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Abstract
Full Text
UDC 518.61

MATHEMATICS

B. M. BUDAK, N. L. GOL’DMAN, A. B. USPENSKII

DIFFERENCE SCHEMES WITH FRONT
STRAIGHTENING FOR SOLVING MULTI-
FRONT PROBLEMS OF STEFAN TYPE
(Presented by Academician A. A. Dorodnitsyn, 17 VII 1965)

We consider the application of difference schemes with front straightening in
the one-dimensional case for a single parabolic equation. The transition to
the multidimensional case and to a system of equations causes no essential
difficulties.

§ 1. Problems with a constant number of phase fronts.
As the main domain of variation of the independent variables (𝑥, 𝑡), we take the
domain

𝐷 ∶ { ̃𝑦(𝑡) ≤ 𝑥 ≤ ̃𝑦(𝑡), 𝑡 > 0}, (1)

where 𝑥 = ̃𝑦(𝑡) and 𝑥 = ̃𝑦(𝑡)—the left and right boundaries of the domain—may
be either prescribed curves or unknown phase fronts. Let there be 𝑁 phase
fronts inside the domain 𝐷, 𝑥 = 𝑦𝑖(𝑡), 𝑖 = 1, 2, … , 𝑁 , where

̃𝑦(𝑡) = 𝑦0(𝑡) < 𝑦1(𝑡) < ⋯ < 𝑦𝑁(𝑡) < 𝑦𝑁+1(𝑡) = ̃𝑦(𝑡), 𝑡 ≥ 0. (2)

Assume first that the boundary curves 𝑥 = ̃𝑦(𝑡) and 𝑥 = ̃𝑦(𝑡) are prescribed.
Then the Stefan-type problem can be formulated as follows. It is required to find
the functions 𝑢0(𝑥, 𝑡), 𝑢1(𝑥, 𝑡), … , 𝑢𝑁(𝑥, 𝑡) and the functions 𝑥 = 𝑦1(𝑡), … , 𝑥 =
𝑦𝑁(𝑡), satisfying the conditions

𝑎(𝑥, 𝑡, 𝑢𝑖)
𝜕𝑢𝑖
𝜕𝑡 = 𝜕

𝜕𝑥 (𝑘(𝑥, 𝑡, 𝑢𝑖)
𝜕𝑢𝑖
𝜕𝑥 )

for 𝑦𝑖(𝑡) < 𝑥 < 𝑦𝑖+1(𝑡), 𝑡 > 0, 𝑖 = 0, 1, … , 𝑁; (3)

𝜇𝐼𝑘(𝑥, 𝑡, 𝑢0) 𝜕𝑢0/𝜕𝑥∣𝑥= ̃𝑦(𝑡) = − ̃𝑞(𝑡, 𝑢0)∣𝑥= ̃𝑦(𝑡), 𝑡 > 0; (4)
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𝜇II𝑘(𝑥, 𝑡, 𝑢𝑁)𝜕𝑢𝑁/𝜕𝑥∣𝑥= ̃𝑦(𝑡) = − ̃𝑞(𝑡, 𝑢𝑁)∣𝑥= ̃𝑦(𝑡), 𝑡 > 0; (5)

𝑢𝑖−1(𝑦𝑖(𝑡), 𝑡) = 𝑢𝑖(𝑦𝑖(𝑡), 𝑡) = 𝜓𝑖(𝑦𝑖(𝑡), 𝑡), 𝑡 ≥ 0, 𝑖 = 1, 2, … , 𝑁; (6)

𝛾𝑖(𝑦𝑖(𝑡), 𝑡, 𝜓𝑖(𝑦𝑖(𝑡), 𝑡)) 𝑑𝑦𝑖/𝑑𝑡 = 𝑘(𝑥, 𝑡, 𝑢𝑖)𝜕𝑢𝑖/𝜕𝑥∣𝑥=𝑦𝑖(𝑡)+0−

− 𝑘(𝑥, 𝑡, 𝑢𝑖−1)𝜕𝑢𝑖−1/𝜕𝑥∣𝑥=𝑦𝑖(𝑡)−0 + Φ𝑖(𝑦𝑖(𝑡), 𝑡, 𝜓𝑖(𝑦𝑖(𝑡), 𝑡)),

𝑡 > 0, 𝑖 = 1, 2, … , 𝑁; (7)

𝑦𝑖(0) = 𝑙𝑖, 𝑖 = 0, 1, … , 𝑁, 𝑁 + 1; (8)

𝑢𝑖(𝑥, 0) = 𝜑(𝑥), 𝑙𝑖 ≤ 𝑥 ≤ 𝑙𝑖+1, 𝑖 = 0, 1, … , 𝑁. (9)

The parameters 𝜇𝐼 and 𝜇II may take the values 0 or 1, and the functions ̃𝑞(𝑡, 𝑢0)
and ̃𝑞(𝑡, 𝑢𝑁) may vanish or be nonzero; accordingly, conditions (4) and (5) may
be boundary conditions of the 1st, 2nd, or 3rd kind, or nonlinear conditions of
radiation type.

