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We consider a complex linear system of n differential equations

Q0 —{s0 -3 5w}y =0 1)

where Q(t) is a nonsingular skew-Hermitian matrix: Q*(t) = —Q(t); S(t) is a
Hermitian matrix: S*(t) = S(t); y is an unknown column vector.* It is assumed
that the matrices Q(t) and S(t) have periods equal to w; all coefficients of system
(1) are regarded as piecewise continuous.

A system (1) is called strongly stable if all its solutions are bounded as t — oo
and all systems of the form (1) whose coefficients deviate sufficiently little, in
absolute value, from the coefficients of the given system possess this property.

The set 907 of all strongly stable systems is thus open and, consequently, decom-
poses into no more than a countable number of connected components. Each
connected component of the set 9 is called a stability region. In the present
note the topological structure of 9 is studied. In the case where Q(t) in (1) is
a constant matrix, this problem was investigated in the works (1,2). An infi-
nite number of stability regions was discovered and their characteristics were
found.** Below we establish that, in the case of the general system (1), the set
M consists only of a finite number of components.***

Let 431 (t),i%4(t), ... ,in, (t) be the eigenvalues of the matrix Q(t); since Q(t)
is nonsingular and continuous, all functions % (t) preserve their sign. Suppose
that among them p are positive and ¢ are negative. Without loss of generality,
in what follows we shall everywhere assume that

-io0 = (g ). @)
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Fig. 1

Figure 1: Fig. 1

We shall denote the matrix on the right-hand side of (2) by J. Since the mul-
tiplier theory of M. G. Krein (see ()) carries over to systems (1), one can, by
analogy with the real case (see (®)), establish the following proposition:

* The left-hand side of (1) is a general formally self-adjoint differential operator of first order in the space of

** Unfortunately, inaccuracies were made in the determination of the character-
istics in both works.**

*** An analogous fact was established earlier by the authors of the present
article in the real case (see (3)); however, the topological characteristics and
the total number of connected components in the complex case turn out to be
different.**

For a nonsingular piecewise differentiable matrix

Y(t), 0<t<uw, 3)

to be the matricant of a strongly stable system (1), it is necessary and sufficient
that the matrix Y (w) be a J-unitary matrix of stable type.

The latter means that Y*(w)JP(w) = J, all eigenvalues of Y (w) (multipliers)
lie on the unit circle, and among them there are no multiple ones of different
kinds. Relying on the fact indicated above, we proceed according to the same
plan as that adopted in [5], and reduce the problem to the investigation of the
structure of the set of curves (3).

Fig. 1

We shall agree to denote multipliers of the 1st kind by the symbol &, and of the
2nd kind by the symbol ©.

Consider all possible permutations of p symbols @ and ¢ symbols © on the unit
circle. Let N, , be the total number of the indicated permutations™®.

It can be shown (see [5], Lemma 2, and [2], Theorem 6) that the set Q of all
J-unitary matrices of stable type consists of IV, , open connected components
Qp, each of which is characterized by a permutation P formed by multipliers
of the 1st and 2nd kinds on the circle. Therefore, if the ends of two curves
YW (t) and Y (t) belong to one and the same component 2p of matrices of
stable type, then they can be joined without violating the conditions of strong
stability. This is equivalent to constructing a curve W(r), 0 < 7 < 1, which
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Fig. 2

Figure 2: Fig. 2

joins YN (w) with Y®)(w) (see Fig. 1) and lies entirely in the component Qp,
and to the subsequent change of the parameter. After this, the question of a
continuous deformation of two curves Y1 (¢) and Y2 () with fixed ends in the
group of all nonsingular matrices is solved simply. For such a deformation to
exist it is necessary and sufficient that

w

ArgDet YV (1) |: = ArgDet Y (t)‘o

or, equivalently,

Arg Det Y(l)(t)|: + Arg Det W(T)|(l) = ArgDet Y? (t)|: (4)

Let us turn to the second term on the left-hand side of (4); it is clear that the
curve W(7) is determined up to a closed curve lying in 2p.

Let P be some permutation of p symbols @ and ¢ symbols © on the unit circle.
Suppose the permutation P can be divided into d groups of m = n/d elements,
each of which represents the same permutation of the symbols @& and ©. If,
moreover, the permutation does not split into smaller groups, then the number
m will be called the length of the period of the permutation P (in Fig. 2,
n=6p=4,q=2,d=2,m=3). It is clear that here d is a common divisor
of p and n. In particular, if p and n are relatively prime, d = 1, and the period
length is m = n.

Fig. 2

Lemma 1. Let m be the length of the period of the permutation P, and let
Wy(7), 0 < 7 < 1, be a closed curve lying in the corresponding component §2p
of J-unitary matrices of stable type. Then

(27)~1 Arg Det WO(T)’; = km, (5)

where £ is an integer; moreover, curves exist with any integer k.

* As proved in [6],

Npg =

S|

K
> e(d,)Chi,,
s=1

sovietrxiv.org/items/ru-196601.42091 Machine Translation


https://sovietrxiv.org/items/ru-196601.42091

where d; =1 < d, < ... < d;, are the common divisors of the numbers n and p;
ps =p/d,, mg =n/d,, and p(d) is Euler’ s function.

We shall not give the proof of this fact.

Let P be some permutation of p symbols @ and ¢ symbols & on a circle with
period of length m, and let Qp be the corresponding component of J-unitary
matrices of stable type. It is easy to construct m nondegenerate curves

(1), 0<t<w, s=0,1,2,...,m—1,

with common initial point Y, (0) = E,, and common endpoint Y, (w) = Y° € Qp,
for which

(2m) 7t ArgDet Y, (1)|) = s.

Taking into account (4) and Lemma 1, we can now establish the following asser-
tion.

Theorem 1. The set M of all strongly stable systems of the form (1) decomposes
into a finite number of connected components. FEach component is characterized
by one of the permutations P of the p multipliers of the 1st kind and q multipliers
of the 2nd kind on the circle and, in addition, by one integer 0 < » < m — 1,
where m(P) is the length of the period of the permutation P.

In conclusion, let us find the number of all components of the set (the number
of stability regions).

Let us note that the total number of permutations of p symbols & and ¢ symbols
© on a segment is equal to CE = n!/plq!. Denote by T,,,. the number of those
permutations on the segment which have period m,. It is easy to see that
exactly %Tms permutations on the circle correspond to them. But to each
of the indicated permutations, according to Theorem 1, there correspond m,
stability regions. Thus the number of stability regions for which the permutation
P has period of length m, is equal to 7}, , and consequently the total number
of stability regions is equal to k

Tml +Tm2 ++ka7 (6)

where m; > mgy > -+ > my, (my = n) are all possible periods of the permutations.
Obviously, the sum (6) is equal to CE (the number of all permutations on the
line). We arrive at the following conclusion.

Theorem 2. The set of all strongly stable systems of the form (1) decomposes
into CP stability regions.
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