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MATHEMATICS

P. P. ZABREIKO

ON THE DIFFERENTIABILITY OF NONLIN-
EAR OPERATORS IN THE SPACES ℒ𝑝

(Presented by Academician I. G. Petrovsky, 29 V 1965)

Many methods for the study of nonlinear operator equations (the theory of im-
plicit functions, approximate and topological methods, etc.) require smoothness
of the nonlinear operators entering these equations. In connection with this, the
problem arises of differentiating specific operators, for example integral opera-
tors, acting from one space 𝐸1 into another space 𝐸2. In the present note the
question of differentiability is solved for the Uryson operator

𝐴𝑥(𝑡) = ∫
Ω1

𝐾[𝑡, 𝑠, 𝑥(𝑠)] 𝑑𝑠, (1)

acting from the space ℒ𝑝 = ℒ𝑝(Ω1) (1 ≤ 𝑝 ≤ ∞) into the space ℒ𝑞 = ℒ𝑞(Ω2)
(0 < 𝑞 ≤ ∞); here, as usual, Ω1 and Ω2 are sets of finite Lebesgue measure.
Some results on the differentiability of the operator (1) were obtained earlier in
(1−5).
Below we use certain special spaces of functions of two variables. Denote by 𝑁𝑝
(1 ≤ 𝑝 ≤ ∞) the Banach space of functions 𝑢(𝑡, 𝑠) (𝑡 ∈ Ω2, 𝑠 ∈ Ω1) for which
the norm is meaningful and finite

‖𝑢(𝑡, 𝑠)‖𝑁𝑝
= ∥vrai sup

𝑡∈Ω2

|𝑢(𝑡, 𝑠)|∥
ℒ𝑝(Ω1)

. (2)

Next, denote by 𝐵𝑝,𝑞 (𝐵0
𝑝,𝑞) the space of functions 𝑘(𝑡, 𝑠) (𝑡 ∈ Ω2, 𝑠 ∈ Ω1) for

which the integral operators

𝐾𝑥(𝑡) = ∫
Ω1

𝑘(𝑡, 𝑠)𝑥(𝑠) 𝑑𝑠, |𝐾|𝑥(𝑡) = ∫
Ω1

|𝑘(𝑡, 𝑠)|𝑥(𝑠) 𝑑𝑠 (3)

act from ℒ𝑝 to ℒ𝑞 and are continuous (completely continuous). We introduce
the norm (6) in the spaces 𝐵𝑝,𝑞 and 𝐵0

𝑝,𝑞 by the equality
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‖𝑘(𝑡, 𝑠)‖𝐵𝑝,𝑞
= sup

‖𝑥‖ℒ𝑝 ≤1
∥∫

Ω1

|𝑘(𝑡, 𝑠)𝑥(𝑠)| 𝑑𝑠∥
ℒ𝑞

. (4)

1. Suppose that the functions 𝐾(𝑡, 𝑠, 𝑢) (𝑡 ∈ Ω2, 𝑠 ∈ Ω1, −∞ < 𝑢 < ∞) are
measurable on Ω2 × Ω1 for all 𝑢 ∈ (−∞, ∞) and for almost all {𝑡, 𝑠} ∈
Ω2 × Ω1 have a derivative with respect to 𝑢 that is continuous. Introduce
the superposition operator

𝔊𝑢(𝑡, 𝑠) = 𝐾′
𝑢[𝑡, 𝑠, 𝑢(𝑡, 𝑠)]. (5)

Theorem 1. Let 𝐴𝜃 ∈ ℒ𝑞 and let the operator (5) act from 𝑁𝑝 into 𝐵𝑝,𝑞 and
be continuous.

Then the nonlinear integral operator (1) acts from ℒ𝑝 into ℒ𝑞 and is continuously
differentiable on ℒ𝑝, moreover

𝐴′(𝑥0)ℎ = ∫
Ω1

𝐾′
𝑢[𝑡, 𝑠, 𝑥0(𝑠)]ℎ(𝑠) 𝑑𝑠 (𝑥0, ℎ ∈ ℒ𝑝). (6)