If the left boundary of the domain 𝐷, 𝑥 = ̃𝑦(𝑡) = 𝑦0(𝑡), is a phase front, then
the boundary condition (4) is replaced by the conditions

𝑘(𝑥, 𝑡, 𝑢0) 𝜕𝑢0/𝜕𝑥∣𝑥= ̃𝑦(𝑡) = −𝑞(𝑡, 𝑢0)∣𝑥= ̃𝑦(𝑡) + 𝛾0(𝑦0(𝑡), 𝑡, 𝜓0(𝑦0(𝑡), 𝑡)) 𝑑𝑦0/𝑑𝑡+

+Φ0(𝑦0(𝑡), 𝑡, 𝜓0(𝑦0(𝑡), 𝑡)), 𝑡 > 0; (4’)

𝑢0∣𝑥= ̃𝑦(𝑡)=𝑦0(𝑡) = 𝜓0(𝑦0(𝑡), 𝑡), 𝑡 > 0. (4”)

We proceed similarly in the case when the right boundary of the domain 𝐷,
𝑥 = ̃̃𝑦(𝑡) = 𝑦𝑁+1(𝑡), is a phase front.

Let us make a change of independent variables 𝑥 and 𝑡, leading to straightening
of the fronts and of the external boundaries of the domain. Namely, in each
domain

𝐷𝑖 ∶ {𝑦𝑖(𝑡) ≤ 𝑥 ≤ 𝑦𝑖+1(𝑡), 𝑡 > 0}, 𝑖 = 0, 1, … , 𝑁, (10)
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we pass, respectively, to new independent variables

𝜁𝑖 = (𝑥 − 𝑦𝑖(𝑡))/(𝑦𝑖+1(𝑡) − 𝑦𝑖(𝑡)), 𝑡 = 𝑡, 𝑖 = 0, 1, … , 𝑁 ∗. (11)

Here the domain 𝐷𝑖 is transformed into the domain

𝐷∗
𝑖 ∶ {0 ≤ 𝜁𝑖 ≤ 1, 𝑡 ≥ 0}, 𝑖 = 0, 1, … , 𝑁, (10*)

bounded by the straight lines 𝜁𝑖 = 0 and 𝜁𝑖 = 1 for 𝑡 ≥ 0 and by the segment
of the abscissa axis 0 ≤ 𝜁𝑖 ≤ 1, 𝑡 = 0; the front 𝑥 = 𝑦𝑖(𝑡), which is the common
boundary of the domains 𝐷𝑖−1 and 𝐷𝑖, is expressed in the domain 𝐷∗

𝑖−1 by the
equation 𝜁∗

𝑖−1 = 1, and in the domain 𝐷∗
𝑖 by the equation 𝜁∗

𝑖 = 0. The expression
of any function 𝑓(𝑥, 𝑡) in the coordinates (𝜁𝑖, 𝑡) will be denoted by ̄𝑓(𝜁𝑖, 𝑡):

𝑓(𝑥, 𝑡) = 𝑓(𝑦𝑖(𝑡) + 𝜁𝑖[𝑦𝑖+1(𝑡) − 𝑦𝑖(𝑡)]) = ̄𝑓(𝜁𝑖, 𝑡). (12)

It is not difficult to write problem (3)—(9) in the coordinates (𝜁, 𝑡) (cf. (1)). We
shall, however, immediately write difference schemes for solving problem (3)—(9)
in these coordinates. For this purpose, in each of the domains 𝐷∗

𝑖 we introduce
a difference grid by dividing the segment 0 ≤ 𝜁𝑖 ≤ 1 into 𝑀𝑖 equal parts of
length ℎ𝑖 = 1/𝑀𝑖, and denoting the division points by

𝜁𝑖𝑝 = (𝑝 − 𝑝𝑖)ℎ𝑖, ℎ𝑖 = 1/𝑀𝑖, 𝑝𝑖 ≤ 𝑝 ≤ 𝑝𝑖 = 𝑝𝑖 + 𝑀𝑖,

𝑝0 = 0, 𝑖 = 0, 1, … , 𝑁, (13)

and by dividing the half-axis 𝑡 ≥ 0 by the division points

𝑡𝑗 = 𝑗𝜏, 𝑗 = 0, 1, … , 𝜏 = const. (14)

As a result, in each 𝐷∗
𝑖 a grid Σ𝑖ℎ𝜏 of nodes (𝜁𝑖𝑝, 𝑡𝑗) is determined.

