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Abstract

Full Text

UDC 517.533.5
MATHEMATICS
A. G. VITUSHKIN

ON THE APPROXIMATION OF A FUNC-
TION BY RATIONAL FRACTIONS

(Presented by Academician A. N. Kolmogorov on 28 II 1966)

In this note conditions are formulated on a function under which it can be
represented as the limit of a uniformly convergent sequence of rational fractions
on a certain prescribed set.

We denote by 7 the plane of the complex variable z = x + iy; by Ce the
complement of the set e in 7; by A(e,m) the set of all functions each of which
is analytic outside some closed subset of the set e, is bounded there in modulus
by the constant m, and is equal to zero at infinity;

Ae, f) = lim, o 2f(2), where f() € A(e,m);

~v(e) = SUD e 4 1) |v(e, f)] is the analytic capacity of the set e;

p(z,e) is the Ahlfors function for the closed set e, i.e. p(z,e) € A(e,1) and
v(e, ) =(e);

K (z,9) is the square whose sides are parallel to the coordinate axes, with center
at z and side length d; 0K is the boundary of the set K.

Theorem. Let e be a closed bounded set; let f(z) be a function continuous in
the whole plane and such that, for every square K(z,9),

<~[Cen K(z,10)] (),

/ F(¢)d¢
0K (2,5)

where 7 > 1 does not depend on z and §; limg_,,§2(6) = 0. Then f(z) can
be uniformly approximated with arbitrary accuracy on the set e by a rational
fractions.

Lemma 1. Let o be a natural number; ¢, <c (k=1,2,..; n=1,2,..., ka)
be nonnegative numbers. Then

Z Cen > Bla)c
k,n
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where B(a) depends only on a.

Lemma 2. Let {e,} be a system of closed subsets of e such that, for every square
K(z,7(e)), the number of sets of this system intersecting it is not greater than
p. Then for all functions {f;(z) € A(e;, 1)} the inequality

supZ|f )| < elp)

z€Ce ™

holds.

Proof. Fix a point ¢ and renumber {e;} with two indices k,n so that k =
[P (¢ epn)v(e)], where p(C, ey ,,) is the distance from the point ¢ to e, ,,. We
obtain that the index n runs through no more

* Remark in proof. The condition of the theorem is also a necessary condition
for approximability of a function by rational fractions. The proof of this fact
has been submitted for publication.

ak = a(p)k values. Put

= ’Y(ek’n)' =su ; z) = z,€
u(C)—; e Ao ) Zz:w(

Since for every g(z) € A(e, 1), |9(z)| < min{1,~(e)/p(z,e)}, it follows that

’7(ek:,n)
S kry(e)

sup [p(2)| < C4(p)
z k,n

< Ci(p)(A+p) = -

Since ), y(e;) < pyy(e) and since, by Lemma 1, Y7 7(e;) > B(a)y(e)u?, we
have B(a)u? < py, i.e. u < Cy(p). Therefore

Zlf )| < Cy(p)(1+ p) = C(p).

The lemma is proved.

Lemma 3. If {¢;} satisfies the conditions of Lemma 2, then

Zv(ei) < C(p)y(e).

Lemma 4. If f(z) satisfies the conditions of the theorem, then for all z and §
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< dy(Cen K(z,6))®(d),

/ FO(C - =) dC
0K (z,0)

and ®(6) > 0as d — 0.

Proof. Fix a natural number ¢ and consider the system of squares K3 =
K(zg,éq’s) (B = (By,-»Bs); Bi = 1,...,¢% s = 0,1,2,...) such that Kg =
K(2,0), for every s any two squares from {3} are congruent, and for all s and

B

q2
U w5

Bsr1=1

We shall denote by the sign Z; (respectively Zg) summation over all those

values of 8 for which y(Ce N K E) > ¢ 18qg~° (respectively summation over all
remaining values of ). For all s, 3,

| #0657 ds = 35 Y[ sace
GKZ;’I OK¢

B

Y / FOC—zdc+Y / FO(C— 23 de;
B 8Kg B 8Kg

therefore, for every n,

n—1
| so¢-sdc= 3 {Zzﬁ—zﬁ V[ srace
3KB 0K

s=1 BgysBs_1 Bs B

> f<<><<—zg>d<}+ >R
8, VOK} Bos-By YOKE

Denote by w(d) the modulus of continuity of f(z) and put

(5) = max[Q(t) + w(t)]

t<é

and
ey =Cen K(zg,rotsq’s).