The main assumption of Theorem 1 is the continuity of the superposition oper-
ator (5). This assumption, for example, is satisfied if the inequality

|𝐾′
𝑢(𝑡, 𝑠, 𝑢1) − 𝐾′

𝑢(𝑡, 𝑠, 𝑢2)| ≤
𝑛

∑
𝑖=1

𝑅𝑖(𝑡, 𝑠, 𝑢) |𝑢1 − 𝑢2|𝛿𝑖 (|𝑢1|, |𝑢2| ≤ 𝑢), (7)

holds, where 0 < 𝛿1 < ⋯ < 𝛿𝑛 < 𝑝−1, and the functions 𝑅𝑖(𝑡, 𝑠, 𝑢) (𝑖 = 1, … , 𝑛)
define operators acting from 𝑁𝑝 into 𝐵 𝑝

1+𝛿𝑖
,𝑞 and bounded operators ℜ𝑖𝑢(𝑡, 𝑠) =

𝑅𝑖[𝑡, 𝑠, 𝑢(𝑡, 𝑠)]. More delicate criteria for the continuity of operator (5) are based
on the following assertion.

Theorem 2. Let the function 𝑄(𝑡, 𝑠, 𝑢) (𝑡 ∈ Ω2, 𝑠 ∈ Ω1, −∞ < 𝑢 < ∞) be
measurable on Ω2 × Ω1 for all 𝑢 ∈ (−∞, ∞) and continuous in 𝑢 for almost all
{𝑡, 𝑠} ∈ Ω2 × Ω1. Let the superposition operator 𝔔𝑢(𝑡, 𝑠) = 𝑄[𝑡, 𝑠, 𝑢(𝑡, 𝑠)] act
from 𝑁𝑝 into 𝐵𝑝,𝑞, where 𝑝 > 1, 𝑞 < ∞. Then the operator (5) acts from 𝑁𝑝
into 𝐵0

𝑝,𝑞.

Then the superposition operator 𝔔 is continuous.

From Theorems 1 and 2 it follows:

Theorem 3. Let 1 < 𝑝 ≤ ∞, 0 < 𝑞 < ∞. Let 𝐴𝜃 ∈ ℒ𝑞, and let operator (5)
act from 𝑁𝑝 into 𝐵0

𝑝,𝑞.

Then the assertion of Theorem 1 is valid.
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Applying various criteria for complete continuity of linear integral operators,
from Theorem 3 one can obtain more particular criteria of differentiability. We
give one example.

Theorem 4. Let 1 < 𝑝 ≤ ∞, 0 < 𝑞 < ∞, and let 𝐴𝜃 ∈ ℒ𝑞. Let the function
𝐾′

𝑢(𝑡, 𝑠, 𝑢) satisfy the inequality

|𝐾′
𝑢(𝑡, 𝑠, 𝑢)| ≤

𝑚
∑
𝑗=1

𝑆𝑗(𝑡, 𝑠)𝑔𝑗(𝑠, 𝑢), (8)

where 𝑔𝑗(𝑠, 𝑢) (𝑗 = 1, … , 𝑚) are nonnegative functions satisfying the
Carathéodory conditions, and each operator 𝑔𝑗 = 𝑔𝑗[𝑠, 𝑥(𝑠)] acts from ℒ𝑝 into
some ℒ𝑟𝑖

, 1/𝑟𝑖 ≤ 1 − 1/𝑝, while 𝑆𝑗(𝑡, 𝑠) ∈ 𝐵 𝑟𝑖𝑝
𝑟𝑖+𝑝 ,𝑞 for 𝑟𝑖 < ∞, or 𝑆𝑗(𝑡, 𝑠) ∈ 𝐵0

𝑝,𝑞
for 𝑟𝑖 = ∞.

Then the assertion of Theorem 1 is valid.

2. We give a theorem on the differentiability of operator (1) at a fixed point.
Suppose that the function 𝐾(𝑡, 𝑠, 𝑢) (𝑡 ∈ Ω2, 𝑠 ∈ Ω1, −∞ < 𝑢 < ∞) is
measurable on Ω2 × Ω1 for all 𝑢 ∈ (−∞, ∞) and is continuous in 𝑢 for
almost all {𝑡, 𝑠} ∈ Ω2 × Ω1. Let 𝑥0(𝑠) be a fixed function, and suppose
that there exists

lim
𝑢→0

1
𝑢{𝐾[𝑡, 𝑠, 𝑥0(𝑠) + 𝑢] − 𝐾[𝑡, 𝑠, 𝑥0(𝑠)]} = 𝐾0(𝑡, 𝑠), (9)

Introduce the superposition operator

𝔊0𝑢(𝑡, 𝑠) = 𝐺0[𝑡, 𝑠, 𝑢(𝑡, 𝑠)], (10)

𝐺0(𝑡, 𝑠, 0) = 𝐾0(𝑡, 𝑠), 𝐺0(𝑡, 𝑠, 𝑢) = 1
𝑢{𝐾[𝑡, 𝑠, 𝑥0(𝑠) + 𝑢] − 𝐾[𝑡, 𝑠, 𝑥0(𝑠)]}.