We shall solve problem (3)—(9) on the grid

Σ =
𝑁
⋃
𝑖=0

Σ𝑖ℎ𝜏

in the coordinates (𝜁, 𝑡) by means of an implicit difference scheme. If the co-
efficients of the difference equations are computed on the same time level as
the unknown quantities, nonlinear difference equations are obtained, which can
be solved by combining the sweep method with iterations; such a scheme we
shall call iterative. If, however, the coefficients of the difference equations are
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computed on the preceding time level, then the implicit difference equations
become linear; for their solution the sweep method is sufficient; such a scheme
we shall call non-iterative.

The iterative scheme for determining the quantities on the 𝑗-th time level has
the form

̄𝑎(𝑠)
𝑖𝑝𝑗𝜏−1 [𝑢̄(𝑠+1)

𝑖𝑝𝑗 − 𝑢̄𝑖𝑝 𝑗−1] = [𝑦(𝑠+1)
𝑖+1 𝑗 − 𝑦(𝑠+1)

𝑖𝑗 ]
−2

𝛿𝜁 (𝑘̄(𝑠)
𝑖𝑝𝑗𝛿𝜁𝑢̄(𝑠+1)

𝑖𝑝𝑗 ) +

+ {𝑦′(𝑠+1)
𝑖𝑗 + (𝑝 − 𝑝𝑖−1) [𝑦′(𝑠+1)

𝑖+1 𝑗 − 𝑦′(𝑠+1)
𝑖𝑗 ]} ×

× [𝑦(𝑠+1)
𝑖+1 𝑗 − 𝑦(𝑠+1)

𝑖𝑗 ]
−1

(2ℎ𝑖)−1 [𝑢̄(𝑠)
𝑖 𝑝+1 𝑗 − 𝑢̄(𝑠)

𝑖 𝑝−1 𝑗] , (3i)

𝑝 = 𝑝𝑖, 𝑝𝑖 + 1, … , 𝑝𝑖+1, 𝑖 = 0, 1, … , 𝑁, 𝑗 > 0;

* A similar change in combination with the method of integral relations was used by A. A. Dorodnitsyn.

𝜇I𝑘̄(𝑠)
00𝑗[𝑦(𝑠+1)

1𝑗 − 𝑦0𝑗]−1𝛿𝜁𝑢̄(𝑠+1)
00𝑗 = − ̃𝑞(𝑡𝑗, 𝑢̄(𝑠)

00𝑗), 𝑗 > 0; (4𝑖)

𝜇II𝑘̄(𝑠)
𝑁𝑝𝑁𝑗[𝑦𝑁+1 𝑗 − 𝑦(𝑠+1)

𝑁𝑗 ]−1𝛿𝜁𝑢̄(𝑠+1)
𝑁𝑝𝑁𝑗 = − ̃𝑞(𝑡𝑗, 𝑢̄(𝑠)

𝑁𝑝𝑁𝑗), 𝑗 > 0; (5𝑖)

𝑢̄(𝑠+1)
𝑖𝑝𝑖𝑗 = 𝑢̄(𝑠+1)

𝑖+1 𝑝𝑖𝑗 = 𝜓𝑖(𝑦(𝑠+1)
𝑖𝑗 , 𝑡𝑗), 𝑖 = 1, 2, … , 𝑁, 𝑗 > 0; (6𝑖)

𝛾𝑖(𝑦(𝑠)
𝑖𝑗 , 𝑡𝑗, 𝜓𝑖(𝑦(𝑠)

𝑖𝑗 , 𝑡𝑗)) 𝑦′(𝑠+1)
𝑖𝑗 = [𝑦(𝑠)

𝑖+1 𝑗 − 𝑦(𝑠)
𝑖𝑗 ]−1𝑘̄(𝑠)

𝑖+1 𝑝𝑖𝑗𝛿𝜁𝑢̄(𝑠)
𝑖+1 𝑝𝑖𝑗

− [𝑦(𝑠)
𝑖𝑗 − 𝑦(𝑠)

