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(Presented by Academician I. G. Petrovsky, 29 V 1965)

Many methods for the study of nonlinear operator equations (the theory of im-
plicit functions, approximate and topological methods, etc.) require smoothness
of the nonlinear operators entering these equations. In connection with this, the
problem arises of differentiating specific operators, for example integral opera-
tors, acting from one space E; into another space E,. In the present note the
question of differentiability is solved for the Uryson operator

Aa:(t):/Q Klt,s,x(s)] ds, (1)

acting from the space £, = £,(Q;) (1 < p < oo) into the space £, = £ (€2,)
(0 < ¢ < 00); here, as usual, ; and (2, are sets of finite Lebesgue measure.
Some results on the differentiability of the operator (1) were obtained earlier in

(1—5).

Below we use certain special spaces of functions of two variables. Denote by N,,
(1 < p < o) the Banach space of functions u(t,s) (¢t € Qy, s € Q) for which
the norm is meaningful and finite

Fult; 9)llw, = [[vraisup [u(t, 5)] (2)
t

€82y

Lp(€)
Next, denote by B, , (B ) the space of functions k(t,s) (t € Qy, s € Q) for
which the integral operators
Kz(t) = / k(t, s)x(s) ds, |K|z(t) = / |k(t, s)|z(s)ds (3)
Ql Ql

act from £, to £, and are continuous (completely continuous). We introduce
the norm (6) in the spaces B, , and Bqu by the equality
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/ |k(t, s)x(s)| ds

Q

(4)

k(t,s)l5, = sup

Izl e, <1

£‘1

1. Suppose that the functions K (t,s,u) (t € Qy, s € Q, —00 < u < 00) are
measurable on Q, x Q for all u € (—o0,00) and for almost all {¢,s} €
Q, x Q; have a derivative with respect to u that is continuous. Introduce
the superposition operator

Su(t,s) = K [t, s, ult,s)]. (5)
Theorem 1. Let A0 € £, and let the operator (5) act from N, into B, , and
be continuous.

Then the nonlinear integral operator (1) acts from £, into £, and is continuously
differentiable on £,,, moreover

A’ (zg)h /Q K[t s,xo(s)lh(s)ds (29, h € £p). (6)

The main assumption of Theorem 1 is the continuity of the superposition oper-
ator (5). This assumption, for example, is satisfied if the inequality

n
|K{L<t’sﬁul) - K;(tvsvu2)| < ZRi(t,S,U) ‘ul — Uy
=1

0 (lual, ug| <), (7)

holds, where 0 < §; < -+ < J,, < p—1, and the functions R,(t,s,u) (i =1,...,n)
define operators acting from N,, into B%’ , and bounded operators R, u(t, s) =
R;[t, s, u(t,s)]. More delicate criteria for the continuity of operator (5) are based
on the following assertion.

Theorem 2. Let the function Q(¢,s,u) (t € Qy, s € Q;, —00 < u < 00) be
measurable on Q, x Q; for all u € (—o0, 00) and continuous in u for almost all
{t,s} € Q, x Q. Let the superposition operator Qu(t,s) = Q[t, s, u(t, s)] act
from N, into B, ,, where p > 1, ¢ < co. Then the operator (5) acts from N,
into ng.

Then the superposition operator £ is continuous.
From Theorems 1 and 2 it follows:

Theorem 3. Let 1 <p < oo, 0 < g < oo. Let A0 € £, and let operator (5)
act from NN, into Bqu.

Then the assertion of Theorem 1 is valid.
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Applying various criteria for complete continuity of linear integral operators,
from Theorem 3 one can obtain more particular criteria of differentiability. We
give one example.

Theorem 4. Let 1 <p < o0, 0 < ¢ < oo, and let A0 € £,. Let the function
K (t,s,u) satisfy the inequality

| K (t,s,u)] i S;(t,5)g;(s,u), (8)

j=1

where g;(s,u) (j = 1,..,m) are nonnegative functions satisfying the
Carathéodory conditions, and each operator g; = g,[s,z(s)] acts from £, into
some £, , 1/r; <1—1/p, while S;(t,s) € B%ﬂ for r; < oo, or S,(t,s) € By,

for r; = oo.
Then the assertion of Theorem 1 is valid.

2. We give a theorem on the differentiability of operator (1) at a fixed point.
Suppose that the function K(t,s,u) (t € Qq, s € Q;, —00 < u < 00) is
measurable on Q, x ; for all u € (—o0,00) and is continuous in u for
almost all {t,s} € Q, x Q. Let x,(s) be a fixed function, and suppose
that there exists

tim (KT, 5,20(s) + 0] — Kty 5,70(5)]} = Kol ), (9)

Introduce the superposition operator

Sou(t, s) = Gylt, s, u(t, s)], (10)

Gy(t,s,0) = Ky(t,s), Gol(t,s,u) = %{K[t, s,xo(s) +ul — Klt, s, 24(9)]}-

Theorem 5. Let z, € £,, Az, € £,
B, , and be continuous at the point 6.

and let operator (10) act from £, into

Then the nonlinear integral operator (1) acts from £, into £, is differentiable
at the point z,, and

A’(aco)h:/Q Ky(t,s)h(s)ds. (11)

1

Operator (10) acts from £, into B, , and is continuous if p > 1, ¢ < oo and if
it acts from N, into B, ;. In particular, the latter is ful-

sovietrxiv.org/items/ru-196601.42640 Machine Translation


https://sovietrxiv.org/items/ru-196601.42640

when the inequality holds

|Go(t, s,u) — Ky(t,s) ZS (t,s)|ul%, (12)

J
Jj=1
where 0 = &y < 8 < - <4, <p—1, Sy(t,s) € By, and S;(t,s) € Bo_,
55
(G=1,...,m).
3. We give one theorem on the differentiability of the operator (1) on dense

sets. Suppose, as in Sec. 1, that the function K(t,s,u), for almost all
{t, s} € Qy x Q, has a derivative K (t, s,u) continuous in u.