From the inequality
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F(OC— ZE) d¢| < w(bq™®) - 46q~°

0K}

and Lemma 2 we obtain

FOC—=2)d¢| < Z Z {Zzﬁ_zﬁ [v(e3)2dg*)+
0K (2,0) =1 By
+Zw(5q’s 5. 46q % + Z 4(6g7 )% <
B, By
n—1 /
>y {6q1 P(8) Y (es) +40qp(8) Y <CemKﬁ>}
s Bo- -1 Bs Bs

whence, for ¢ = [2¢(p) +2], ®(§) = 16¢(0), we obtain the assertion of the lemma.

Denote:

Ble, 2 ) = [y(e)2mi] / FOC—2)ds  Ble,s)= sup |Ble,z fl;

Oe feAl(e,1)

B(e) = min SB(e, z)
—the “analytic diameter” of the set e; O(e) is the “center,” i.e., a point such
that (e, O(c)) = Be).

Lemma 5. If e and f(z) satisfy the conditions of the theorem, then for every
square K (z,9)

/ FOC — O(Ce N K (2,18))] de| <
0K (2,6)
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< AW)Y(CenN K(z,18))B(Cen K(z,19))

and A(§) — 0 as § — 0.

Proof. Divide K(z,0) into equal squares with side 5 and centers at the points
t;. Put e(z,0) = Cen K(z,7d). Choose § so that 8 < fS(e(z,0)) < 28, if

B(e(z,0)) < 0, and B =4, if S(e(z,9)) > J. From the condition of the theorem
and Lemmas 4 and 3 we obtain

/ F(Q)IC — Ole(=,0))] de| <
0K (z,0)
< Dl Olelz D tetts NS + 3 (el (8) <

< Z It; — Ole(2,0)) [y(e(t;, B)UB) + c(p)y(e(z, 8))BB(B).
Let f; = fi(z) € A(e(t;, 8),1) and

Lt — Ole(z, 6Nt — O(e(z, 6))y(e(ts, B));

’V(e(tivﬁ)v fz) = 9

then ¢(z) = >_. fi(2) is bounded in modulus by c(p) (see Lemma 2). Conse-
quently,

Ble(z,6)) > [(e(p)) ™' Ble(2,0)), O(e(z,0))l,

WV

lo(2)] > [2my(e(2,0))e(p)]

/ (Z[ti —O(e(z,0))]f;(Q) + (¢ — ti)fi(<)> dg

i

> [2my(e(z {Z |t; — O(e(2,9)) [y (et ﬂ))ml(r)ﬂv(e(z,é))},

where m, (1) is a constant.

Thus,

/ FOIC — Olelz, ) dc| <
0K (z,0)
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< Z [t; — O(e(2,0)) [ v(e(t;, B))UB) + c(p)y(e(z,0)) BR(B) <

< (e(2,0))B(e(z,0))my (r)[2(B) + @(B)]-

The lemma is proved.

Lemma 6. If the complex numbers v and 8 are such that |y| < ~(e) and
|8] < B(e), then there exists a function g(z) € A(e, 5) for which (e, g) = v and

ﬁ(e’ O(e)’g) = .

Proof. For every function f(z),

/B(eaCa f) = /8(670(6)7f> +

Consequently, for ¢ = ¢(z, e), when
2y = O<6> - B(ea O(e)v 90>

we have (e, zy, p) = 0.
From the definition of O(e) it follows that for some function f; € A(e, 1),

B(ea 20> fl) = ﬂ(e)

Choose ¢ so that for
fo=(fi +ep) € Ale,2)

one has (e, O(e), f5) = B(e) and ~(e, f,) = 0. Since
5(67 0(6)7 @) = O<e) — 20

we have |O(e) — zy| < B(e). Then

is the desired function.

Proof of the theorem. Let K be a square containing the set e. Divide it into

equal squares
K, = K(t;,0), 0,=0(Cen K(t;,rd)).

Let
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be a smooth function uniformly approximating f on K with accuracy up to e.
By Lemma 6, there exist functions

9 € A(Ce,5(A(0) +(9))),

whose first two coefficients in the expansion in powers of 1/z — O, are equal to
the corresponding coefficients of the function

L1 dfr 1
fi—W/Ki ic =%

It remains to verify that, if one first chooses sufficiently small §, and then ¢,
then the function analytic in a neighborhood of the set e,

o(z) = —— éﬂ(gd@rzgi

27 Jy
will be sufficiently close to f(z). Approximating this function by a rational
fraction, we obtain the assertion of the theorem.
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