𝑖−1 𝑗]−1𝑘̄(𝑠)
𝑖𝑝𝑖𝑗𝛿 ̄𝜁𝑢̄(𝑠)

𝑖𝑝𝑖𝑗 + Φ(𝑠)
𝑖𝑗 ; (7𝑖)

𝑖 = 1, 2, … , 𝑁;

𝑦𝑖0 = 𝑙𝑖, 𝑖 = 0, 1, … , 𝑁 + 1; 𝑦(𝑠+1)
𝑖𝑗 = 𝑦𝑖 𝑗−1 + 𝜏𝑦′(𝑠+1)

𝑖𝑗 ,
𝑖 = 1, … , 𝑁, 𝑗 > 0; (8𝑖)

𝑢̄𝑖0 = 𝜑̄(𝜉𝑖𝑝), 𝑝𝑖 ≤ 𝑝 ≤ 𝑝𝑖+1, 𝑖 = 0, 1, … , 𝑁, 𝑝−1 = 0, (9𝑖)

sovietrxiv.org/items/ru-196601.43678 Machine Translation

https://sovietrxiv.org/items/ru-196601.43678


where

𝑎(𝑠)
𝑖𝑝𝑗 = ̄𝑎(𝜉𝑖𝑝, 𝑡𝑗, 𝑢̄(𝑠)

𝑖𝑝𝑗), Φ(𝑠)
𝑖𝑗 = Φ𝑖(𝑦(𝑠)

𝑖𝑗 , 𝑡𝑗, 𝜓𝑖(𝑦(𝑠)
𝑖𝑗 , 𝑡𝑗)), 𝑖 = 1, … , 𝑁, 𝑗 > 0;

𝑘̄(𝑠)
𝑖𝑝𝑗 = 1

2 [𝑘̄(𝜉𝑖 𝑝−1, 𝑡𝑗, 𝑢̄(𝑠)
𝑖 𝑝−1 𝑗) + 𝑘̄(𝜉𝑖𝑝, 𝑡𝑗, 𝑢̄(𝑠)

𝑖𝑝𝑗)] ,

𝛿𝜁𝑓 (𝑠)
𝑖𝑝𝑗 = 1

ℎ𝑖
[ ̄𝑓 (𝑠)

𝑖 𝑝+1 𝑗 − ̄𝑓 (𝑠)
𝑖𝑝𝑗], 𝛿 ̄𝜁 = 1

ℎ𝑖
[ ̄𝑓 (𝑠)

𝑖𝑝𝑗 − ̄𝑓 (𝑠)
𝑖 𝑝−1 𝑗].

All quantities on the (𝑗−1)-st time layer are regarded as known. In the iteration,
first the quantities 𝑦′(𝑠+1)

𝑖𝑗 are found from formulas (7𝑖), then the quantities 𝑦(𝑠+1)
𝑖𝑗

from formulas (8𝑖), after which the coefficients and free terms of equations (3𝑖),
(4𝑖), (5𝑖) are computed and, by sweeping, the values 𝑢̄(𝑠+1)

𝑖𝑝𝑗 are found on each
segment 𝑝𝑖 ≤ 𝑝 ≤ 𝑝𝑖+1, 𝑖 = 0, 1, … , 𝑁 , 𝑝0 = 0.
If the left boundary of the domain 𝐷 (or the right one, or both of these bound-
aries) is a phase front, then the difference approximations of the corresponding
conditions (4′) and (4″) on the left boundary (or of analogous conditions on the
right boundary) are written analogously to (7𝑖).
The iteration for finding the quantities on the 𝑗-th time layer is continued until
two successive approximations coincide with a prescribed degree of accuracy 𝜀.
A noniterative scheme is obtained from (3𝑖)—(9𝑖) if the quantities at the preced-
ing iteration are replaced by the quantities on the preceding time layer, omitting
the indices 𝑠 and 𝑠 + 1.
§ 2. Problems with a varying number of phase fronts. Let us first consider
the case when a new front arises. Suppose, for example, for definiteness, that
the fronts 𝑥 = 𝑦2(𝑡), … , 𝑥 = 𝑦𝑁(𝑡) already exist and that the boundaries of
the domain 𝑥 = 𝑦0(𝑡) and 𝑥 = 𝑦𝑁+1(𝑡) are not phase fronts. Suppose further
that at the moment 𝑡 = 0 a new front 𝑥 = 𝑦1(𝑡), 𝑡 > 0, splits off from the left
boundary of the layer and then moves into the interior of the domain 𝐷. Put
𝜁0 = (𝑥 − 𝑦0(𝑡))/(𝑦2(𝑡) − 𝑦0(𝑡)) and divide the interval 0 ≤ 𝜁0 ≤ 1 into 𝑀̄1
equal parts of length ℎ̄1 = 1/𝑀̄1. After the new front 𝑥 = 𝑦1(𝑡) has advanced
into 𝐷 by some number 𝑀0, 1 < 𝑀0 < 𝑀̄1, of steps, one may, introducing the
substitution

