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Let the function u(z) be defined and continuous on the interval (a, b). Introduce
the functions

Qu,rq,7r9) = max |u(z)],
z€la+ry, b—ry]

s = max () — (),
zp ’1261[’7«*?’17, b—ry]

where 0 <7y, ry, 71 + 19 <b—a, 0 <7 <b—a—r; —r,. Denote

v(x) = /absuislds,

where the integral is understood in the sense of the Cauchy principal value.

Theorem 1. If the integrals

/Q(u, L (b— a)/2) dt, /Q(u, (b—a)/2,1)dt,

0 0

/w(u, t,r1/2,(b—a)/4) it /w(u,t, (b—a)/4,ry/2) it
0 t ’ 0

t

converge, then the estimate
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Qv,ry,19) < Cy

7'1/2 r2/2
i/ a)/2)dt+r12/0 Qu, (b—a)/2,t)dt

1 Jo

+ t 4

/W wtry/2.(0—a)/4) /7“2/2 wluyt, (b—a)/4,r/2)
0 0

a)/ (b=a)/
+/b 2 Qu,t(b—a)/4) dH/b PQu (b—a)/At)

’
1/2 t 2/2 t

where C is a constant independent of u(z).

Theorem 2. If the integrals

/w(u,r2/2,r1/2,t) dt, /w(u7r1/2,t7r2/2) dt

0

/w(u7t,r1/2,r2/2) gt
0

t )

converge, then the estimate

W(U7 6a 7‘1,7’2) g 02

(b—a)/2
5/b w(u,t, /2, 7‘2/2>

t2
5 ry/2 5 ro/2
—1——2/ w(u,r1/2,t,r2/2)dt+—2/ w(u,ry/2,71/2,) dt+
™ Jo 2 Jo

* Presented at the All-Union interuniversity conference on the application of
methods of functional analysis to the solution of nonlinear problems, Baku,
November 1965.

6
+/ wlutr1/2,75/2) 4y (6 + 5) Q(u, T1ﬂ"2)] :
o t Tq

1

where ¢ = min{d,r,/2,7,/2}, and C, is a constant independent of u(x).
Let us consider some constructions based on the preceding estimates.

Suppose: a) ¢(d) is continuous, positive, and monotonically increasing for
0 <0 <b—a,limg,;¢d) =0, and lims ,,¢(4)/d > 0; b) the positive con-
tinuous functions ¢, (ry), @1(r1), ©a(re), Po(ry), 0 < 71,79 < b — a, increase
monotonically and have limit zero at zero.

Definition. We shall say that w(z), defined in (a,b), belongs to the class
HZLP2, if there exist constants A;, A, > 0 such that, for all possible 71,7, 4,
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Qu,rq,7ry) < Ay (pls L ) w(u, §,71,79) < Agp(9) (plr( 1) #3( 2>.
1 2

It is obvious that H3'¥2,, is a linear system over the field of real numbers
and, moreover, it is infinite-dimensional, since, by virtue of the condition

lims ., ¢(0)/d > 0, it contains the class of functions satisfying the Lipschitz
condition on [a, b].

With the introduction in H. g}q;?f% of the norm
12;1,12;2 Q(u,’l“l,’l“Q)T17‘2 CU(U,(S,’/‘177"2)T17“2

[l = sup — ~ sup
evite T Bi(r)Ba(ry) r1,ra,8 P(0)p1(11)pa(12)

it becomes a Banach space.

The following theorem partially solves the problem of classifying Hf}gf%.

Theorem 3. Let ¢(4), ¥(d) satisfy condition a), and let ¢ (r1), @1(r1), ©o(73),
$o(ry) and ¢y (1), ¥y (ry), Ya(ry), ¥y(ry) satisfy condition b).
1) If

~

©(0) ~(d), P1(r1) ~ by (rq), @1(r1) Xy (ry),

~

©a(1a) ~ hy(rs), Ba(ry) ~ y(rs),

then HZ72, and HS72,, coincide.

2) If
. p(9) . py(ry) . pa(rg)
lim —= =0, lim =0, lim =0,
30 9(0) 1120 Yy (1) 7220 Py (75)
fm 20 g g 220
120 4y (1q) 220 9)y(75)

then HE4%,, is a proper part of )" |

For the subsequent arguments the following will be useful.

Definition. Let a positive, continuous function f(¢) increase monotonically on
(0, a] and let lim,_, f(t) = 0. If, for some ¢; > 1,

sovietrxiv.org/items/ru-196601.41960 Machine Translation


https://sovietrxiv.org/items/ru-196601.41960

lim f(egt)/f(2) > 1,

then one says that the function f(t) satisfies condition (L), and if, for some
cy > 1,

lim f(eat)/£(8) < e,

then one says that f(t) satisfies condition (L,).

* Positive functions f(x) and g(x), defined on X, are called equivalent (f(x) ~
g(x)) if, for some By, By, > 0 and every z € X, B, f(z) < g(x) < By f(z).

With the help of Theorems 1 and 2 one proves

Theorem 4. Let the functions o(9), ©,(r1), Po(ry) satisfy conditions (L) and
(L), and let the functions v,(ry), @4(ry) satisfy condition (L). Suppose, fur-
thermore, that

P()pi(t) ~@1(t),  P(t)palt) ~ Po(h)-

Then the operator

o [ P1,Ps :
acts in H'2 %, and is bounded.

The class Hf}qf?%, corresponding to the functions p(§) = §7, @,(r;) = ri=,

Balry) =15 7 oy (ry) =11 %7, ylry) =13 "7 (0 < @, By, atry, B < 1),
will be denoted by H,, 5 .. The invariance of H,, 4. with respect to the operator
A was proved by another method in (2). Arguing exactly as in (3), with the help
of Theorems 3 and 4, one can show that there exists an infinite set of various
classes HS;7%, , different from the classes H,

a,3,, and invariant with respect to
the operator A.

With the help of Theorem 4 one can study the question of smoothness of solu-
tions of linear and nonlinear singular integral equations. We give one theorem
of this type for nonlinear singular integral equations, which is proved by the
method set forth in papers (4, 5).

Theorem 5. Let the functions ¢(0), @1(ry), pa(ry), ©1(ry), $o(rs) satisfy the
conditions of Theorem 4, and let the function f(s,u), for arbitrary s,,s, €
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[@a+7r,b—1ry], 0 <1y,79, 71 + 79 < b—a and uq,uy € (—00,4+00), satisfy the
condition

©1(11) Pa(T3)

F(s1t0) — Flsgyup)| < D [msl—sz) T

where D is a constant. Suppose, furthermore, that f(s,0) € Hffgff%.

Then, for small \, the equation

b
u(x):)\/ Mds

S—X

has a unique solution in Hg}qff%, and this solution can be found by the method

of successive approzimations, starting from any element of H5%Y2, . The suc-

cesstve approzrimations converge uniformly on every closed subinterval interior
to (a,b).
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