Theorem 5. Let 𝑥0 ∈ ℒ𝑝, 𝐴𝑥0 ∈ ℒ𝑞, and let operator (10) act from ℒ𝑝 into
𝐵𝑝,𝑞 and be continuous at the point 𝜃.

Then the nonlinear integral operator (1) acts from ℒ𝑝 into ℒ𝑞, is differentiable
at the point 𝑥0, and

𝐴′(𝑥0)ℎ = ∫
Ω1

𝐾0(𝑡, 𝑠)ℎ(𝑠) 𝑑𝑠. (11)

Operator (10) acts from ℒ𝑝 into 𝐵𝑝,𝑞 and is continuous if 𝑝 > 1, 𝑞 < ∞ and if
it acts from 𝑁𝑝 into 𝐵𝑝,𝑞. In particular, the latter is ful-
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when the inequality holds

|𝐺0(𝑡, 𝑠, 𝑢) − 𝐾0(𝑡, 𝑠)| ⩽
𝑚

∑
𝑗=1

𝑆𝑗(𝑡, 𝑠)|𝑢|𝛿𝑗 , (12)

where 0 = 𝛿0 < 𝛿1 < ⋯ < 𝛿𝑚 ⩽ 𝑝 − 1, 𝑆0(𝑡, 𝑠) ∈ 𝐵0
𝑝,𝑞 and 𝑆𝑗(𝑡, 𝑠) ∈ 𝐵 𝑝

1+𝛿𝑗
,𝑞

(𝑗 = 1, … , 𝑚).
3. We give one theorem on the differentiability of the operator (1) on dense

sets. Suppose, as in Sec. 1, that the function 𝐾(𝑡, 𝑠, 𝑢), for almost all
{𝑡, 𝑠} ∈ Ω2 × Ω1, has a derivative 𝐾′

𝑢(𝑡, 𝑠, 𝑢) continuous in 𝑢.

Theorem 6. Let 1 < 𝑝 < 𝑝0 ⩽ ∞, 0 < 𝑞 < ∞. Let 𝐴𝜃 ∈ ℒ𝑞 and let the
superposition operator

ℌ(𝑢, 𝑣) = 𝐻[𝑡, 𝑠, 𝑢(𝑡, 𝑠), 𝑣(𝑡, 𝑠)], (13)

where 𝐻(𝑡, 𝑠, 𝑢, 𝑣) = 1
1 + |𝑣|{𝐾(𝑡, 𝑠, 𝑢 + 𝑣) − 𝐾(𝑡, 𝑠, 𝑢)}, act from 𝑁𝑝0

× 𝑁𝑝 into

𝐵0
𝑝,𝑞. Suppose the operator (5) acts from 𝑁𝑝0

into 𝐵0
𝑝,𝑞.

Then the nonlinear integral operator (1) acts from ℒ𝑝 into ℒ𝑞, is continuous,
differentiable at every point of ℒ𝑝0

, and

𝐴′(𝑥0)ℎ = ∫
Ω1

𝐾′
𝑢[𝑡, 𝑠, 𝑥0(𝑠)] ℎ(𝑠) 𝑑𝑠 (𝑥0 ∈ ℒ𝑝0

, ℎ ∈ ℒ𝑝). (14)

Suppose, for example, that 𝐾(𝑡, 𝑠, 𝑢) and 𝐾′
𝑢(𝑡, 𝑠, 𝑢) satisfy the inequalities

|𝐾(𝑡, 𝑠, 𝑢) − 𝐾(𝑡, 𝑠, 0)| ⩽
𝑛

∑
𝑖=1

𝑅𝑖(𝑡, 𝑠)|𝑢|𝑘𝑖 , (15)

|𝐾′
𝑢(𝑡, 𝑠, 𝑢)| ⩽

𝑚
∑
𝑗=1

𝑆𝑗(𝑡, 𝑠)|𝑢|𝑙𝑗 . (16)

Then the conditions of Theorem 6 are satisfied if:

1∘. 1 < 𝑝 < 𝑝0 ⩽ ∞, 0 < 𝑞 < ∞, 𝐴𝜃 ∈ ℒ𝑞.