𝜁0 = (𝑥 − 𝑦0(𝑡))/(𝑦1(𝑡) − 𝑦0(𝑡)), 0 ≤ 𝜁0 ≤ 1;

𝜁1 = (𝑥 − 𝑦1(𝑡))/(𝑦2(𝑡) − 𝑦𝑖(𝑡)), 0 ≤ 𝜁1 ≤ 1, (15)
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and dividing the intervals 0 ≤ 𝜁0 ≤ 1 and 0 ≤ 𝜁1 ≤ 1 into 𝑀0 and 𝑀1 = 𝑀̄1−𝑀0
parts respectively, carry out the computations according to the scheme described
in § 1. The computation of the initial stage, when the new front has not yet
passed 𝑀0 steps into 𝐷, can be carried out by catching this front at a mesh
node, finding the steps 𝜏𝑗 along the 𝑡-axis
iteration. Namely, in the part of the layer enclosed between the left boundary
𝑥 = 𝑦0(𝑡) and the front 𝑥 = 𝑦2(𝑡), we carry out the computation by the formulas:

𝜇1𝑘̄(𝑠)
00𝑗[𝑦(𝑠)

2𝑗 − 𝑦0𝑗]−1𝛿𝜁𝑢̄(𝑠+1)
00𝑗 = − ̃𝑞(𝑡𝑗, 𝑢̄(𝑠)

00𝑗); (16)

̌𝑎(𝑠)
0𝑝𝑗[𝜏 (𝑠)

𝑗 ]−1[𝑢̄(𝑠+1)
0𝑝𝑗 − 𝑢̄0𝑝 𝑗−1] = [𝑦(𝑠)

2𝑗 − 𝑦0𝑗]−2𝛿𝜁(𝑘̌(𝑠)
0𝑝𝑗𝛿𝜁𝑢̄(𝑠+1)

0𝑝𝑗 )+

+ [𝑦(𝑠)
2𝑗 − 𝑦0𝑗]−1[𝑦′

0𝑗 + ̄𝜁0𝑝(𝑦′(𝑠+1)
2𝑗 − 𝑦′

0𝑗)](2ℎ̄1)−1[𝑢̄(𝑠+1)
0 𝑝+1 𝑗 − 𝑢̄(𝑠+1)

0 𝑝−1 𝑗],

𝑝 = 𝑝0, … , 𝑗 − 1, 𝑝0 = 0; (17)

̌̌𝑎
(𝑠)
0𝑝𝑗[𝜏 (𝑠)

𝑗 ]−1[𝑢̄(𝑠+1)
0𝑝𝑗 − 𝑢̄0𝑝 𝑗−1] = [𝑦(𝑠)

2𝑗 − 𝑦0𝑗]−2𝛿𝜁( ̌𝑘̌
(𝑠)
0𝑝𝑗𝛿𝜁𝑢̄(𝑠+1)

0𝑝𝑗 )+

+ [𝑦(𝑠)
2𝑗 − 𝑦0𝑗]−1[𝑦′

0𝑗 + ̄𝜁0𝑝(𝑦′(𝑠+1)
2𝑗 − 𝑦′

0𝑗)][𝑢̄(𝑠+1)
0 𝑝+1 𝑗 − 𝑢̄(𝑠+1)

0 𝑝−1 𝑗](2ℎ1)−1,

𝑝 = 𝑗 + 1, … , 𝑀1 − 1; (18)

𝜏 (𝑠+1)
𝑗 = 𝑝𝑗𝛾(𝑠)

11𝑗ℎ1(𝑦(𝑠)
2𝑗 − 𝑦0𝑗) + (1 + 𝑝𝑗𝐴𝑗(𝑠))𝜏 (𝑠)

𝑗 , (19)

where

𝐴(𝑠)
𝑗 = [𝑘̌(𝑠)

0𝑗𝑗𝛿𝜁𝑢̄(𝑠)
0𝑗𝑗 − 𝑘̌(𝑠)

0𝑗𝑗𝛿𝜁𝑢̄(𝑠)
0𝑗𝑗](𝑦(𝑠)

2𝑗 − 𝑦0𝑗)−1 − Φ(𝑠)
1𝑗 ,

and the parameter 𝑝𝑗 is chosen so that

|1 + 𝑝𝑗𝐴𝑗(𝑠)| < 1.

