()pj ) qujfl} [yég) _yOJ} 26C<k0pg6C Opj >)+

Sfs L F +1 / +1 —(s+1
+ Yoy — Y] [yo; + C0p<y2(]s - Y0;)] (2hy) [ (<)sp+i] - ug)gp—l)jL
p=pg,-J—1, py=0;

3<) s s+1 — s ( (s+1
{J()} [(+) (s) +1)

QAop;lT. Uopj ~ — Ugy 1] = [y2j — Yo;] 5c(k0p]5<“0pg )+
s s+1 s+1 s+1)
+ [yé]) - yOJ] [yO] + <0p<y2] v - yO])][ (0;4—1)] - ué; 13](2]7’ ) ’

p:]+177M1717

s+1 s s . s
7’;— = pj’)/gl)jhl(yéj) - ij) + (1 +ijJ(s>)7'j(- )7

where
(s) _ .0s) 5 =(s) _ 7.(s) ¢ ~(s)7/,(s) - (s)

and the parameter p; is chosen so that

1+ pjad®| < 1.

q~;5) (s)

(16)

(18)

(19)

=ty ug), @) =dtun,, ) wy = o+ s —yo)ha,
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w = e ) );

. ~(s <(s)
Ezéij, ké‘;)j are the values to the left of x = y,(t); éo;jvkom' are the values to

the right of this front. The iteration for each fixed j is carried out until two
successive approximations coincide with the prescribed accuracy .

Let us now consider the case when one of the fronts disappears: for example,
the front = yx(t), moving monotonically from left to right, “falls into” the
right boundary = = yu,,(t) of the domain D at some time ¢ = ¢*. In this
case the interval 0 < ¢y < 1 will be divided into 2™ equal parts, where m is
some natural number. When the distance between the front © = y(¢) and the
boundary x = yy,(t) is reduced by half, the mesh of nodes on the interval
0 < ¢y < 1 must be thinned by a factor of two, and so on. When three nodes
remain on the interval 0 < (5 < 1, we continue the front x = y,(¢) until it
meets the boundary x = yy,4(t), extrapolating in time.

§ 3. Convergence and error estimate. Let u((;,,t;) and y,(¢;) be the values
of the exact solution of the original differential problem (3), (9) at the mesh
nodes, and let u,,; and y,; be the values at the same nodes of the exact solution
of the corresponding non-iterative difference problem. Then the following holds.
Theorem. If da,;/du, 0k,;/dC;, 0;/0C;, 0, /0t, du,/ot, 8%u,/d¢,0t, 0>, /IC2,
934, /0¢3, dy;/dt, d*y,/dt* exist and are bounded, then as h — 0 and 7 — 0
the estimates

|tipj — W(Cips t5)| = O(h) + O(7), |y —wi(t5)| = O(h) + O(7). (20)

hold.

It follows from the estimates (20) that the non-iterative scheme converges as
h — 0 and 7 — 0; practical computations show that the iterative scheme, for
the same mesh steps h and 7, gives more accurate results.

Moscow State University
named after M. V. Lomonosov

Received
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Note: Figure translations are in progress. See original paper for figures.
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