Theorem 6. Let 1 < p < p; < o0, 0 < q < oo. Let A) € £, and let the
superposition operator

H(u,v) = H[t,s,u(t, s),v(t,s)], (13)

where H(t,s,u,v) =

T {K(t,s,u+v)—K(t,s,u)}, act from N,, x N, into
0 : 0
By, .- Suppose the operator (5) acts from N, into By ;.

Then the nonlinear integral operator (1) acts from £, into £, is continuous,
differentiable at every point of £, , and

h= / K[t s,xq(s)|h(s)ds (vg € L, , h € L,). (14)
Suppose, for example, that K(¢,s,u) and K (¢, s,u) satisfy the inequalities

|K(t,s,u) — K(t,s,0)] ZR (t,s) (15)

| K (t,s,u) ZS] (t,s)|ulb. (16)

Jj=1

Then the conditions of Theorem 6 are satisfied if:

" 1<p<py<o0,0<g<oo, Al e L.

2°. For each i = 1,...,n, one of the following relations holds:
a) py < 00, k; =0, and R,(t,s) € B) ;
Do

b) py < o0, 0 < k; < , and

Po—P
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Ri(t, S) € B_»rrg

b
pk;+pg o

Do
¢) py < 00, o S ki, and Ri(t,s) € Bp g

d) py =00, 0< k; <1, and R,(t,s) € BY ;

e) pp =00, 1 <k;, and R,(t,s) € B%ﬂ.
3°. For each j = 1,...,m, one of the following relations holds:

a) py < 00, l; =0, and Sj(t,s) € BY ;

b) py < o0, l; >0, and S;(t,s) € B_reo_

plj+p0 ’
¢) po =00, and S;(t,s) € BY .
4. For the nonlinear integral operator
Az(t) = / K(t,s) f[s,2(s)] ds (17)
23

the assertions of Secs. 1-3 can be strengthened, since it can be represented in
the form of a superposition of the nonlinear operator fa = f[s, z(s)] and a linear
integral operator. The differentiability conditions for the superposition operator
f have been studied in detail in (2). We give here two further assertions.

Theorem 7. Let 1 <r <p< oo, zy € L, fryg € £, and suppose there exists
a function

9(s) = lim ~{[s.o(s) + u] — fls,ap(s)]}, g(s) € £ oo

u—0 U

Suppose

[Fls,20(s) + 1] — fls,20(s)] — gls)ul < e(s)[ul*  (Jul < up),

where 1 <k < o0, ¢(s) € £, and

|fls,w0(s) +u] — fls, ()| < D _ey(s)[ul™ +blul?’” (—00 < u < o00),

IN

where 0 < 75 < 73 < = < 7, 1, ¢(s) € £ Suppose that for each

1=1,...,n

Mt
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2 -——=2 — +
1’ rop - k=vp k—v

el

1 1 1 k—11 1—7;1
z‘ﬂ.

hSE N

Then the operator fr = f[s, z(s)] maps £, into £,, is differentiable at the point
2, and f'(z)h = g(s)h(s) (h € £,).

Theorem 8. Let 1 < r < p < p, < 0o. Suppose that for almost all s € Q,
the function f(s,u) has a derivative f;(s,u) continuous in w, and that the
superposition operator &z = f, [s, z(s)] maps Ly, into £ pr .

por

Suppose that f0 € £, and that one of the following conditions is satisfied:

a) py < oo and

\f(s,u—&—v)—f(s,uﬂ
1+ ||

< a(s) + byulPo s + bylv|

where a(s) € £ pr , and by, b, are constants;
p—r

b) p, = oo and for every R > 0

[f(s,u+v) = fls,u)]
1+ |v]

p—r

~ (jul < R),

<apg(s) +bglv

where ap(s) € £ and by is a constant.
por

Then the operator fz = f[s,z(s)] maps £, into £,, is continuous, and is differ-
entiable at every point of the space £p0:

F'(wg)h = Gy (s) - h(s)
(zg € £L,,0 hE L)

Suppose, for example, that the function f(s,u) satisfies the inequality

ki, (18)

Flsw) — F(5.0) € ex(o)l

where 0 < ky < ky < <k,, ¢;(s) € £, . Then the conditions of Theorem 8
are fulfilled if 1 <r <p < p, < oo, f(s,0) € £,, foreach i =1,...,n,

1 k1
- + - g )
Ky P r

+ =<
i Po

Lk 1
>

b=

and if the operator &z = f,[s,z(s)] maps £, into £ er .
p—r
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5. Theorems of §§ 1-4 are easily carried over to nonlinear integral operators
acting in spaces of vector-functions.

Above, derivatives of nonlinear operators in the Fréchet sense were studied. As-
sertions analogous to Theorems 1-8 can also be proved for Gateaux derivatives.

The author expresses his gratitude to his supervisor M. A. Krasnosel’ skii. Some
results of this paper were obtained by the author jointly with M. A. Krasnosel’
skii (7).
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