̃𝑞(𝑠)
𝑗 = ̃𝑞(𝑡𝑗, 𝑢̄(𝑠)

00𝑗), ̃̃𝑞(𝑠)
𝑗 = ̃̃𝑞(𝑡𝑗, 𝑢̄(𝑠)

𝑁𝑝𝑁𝑗
), 𝑦(𝑠)

1𝑗 = 𝑦0𝑗 + 𝑗(𝑦(𝑠)
2𝑗 − 𝑦0𝑗)ℎ̄1,
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𝛾(𝑠)
1𝑗 = 𝛾1(𝑦(𝑠)

1𝑗 , 𝑡𝑗, 𝜓1(𝑦(𝑠)
1𝑗 , 𝑡𝑗));

̌𝑎(𝑠)
0𝑝𝑗, 𝑘̌(𝑠)

0𝑝𝑗 are the values to the left of 𝑥 = 𝑦1(𝑡); ̌̌𝑎
(𝑠)
0𝑝𝑗, ̌𝑘̌

(𝑠)
0𝑝𝑗 are the values to

the right of this front. The iteration for each fixed 𝑗 is carried out until two
successive approximations coincide with the prescribed accuracy 𝜀.
Let us now consider the case when one of the fronts disappears: for example,
the front 𝑥 = 𝑦𝑁(𝑡), moving monotonically from left to right, “falls into”the
right boundary 𝑥 = 𝑦𝑁+1(𝑡) of the domain 𝐷 at some time 𝑡 = 𝑡∗. In this
case the interval 0 ≤ 𝜁𝑁 ≤ 1 will be divided into 2𝑚 equal parts, where 𝑚 is
some natural number. When the distance between the front 𝑥 = 𝑦𝑁(𝑡) and the
boundary 𝑥 = 𝑦𝑁+1(𝑡) is reduced by half, the mesh of nodes on the interval
0 ≤ 𝜁𝑁 ≤ 1 must be thinned by a factor of two, and so on. When three nodes
remain on the interval 0 ≤ 𝜁𝑁 ≤ 1, we continue the front 𝑥 = 𝑦𝑁(𝑡) until it
meets the boundary 𝑥 = 𝑦𝑁+1(𝑡), extrapolating in time.

§ 3. Convergence and error estimate. Let 𝑢̄(𝜁𝑖𝑝, 𝑡𝑗) and 𝑦𝑖(𝑡𝑗) be the values
of the exact solution of the original differential problem (3), (9) at the mesh
nodes, and let 𝑢̄𝑖𝑝𝑗 and 𝑦𝑖𝑗 be the values at the same nodes of the exact solution
of the corresponding non-iterative difference problem. Then the following holds.

Theorem. If 𝜕 ̄𝑎𝑖/𝜕𝑢̄, 𝜕𝑘̄𝑖/𝜕𝜁𝑖, 𝜕𝛾𝑖/𝜕𝜁𝑖, 𝜕Φ𝑖/𝜕𝑡, 𝜕𝑢̄𝑖/𝜕𝑡, 𝜕2𝑢̄𝑖/𝜕𝜁𝑖𝜕𝑡, 𝜕2𝑢̄𝑖/𝜕𝜁2
𝑖 ,

𝜕3𝑢̄𝑖/𝜕𝜁3
𝑖 , 𝑑𝑦𝑖/𝑑𝑡, 𝑑2𝑦𝑖/𝑑𝑡2 exist and are bounded, then as ℎ → 0 and 𝜏 → 0

the estimates

|𝑢̄𝑖𝑝𝑗 − 𝑢̄(𝜁𝑖𝑝, 𝑡𝑗)| = 𝑂(ℎ) + 𝑂(𝜏), |𝑦𝑖𝑗 − 𝑦𝑖(𝑡𝑗)| = 𝑂(ℎ) + 𝑂(𝜏). (20)

hold.

It follows from the estimates (20) that the non-iterative scheme converges as
ℎ → 0 and 𝜏 → 0; practical computations show that the iterative scheme, for
the same mesh steps ℎ and 𝜏 , gives more accurate results.
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