2∘. For each 𝑖 = 1, … , 𝑛, one of the following relations holds:

a) 𝑝0 < ∞, 𝑘𝑖 = 0, and 𝑅𝑖(𝑡, 𝑠) ∈ 𝐵0
𝑝,𝑞;

b) 𝑝0 < ∞, 0 < 𝑘𝑖 < 𝑝0
𝑝0 − 𝑝 , and
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𝑅𝑖(𝑡, 𝑠) ∈ 𝐵 𝑝𝑝0
𝑝𝑘𝑖+𝑝0 ,𝑞;

c) 𝑝0 < ∞, 𝑝0
𝑝0 − 𝑝 ⩽ 𝑘𝑖, and 𝑅𝑖(𝑡, 𝑠) ∈ 𝐵 𝑝

𝑘𝑖
,𝑞;

d) 𝑝0 = ∞, 0 ⩽ 𝑘𝑖 ⩽ 1, and 𝑅𝑖(𝑡, 𝑠) ∈ 𝐵0
𝑝,𝑞;

e) 𝑝0 = ∞, 1 < 𝑘𝑖, and 𝑅𝑖(𝑡, 𝑠) ∈ 𝐵 𝑝
𝑘𝑖

,𝑞.

3∘. For each 𝑗 = 1, … , 𝑚, one of the following relations holds:

a) 𝑝0 < ∞, 𝑙𝑗 = 0, and 𝑆𝑗(𝑡, 𝑠) ∈ 𝐵0
𝑝,𝑞;

b) 𝑝0 < ∞, 𝑙𝑗 > 0, and 𝑆𝑗(𝑡, 𝑠) ∈ 𝐵 𝑝𝑝0
𝑝𝑙𝑗+𝑝0 ,𝑞;

c) 𝑝0 = ∞, and 𝑆𝑗(𝑡, 𝑠) ∈ 𝐵0
𝑝,𝑞.

4. For the nonlinear integral operator

𝐴𝑥(𝑡) = ∫
Ω1

𝐾(𝑡, 𝑠) 𝑓[𝑠, 𝑥(𝑠)] 𝑑𝑠 (17)

the assertions of Secs. 1–3 can be strengthened, since it can be represented in
the form of a superposition of the nonlinear operator 𝑓𝑥 = 𝑓[𝑠, 𝑥(𝑠)] and a linear
integral operator. The differentiability conditions for the superposition operator
𝑓 have been studied in detail in (2). We give here two further assertions.

Theorem 7. Let 1 ⩽ 𝑟 < 𝑝 ⩽ ∞, 𝑥0 ∈ ℒ𝑝, 𝑓𝑥0 ∈ ℒ𝑟, and suppose there exists
a function

𝑔(𝑠) = lim
𝑢→0

1
𝑢{𝑓[𝑠, 𝑥0(𝑠) + 𝑢] − 𝑓[𝑠, 𝑥0(𝑠)]}, 𝑔(𝑠) ∈ ℒ 𝑝𝑟

𝑝−𝑟
.

Suppose

|𝑓[𝑠, 𝑥0(𝑠) + 𝑢] − 𝑓[𝑠, 𝑥0(𝑠)] − 𝑔(𝑠)𝑢| ⩽ 𝑐(𝑠)|𝑢|𝑘 (|𝑢| ⩽ 𝑢0),

where 1 ≤ 𝑘 < ∞, 𝑐(𝑠) ∈ ℒ𝜇 and

|𝑓[𝑠, 𝑥0(𝑠) + 𝑢] − 𝑓[𝑠, 𝑥0(𝑠)]| ≤
𝑛

∑
𝑖=1

𝑐𝑖(𝑠)|𝑢|𝛾𝑖 + 𝑏|𝑢|𝑝/𝑟 (−∞ < 𝑢 < ∞),

where 0 ≤ 𝛾0 < 𝛾1 < ⋯ < 𝛾𝑛 ≤ 1, 𝑐𝑖(𝑠) ∈ ℒ𝜇𝑖
. Suppose that for each

𝑖 = 1, … , 𝑛
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1
𝑟 − 1

𝑝 ≥ 1
𝜇𝑖

, 1
𝑟 − 1

𝑝 ≥ 𝑘 − 1
𝑘 − 𝛾𝑖

1
𝜇𝑖

+ 1 − 𝛾𝑖
𝑘 − 𝛾𝑖

1
𝜇.

Then the operator 𝑓𝑥 = 𝑓[𝑠, 𝑥(𝑠)] maps ℒ𝑝 into ℒ𝑟, is differentiable at the point
𝑥0, and 𝑓 ′(𝑥0)ℎ = 𝑔(𝑠)ℎ(𝑠) (ℎ ∈ ℒ𝑝).
Theorem 8. Let 1 ≤ 𝑟 < 𝑝 < 𝑝0 ≤ ∞. Suppose that for almost all 𝑠 ∈ Ω1
the function 𝑓(𝑠, 𝑢) has a derivative 𝑓 ′

𝑢(𝑠, 𝑢) continuous in 𝑢, and that the
superposition operator 𝔊𝑥 = 𝑓 ′

𝑢[𝑠, 𝑥(𝑠)] maps ℒ𝑝0
into ℒ 𝑝𝑟

𝑝−𝑟
.

Suppose that 𝑓𝜃 ∈ ℒ𝑞 and that one of the following conditions is satisfied:

a) 𝑝0 < ∞ and

|𝑓(𝑠, 𝑢 + 𝑣) − 𝑓(𝑠, 𝑢)|
1 + |𝑣| ≤ 𝑎(𝑠) + 𝑏1|𝑢|𝑝0

𝑝−𝑟
𝑝𝑟 + 𝑏2|𝑣| 𝑝−𝑟

𝑟 ,

where 𝑎(𝑠) ∈ ℒ 𝑝𝑟
𝑝−𝑟

, and 𝑏1, 𝑏2 are constants;

b) 𝑝0 = ∞ and for every 𝑅 > 0

|𝑓(𝑠, 𝑢 + 𝑣) − 𝑓(𝑠, 𝑢)|
1 + |𝑣| ≤ 𝑎𝑅(𝑠) + 𝑏𝑅|𝑣| 𝑝−𝑟

𝑟 (|𝑢| ≤ 𝑅),

where 𝑎𝑅(𝑠) ∈ ℒ 𝑝𝑟
𝑝−𝑟

and 𝑏𝑅 is a constant.

Then the operator 𝑓𝑥 = 𝑓[𝑠, 𝑥(𝑠)] maps ℒ𝑝 into ℒ𝑟, is continuous, and is differ-
entiable at every point of the space ℒ𝑝0

:

𝑓 ′(𝑥0)ℎ = 𝔊𝑥0(𝑠) ⋅ ℎ(𝑠)

(𝑥0 ∈ ℒ𝑝0
, ℎ ∈ ℒ𝑝).

Suppose, for example, that the function 𝑓(𝑠, 𝑢) satisfies the inequality

|𝑓(𝑠, 𝑢) − 𝑓(𝑠, 0)| ≤
𝑛

∑
𝑖=1

𝑐𝑖(𝑠)|𝑢|𝑘𝑖 , (18)

where 0 ≤ 𝑘0 < 𝑘1 < ⋯ < 𝑘𝑛, 𝑐𝑖(𝑠) ∈ ℒ𝜇𝑖
. Then the conditions of Theorem 8

are fulfilled if 1 ≤ 𝑟 < 𝑝 < 𝑝0 ≤ ∞, 𝑓(𝑠, 0) ∈ ℒ𝑟, for each 𝑖 = 1, … , 𝑛,

1
𝜇𝑖

+ 𝑘𝑖
𝑝 ≤ 1

𝑟 , 1
𝜇𝑖

+ 𝑘𝑖
𝑝0

≤ 1
𝑟 − 1

𝑝

and if the operator 𝔊𝑥 = 𝑓 ′
𝑢[𝑠, 𝑥(𝑠)] maps ℒ𝑝0

into ℒ 𝑝𝑟
𝑝−𝑟

.
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5. Theorems of §§ 1–4 are easily carried over to nonlinear integral operators
acting in spaces of vector-functions.

Above, derivatives of nonlinear operators in the Fréchet sense were studied. As-
sertions analogous to Theorems 1–8 can also be proved for Gateaux derivatives.

The author expresses his gratitude to his supervisor M. A. Krasnosel’skii. Some
results of this paper were obtained by the author jointly with M. A. Krasnosel’
skii (7).
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